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This paper proposes modifications to enhance the original generalized Kalman–Yakubovic–Popov (G-KYP) lemma-based sensitivity
function shaping technique that -parameterizes the controller and solves for the desired finite impulse response filter ( ) using linear
matrix inequalities (LMI) optimization. By representing ( ) with an infinite impulse response filter and including an extra LMI that
is derived based on the bounded real lemma into the original LMI optimization algorithm, our modifications avoid such problems as
unnecessary increase and decrease in sensitivity gain at various frequency ranges, large sensitivity peak, degradation in noise rejection,
and insufficient stability robustness against plant uncertainty. In other words, the proposed scheme achieves a better compromise be-
tween disturbance and noise rejection performance and stability robustness. The proposed control design was applied to a servo track
writing platform. Experimental results show that the control design based on our proposed scheme further reduces the true PES NRRO
3 from 6 nm to 5.7 nm and improves the closed-loop stability robustness by 5.1%.

Index Terms—Control applications, information storage systems, mechatronics, servo track writing.

I. INTRODUCTION

PRESENTLY, the hard disk drive (HDD) is one of the most
popular mass data storage devices due to its large storage

capacity, fast transfer rate, and low cost. The servomechanism
of servo track writing (STW) platform plays an important role in
increasing the storage capacity of a HDD. As the track density,
measured by track-per-inch (TPI) increases for higher storage
capacity annually, the combined effect of various major track
misregistration contributors, namely, airflow-induced disk, sus-
pension, and slider vibrations [1] as well as spindle nonrepeat-
able runout, become more significant. In order to achieve higher
TPI numbers, the servo bandwidth of the STW process has to be
improved for better disturbance attenuation.

Consequently, a dual-stage actuation STW platform with
multiple bandwidth microactuators [2] has been proposed [3].
It has been shown that the use of the second actuation can
effectively compensate the effect of motor-, disk, and suspen-
sion-induced vibrations [4], especially in STW process [5].
With the emergence of this novel STW platform, various new
feedback control designs [6], [7] have been proposed recently.
Among these new control designs, the control design based on
the original G-KYP lemma based sensitivity function shaping
technique for discrete-time system [7] achieved the best result
and effectively improved the track density of the new dual-stage
actuation STW platform to 425 kTPI.

In the original G-KYP lemma-based sensitivity function
shaping scheme, to ensure the convexity of the LMI opti-
mization [8] for the controller design, the resultant sensitivity
function is first parameterized using -parameterization [9],
[10] and the design parameter, , is represented by a general
finite impulse response (FIR) filter. It is well known that when
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using -parameterization, the resultant sensitivity transfer
function, , is represented by

(1)

for some stable transfer functions and .
Thus, as we will discuss later in Section IV, choosing to
be a finite-order FIR filter will hinder bandlimited or narrow-
band sensitivity gain shaping. Hence, it may cause unnecessary
disturbance attenuation and amplification taking places at var-
ious frequency ranges. As the resultant complementary sensi-
tivity function, , is given by

(2)

choosing to be a finite-order FIR filter may also degrade
the gain reduction of complementary sensitivity function at the
high frequencies and badly affects the noise rejection perfor-
mance and the robustness of the closed loop stability against
plant variation [10], [14].

This paper proposes to be represented by an infinite im-
pulse response (IIR) filter instead to avoid all the abovemen-
tioned problems. The proposed enhancement aims to achieve
bandlimited and narrowband sensitivity gain shaping with a fi-
nite-order . In order not to destroy the convexity of the LMI
optimization, poles of are added prior to the LMI opti-
mization. A simple guide is provided to select poles for .
Finally, a new LMI derived based on the well-known bounded
real lemma is included into the original LMI optimization algo-
rithm so as to enhance its stability robustness against plant
variation. Simulation and experimental results will show that the
proposed enhancement helps to achieve better compromise be-
tween disturbance and noise attenuation as well as closed loop
stability robustness against plant uncertainty.

The outline of the paper is as follows. Section II presents
a brief description of our newly developed STW platform. In
Section III, we will give the readers a short recap of the original
G-KYP lemma based sensitivity function shaping technique.
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Fig. 1. Zoom-in head-disk-spindle assembly of the STW platform.

TABLE I
PARAMETERS OF THE STW PLATFORM

The abovementioned limitations of the original scheme will be
highlighted and discussed in further detail, and our proposed
enhancement to perfect the original scheme will be described in
Section IV. Next, we will apply our proposed enhanced scheme
in our STW platform in Section V. Implementation results are
presented to see how well our proposed enhanced scheme fares
against the original scheme. Finally, we draw some concluding
remarks in Section VI.

II. THE STW PLATFORM: A BRIEF SYSTEM DESCRIPTION

Fig. 1 shows the zoom-in view of the head-disk-spindle as-
sembly of our newly developed STW platform, which involves
one MicroE as the primary actuator and two PZT microactuators
attached to the MicroE-block arms. There are two disk platters
that can be accessed by the heads simultaneously. The parame-
ters of the STW platform are listed in Table I.

The MicroE uses its own optical sensing signal as feedback
signal and its own servo loop is controlled using a standard pro-
portional-integral-derivative (PID). Here, we focus on the con-
trol design for the microactuator with the readback PES as the
feedback signal. The control algorithm is implemented with a
DSP TMS320C6711.

The frequency response of its microactuator is shown in
Fig. 2. Using curve fitting technique, the zeros, poles, and gain
of nominal model of the microactuator are given by

zeros

(3)

poles

(4)

gain (5)

Fig. 2. Frequency response of the microactuator.

Fig. 3. Measured NRRO power spectrum before servo control.

Its disturbance distribution is reflected in the measured PES
NRRO power spectrum in Fig. 3, where the disturbances in the
low frequencies (less than 200 Hz) are mostly due to external
vibrations and windage, the narrowband NRRO at 650 Hz is
due to disk vibration, and the 3.8 kHz are caused by the excited
suspension resonance.

Currently, its servo system has been programmed to run at
45 kHz. Due to DSP speed limitation, this platform does not
support any controller of order higher than 10. Recently, a 10th-
order controller that was designed based on the original scheme
was applied to this platform and successfully improved its track
density to 425 kTPI [7]. Readers are encouraged to refer to [6]
and [7] for a more detailed description of our STW platform.

III. GENERALIZED KYP LEMMA AND ITS ORIGINAL

APPLICATION IN SENSITIVITY FUNCTION SHAPING

The G-KYP lemma [11] expresses a necessary and sufficient
condition for a given transfer function to satisfy some frequency
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Fig. 4. A simplified block diagram of HDD servo loop with disturbance and
noise injected.

domain property, such as bounded magnitude within a spec-
ified frequency range, in terms of a linear matrix inequality
(LMI). This section discusses how the G-KYP lemma can be
used for multiple sensitivity function shaping, i.e., to shape the
sensitivity function, , such that the closed loop system is
stable and for some prescribed positive scalars, and frequency
ranges,

(6)

and thus able to reject disturbance in when . A
simplified block diagram of HDD servo loop is shown in Fig. 4.
Note that represents the measurement noise and the transfer
function from to the controlled output , is given by

(7)

where is the transfer function of the plant to be controlled
and the transfer function of the controller is represented by

. In this section, we will also discuss the limitations of the
original scheme. We will discuss the details of the proposed
enhancement that aims to avoid these limitations in the next
section.

For a given transfer function and a
Hermitian matrix

(8)

denote

(9)

where * stands for the complex conjugate transpose of a matrix
and is the identity matrix of dimensions .

Lemma 1: (G-KYP Lemma) [11] For a transfer function
, the condition

(10)

holds if and only if there exist Hermitian matrices and
such that

(11)

holds, where

(12)

and

(13)

for low-frequency range

(14)

(15)

for middle-frequency range , and

(16)

for high-frequency range .
For SISO, letting and

(17)

then (17) describes the specification (6) on gain of for a
specific frequency range.

Note that when involves a general form of controller
to be designed, (11) generally cannot be convexified since the
matrix is not positive definite and the standard Schur com-
plement cannot be applied. This is why the authors of the orig-
inal scheme proposed to -parameterize [7]. By choosing
the free design parameter to be a th-order FIR filter, i.e.,

, the resultant
can then by realized by a state space description such that the
set of coefficients of , exists in
and only. In this case, (11) defines an LMI in terms of vari-
ables , and . Consequently, the design parameter , can be
computed via a convex optimization [8].

IV. AN ENHANCED GENERALIZED KYP LEMMA-BASED

SENSITIVITY FUNCTION SHAPING TECHNIQUE

In this paper, we propose to represent with a th-order
IIR filter. For analytical purposes, from (1), we express the re-
sultant as

(18)

with

(19)

from which

(20)

If is desired to have specific poles, we will let
be a th-order IIR filter whose poles are set to be those specific
poles. Poles of will be inserted prior to the LMI optimiza-
tion. This ensures the convexity of the optimization algorithm.
The LMI optimization will search for the existence of the de-
sign parameter vector, , which determines the zero polynomial
of , such that the prescribed specifications of can be
satisfied.

A. Selection of Poles of and Simulation Results

Here, we provide three examples as an illustrative guide for
the selection of poles for to achieve low-frequency dis-
turbance rejection, midfrequency narrowband disturbance re-
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Fig. 5. Case 1: jSj and jT j.

Fig. 6. Case 1: jT j.

jection, and high-frequency narrowband disturbance rejection
as shown in Figs. 5–10. These discrete poles are derived from
their continuous-time counterparts either using the bilinear or
matched pole-zero rule. To verify the effectiveness of the en-
hanced scheme, the servo system is also designed based on
the same design specifications using the original scheme for
comparisons.

In our examples, the system to be controlled is chosen to be
a second-order proper nonminimum phase plant, i.e., is
given by

The sampling rate is set to be 45 kHz, which is the same as the
sampling rate of our STW platform servo system.

Following the method given in [7], the design parame-
ters and for -parameterization is chosen based on

Fig. 7. Case 2: jSj and jT j.

Fig. 8. Case 2: jT j.

Fig. 9. Case 3: jSj and jT j.

a standard LQG design using MATLAB commands
and ,
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Fig. 10. Case 3: jT j.

where and are replaced with identity matrices.
Based on the design specifications for each case, a set of LMIs
are derived that will be used to compute a suitable such that
the design specifications are met.

1) Rejecting Low-Frequency Disturbances: In this case, a
first-order IIR is used. The desired specifications for
are set as

ensures additional rejection of low-frequency distur-
bances. guarantees a minimal servo bandwidth of 1
kHz. helps to restrict the size of peak as well as
the servo bandwidth. The pole of is placed at 200 Hz and
discretized using the matched pole-zero rule. After solving the
three LMIs corresponding to is com-
puted to be

(21)

The resultant and are shown in Fig. 5. Fig. 5 also shows
the resultant and when the servo system is designed using
the original scheme. The FIR is given by

(22)

Their corresponding are shown in Fig. 6. As seen in
Figs. 5 and 6, as the bandlimited shaping is unable to take
place when using the original scheme with the first-order FIR

, unnecessary extra disturbance attenuation took place and
is extended all the way beyond 2 kHz despite that only
requires extra attenuation to happen at 100 Hz and below. The
resultant servo bandwidth is widened. As a result, the resultant

peak is larger and shifted to higher frequencies. The gain
reduction of at higher frequencies is badly consequently af-
fected as well. Meanwhile, with the proposed scheme, the ban-

dlimited shaping is possible and takes place at 200 Hz and
below. The resultant and at higher frequencies remains
the same after optimization as shown in Fig. 5. In this example,
when using the original scheme, does not contain a pole
at 200 Hz. Thus, in order to achieve the bandlimited frequency
gain shaping similar to the one achieved by the IIR , the
FIR would have to be of relatively higher order [15].

2) Rejecting Midfrequency Narrowband Disturbances: In
this case, second-order IIR is used to create a gain notch
to achieve midfrequency narrowband disturbance rejection. The
desired specifications for are set as

guarantees a minimal servo bandwidth of 500 Hz.
ensures additional rejection of the mid-frequency dis-

turbance that centers at 1 kHz. helps to restrict the size
of peak as well as the servo bandwidth. The pair of complex
poles of of damping ratio are placed at 1 kHz and dis-
cretized using the bilinear rule. The 3 dB bandwidth of the gain
notch can be approximately adjusted by adjusting using the

-factor rule [16]. And in this case, . After solving the
three LMIs corresponding to is com-
puted to be

(23)

The resultant and are shown in Fig. 7. Fig. 7 also shows
the resultant and when the servo system is designed using
the original scheme. The FIR is given by

(24)

with respective schemes are shown in Fig. 8. As shown
in Figs. 7 and 8, with the enhanced scheme, is narrow-
band around 1 kHz and essentially maintained close to 0 dB at
other frequencies. The resultant and at higher frequen-
cies remains the same after optimization as shown in Fig. 7.
Hence, unnecessary disturbance and noise attenuation and am-
plification are avoided. When using the original scheme with
the second-order FIR , the narrowband shaping around
1 kHz is not achieveable, and the resultant servo bandwidth is
much widen. Consequently, the resultant and at higher
frequencies are badly affected. The hump is larger and shifted to
higher frequencies. It is noted previously that a higher order FIR

would be needed to achieve the similar shaping results to
the second-order IIR one.

3) Rejecting High-Frequency Narrowband Disturbances: In
this case, a second-order IIR is used to create a gain notch
to achieve high-frequency narrowband disturbance rejection.
The desired specifications for are set as
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Fig. 11. Multiplicative uncertainty � of the microactuator.

guarantees a minimal servo bandwidth of 800 Hz.
ensures some level of rejection of the high-frequency

disturbance that centers at 5 kHz. helps to restrict the
size of peak as well as the servo bandwidth. The pair of com-
plex poles of of damping ratio are placed at 5 kHz and
discretized using the matched pole-zero rule. Similarly, the 3 dB
bandwidth of the gain notch is approximately adjusted using the

-factor rule. And in this case, . After solving the three
LMIs corresponding to is computed to
be

(25)

The resultant and are shown in Fig. 9. Fig. 9 also
shows the resultant and when the servo system is de-
signed using the original scheme. The FIR is given by

(26)

with respective schemes are shown in Fig. 10. Similar to
Case 2, once again, when using to the original scheme, is
not narrowband at 5 kHz, as specified by . The sensi-
tivity function is greatly distorted in order to allow the resultant

to meet all the specifications after the optimization. Un-
necessary extra wideband disturbance attenuation happens near
5 kHz. As bounded by the Bode Integral theorem [13], the dis-
turbance attenuation power at the lower frequencies is reduced
and another hump happens around 10 kHz. The gain reduc-
tion of at above 10 kHz is badly affected as well. On the
other hand, when using the enhanced scheme, is narrow-
band at 5 kHz and maintained close to 0 dB at lower frequencies.
Thus, the resultant and are essentially unaffected in the
frequency range lower than 5 kHz and the narrowband

is achieved.

B. Stability Robustness

As seen previously, though representing with an IIR
filter can help to achieve better bandlimited and narrowband

shaping, thus improve the stability robustness [10], [14]
against plant variation by preventing a serious degradation in
the gain reduction of at high frequencies, stability robustness
has not really considered during the designing stage.

Assume that the nominal plant has a multiplicative un-
certainty, , where , and . Then
according to the small gain theorem [10], [14], the closed
loop system is internally stable for all if and only if

. And based on the bounded real lemma [10],
denote that and

(27)

where is a positive symmetric matrix and , (27) be-
comes the sufficient and necessary condition for closed loop sta-
bility for all . So we propose to include (27) into the original
LMI optimization algorithm for stability robustness considera-
tion when designing . Please note that since

(28)

where ,
and , it becomes apparent that can
be made to appear only in and . Thus, the convexity
of the LMI optimization algorithm remains intact after the
modification.

V. REJECTING LOW-FREQUENCY DISTURBANCES FOR A STW
PLATFORM: DESIGN AND IMPLEMENTATION RESULTS

The nominal plant model of the microactuator after notch fil-
ters compensation [7] is represented with a padè delay model

(29)

which needs to be further compensated with an integrator [7]
prior to -parameterization.

Judging from Fig. 3, it is clear that the servo system contains
significantly more noise than disturbance at frequencies above
1 kHz. Since most of the NRRO centers around the low-fre-
quency region, typically around 650 Hz and below 200 Hz, it
would be wise if the set of design specifications for aims
to reduce only at the low-frequency range while keeping
the servo bandwidth minimal for better noise rejection. Conse-
quently, the desired specifications for are set as

guarantees serious rejection of low-frequency distur-
bances. ensures a minimal servo bandwidth of 600 Hz.

means to reject the narrowband NRRO centering at
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Fig. 12. jSj and jT j. Proposed scheme further reduces jSj at frequencies <
200 Hz and maintains an equivalent low gain at around 650 Hz and 3.8 kHz
while jT j at frequencies > 1:5 kHz (especially after 15 kHz) improves instead
of getting worse.

Fig. 13. Measured NRRO power spectrum with servo control. Sudden appear-
ance of peaks at higher frequency is due to the humps in the jSj from 1.2 to
7 kHz with the respectively servo controllers.

650 Hz by 8.3 dB, at least. Finally, helps to limit the
size of peak as well as the servo bandwidth.

To capture the unmodeled dynamics, dozens of frequency re-
sponse measurements have been carried out. The multiplicative
uncertainty, , of microactuator, defined by

(30)

where is the number of measurements taken and is the
actual frequency response of the precompensated plant at the th
measurement and is the selected frequency response of
nominal plant model in (29). As shown in Fig. 11, an approxi-
mate bounding function is obtained and given by

(31)

Fig. 14. jTW j.

In our control design, is discretized using the matched
pole-zero rule.

So for stability robustness, we include another design
specification:

Based on and , we decide to use a second-order
IIR filter to present . Poles of are decided to be a pair
of 650 Hz complex pole of , a 3 dB notch wide enough
such that is theoretically feasible and to remove effects
of additional zeros at frequencies after 650 Hz. The pair of com-
plex poles are discretized using the bilinear rule. Having solved
the LMIs, is computed to be

(32)

With precompensators, the designed is found to be a 11th-
order controller initially, which is eventually reduced to a 10th-
order controller using MATLAB’s balmr command.

The and of the resultant closed loop system are shown
in Fig. 12 in comparison with the resultant and ob-
tained when is designed with the original scheme. Consis-
tently with the sensitivity gain functions in Fig. 12, the measured
PES NRRO power spectrum comparison is shown in Fig. 13. In
Fig. 13, as compared to those of the original scheme, we can see
that the proposed scheme has further improved NRRO greatly
at frequency range below 200 Hz, while maintaining an equally
good NRRO rejection performance at around 650 Hz. And at
3.8 kHz , the NRRO caused by the excitated suspension res-
onances has also been reasonably reduced using the proposed
scheme. With the proposed scheme, the true PES NRRO is
further improved from 6 to 5.7 nm (5% reduction).
is found to be improved from 0.965 to 0.916 (5.1% reduction)
as shown in Fig. 14.
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VI. CONCLUSION

This paper proposes modifications to enhance the original
G-KYP lemma-based sensitivity function shaping technique.
Changing to an IIR filter allows control designers to per-
form bandlimited servo loop shaping, thus avoid unnecessary
worsening of sensitivity and complementary sensitivity function
at higher frequencies. And the inclusion of an LMI helps
to provide sufficient stability robustness consideration during
designing stage. The implementation results on low-frequency
disturbance rejection of the STW platform have verified the ef-
fectiveness of the proposed scheme. The proposed scheme has
achieved 5% more reduction in true PES NRRO and 5.1%
more reduction in over the original scheme.
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