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Abstract—Friction and nonlinearities result in large residual
errors and deteriorate the performance of head positioning of
hard disk drive (HDD) servo systems and other mechanical servo
systems. Thus, it is highly desirable to characterize the behaviors
of nonlinearities and friction in the servo systems. This paper
presents a fairly comprehensive modeling and compensation of
friction and nonlinearities of a typical voice-coil-motor (VCM)
actuator used in commercial HDDs, and the design of an HDD
servo system using an enhanced nonlinear control technique. Our
contributions are two-fold: We will first obtain a complete model
of the VCM actuator including friction and nonlinear charac-
teristics through a careful examination of the configuration and
structure of the actual system and through a thorough analysis
of its physical effects together with its time-domain and fre-
quency-domain responses. We will then proceed to design a servo
system for the hard drive using an enhanced composite nonlinear
feedback (CNF) control technique with a simple friction and
nonlinearity compensation scheme. The enhanced CNF technique
has a feature of removing the uncompensated portion of friction
and nonlinearities without sacrificing the overall tracking perfor-
mance. Simulation and experimental results for both the modeling
and the servo design show that our approach is very effective
and successful. In particular, our experimental results show that
the enhanced CNF control has outperformed the conventional
proportional-integral-derivative (PID) control in settling time by
76%. We believe that this approach can be adopted to solve other
servomechanism problems.

Index Terms—Actuators, friction, hard disks, identification,
modeling, motion control, nonlinearities, servo systems.

I. INTRODUCTION

PRESENTLY, most hard disk drive (HDD) servo systems
use a voice-coil-motor (VCM) actuator to actuate the

read/write (R/W) recording arm assembly, which consists of a
pivot with a ball bearing, a metal arm, and a rigid suspension
that holds the R/W head and slider (see Fig. 1). The VCM is
a typical dc motor that translates an input current to a force
or acceleration as its output. Its frequency domain response
without considering friction and nonlinearities matches very
well to that of a double integrator [7] at low-frequency range,
typically from dc to somewhere around 1–2 kHz, and has many
high-frequency resonance modes. Unfortunately, it can be

Manuscript received February 23, 2004; revised November 23, 2004. Manu-
script received in final form April 28, 2005. Recommended by Associate Editor
K. Kozlowski.

The authors are with Department of Electrical and Computer Engi-
neering, National University of Singapore, Singapore 117576, Singapore
(e-mail: elepkm@nus.edu.sg; bmchen@nus.edu.sg; engp1496@nus.edu.sg;
eleleeth@nus.edu.sg).

Digital Object Identifier 10.1109/TCST.2005.854321

observed that nonlinearities from friction in the actuator rotary
pivot bearing and data flex cable in the VCM actuator generate
large residual errors and deteriorate the performance of head
positioning of HDD servo systems, which is much more severe
in the track following stage when the R/W head is moving
from the current track to its neighborhood tracks. The desire
to fully understand the behaviors of nonlinearities and friction
in the servo systems is obvious. Actually, this motivates us to
carry out a complete study and modeling of the friction and
nonlinearities for the VCM actuated HDD servo systems.

Friction is hard nonlinear and may result in residual errors,
limit cycles and poor performance [3]–[5], [24]. Friction exists
in almost all servomechanisms, behaves in features of Stribeck
effect, hysteresis, stiction and varying break-away force, occurs
in all mechanical systems and appears at the physical interface
between two surfaces moving in contact with each other. The
features of friction have been extensively studied [3]–[5], [10],
[16], [22], [24], but there is significant difference among diverse
systems. There has been a significantly increased interest in fric-
tion in the industries, which is driven by strong engineering
needs in a wide range of industries and availability of both pre-
cise measurement and advanced control techniques.

The HDD industry persists in need for companies to come up
with devices that are cheaper and able to store more data and
retrieve or write to them at faster speed. Decreasing the HDD
track width is a feasible idea to achieve these objectives. But, the
presence of friction in the rotary actuator pivot bearing results
in large residual errors and high-frequency oscillations, which
may produce larger positioning error signal to hold back the fur-
ther decreasing of the track width and to deteriorate the perfor-
mance of the servo systems. This issue becomes more noticeable
for small drives and is one of the challenges to design head po-
sitioning servo systems for small HDDs. Much effort has been
put into the research on mitigation of the friction in the pivot
bearing in the HDD industry in the last decade [1], [18], [19],
[27], [28]. It is still ongoing in the disk-drive industry [6], [17],
[21].

Diverse modeling methods had been proposed [14], [17]
based on linear systems, where nonlinearities of plants are as-
sumed to be tiny and can be neglected. As such, these methods
cannot be directly applied to model plants with nonlinearities.
A method had been proposed in [3] to estimate the parame-
ters of friction for typical dc motors, but it is inappropriate
for the VCM actuator because of insufficient information
available in HDD servo systems, in which only the relative
displacement of the R/W head is measurable. One of the key
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Fig. 1. Typical HDD with a VCM actuator.

issues to model systems with nonlinearities is to determine the
physical structures of the nonlinear components. Another issue
is that there is generally no analytical solution for nonlinear
differential equations, which causes trouble in identifying the
model parameters. In the first part of this paper, we utilize the
physical effect approach of [11] to determine the structures of
nonlinearities and friction associated with the VCM actuator
in a typical HDD servo system. This will be done by care-
fully examining and analyzing physical effects that occur in
or between electromechanical parts. Then, we will employ a
Monte Carlo process [12], [13], [23] to identify the parameters
in the structured model. We note that Monte Carlo methods
are very effective in approximating solutions to a variety of
mathematical problems, for which their analytical solutions are
hard, if not impossible, to be determined. Our simulation and
experimental results show that the identified model of friction
and nonlinearities using such approaches matches very well the
behavior of the actual system.

The second part of this paper focuses on the controller design
for the HDD servo system. Our philosophy of designing servo
systems is rather simple. Once the model of the friction and non-
linearities of the VCM actuator is obtained, we will try to cancel
as much as possible all these unwanted elements in the servo
system. As it is impossible to have perfect models for friction
and nonlinearities, a perfect cancellation of these elements is
unlikely to happen in the real world. We will then formulate our
design by treating the uncompensated portion as external dis-
turbances. An enhanced composite nonlinear feedback (CNF)
control technique, which is an extension of our early works [7],
[8], will thus be proposed and used to carry out our servo system
design. Compared to the result of [7] and [8], the new technique
has an additional feature of removing constant bias and rejecting
disturbances. Simulation and implementation results show that
our approach is very efficient and successful.

The outline of this paper is as follows. In Section II, a struc-
tural model of friction and nonlinearities in the VCM actuator
will be determined through the physical effect analysis, and its
parameters will be identified using the Monte Carlo method and
verified. Section III presents the theory of the enhanced CNF
control technique. An HDD servo system design with friction

Fig. 2. Mechanical structure of a typical VCM actuator.

and nonlinearities compensation using the enhanced CNF tech-
nique will then be carried out in Section IV. Finally, we draw
some concluding remarks in Section V.

II. MODELING OF THE VCM ACTUATOR

The mechanical structure of a typical VCM actuator is shown
in Fig. 2. The motion of the coil is driven by a permanent magnet
similar to typical dc motors. The stator of the VCM is built of
a permanent magnet. The rotor consists of a coil, a pivot, and
a metal arm on which the R/W head is attached. A data flex
cable is connected with the R/W head through the metal arm
to transfer data read from or written to the HDD disk via the
R/W head. Typically, the rotor has a deflected angle, in rad,
ranging up to 0.5 rad in commercial disk drives. We are particu-
larly interested in the modeling of the friction and nonlinearities
for the actuator in the track following stage, in which the R/W
head movement is within the neighborhood of its current track
and, thus, . An IBM microdrive (DMDM-10 340) is used
throughout for illustration.

A. Structural Model of the VCM Actuator

We first adopt the physical effect analysis of [11] to deter-
mine the structures of nonlinearities in the VCM actuator. It is
to analyze the effects between the components of the actuator,
such as the stator, rotor and support plane as well as the VCM
driver. The actuator is designed to position the R/W head fast
and precisely onto the target track, and is driven by a driver, a
full bridge power amplifier, which converts an input voltage into
an electric current. The electric circuit of a typical VCM driver
is shown in Fig. 3, where represents the coil of the actuator
and the external input voltage is exerted directly into the driver
to drive the coil.

In order to simplify our analysis, we assume that the physical
system has the following properties: 1) the permanent magnet
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Fig. 3. Electric circuit of a typical VCM driver.

is constant; and 2) the coil is assembled strictly along the radius
and concentric circle of the pivot. Furthermore, we assume that
the friction of a mechanical object consists of Coloumb friction
and viscous damping, and is characterized by a typical friction
function as the following:

(1)

where is the friction force, is the normal force, i.e., the
force perpendicular to the contacted surfaces of the objects,

is the external force applied to the object, is the relative
moving speed between two contact surfaces, and is the
break-away force. Furthermore, , , and are, respectively,
the dynamic, static and viscous coefficients of friction.

Through a detailed analysis of the VCM driver circuit in
Fig. 3, it is straightforward to verify that the relationship be-
tween the driver input voltage and the current and voltage of
the VCM coil is given by

(2)

where

(3)

is the input voltage to the driver, and are, respectively,
the VCM coil current and voltage. For the IBM microdrive
(DMDM-10 340) used in our tests, 8.2 K , 1 K ,

270 K , , 16 K , 270 pF, and the
amplifier gains 2 and 4.7. For such a drive, we
have

(4)

which has a magnitude response ranging from 95 dB (for fre-
quency less than 110 Hz) to 69 dB (for frequency greater than
2.2 kHz), and

for all (5)

Such a property generally holds for all commercial disk drives.
As such, it is safe to approximate the relationship of and of
the VCM driver as

(6)

For the IBM microdrive used in our experiment throughout this
work, .

Next, it is straightforward to derive that the torque , rela-
tive to center of the pivot and that along anti-clockwise is pos-
itive and produced by the permanent magnet in the coil
with the electric current, is given by

(7)

and are, respectively, the outside and inside radius of the
coil to center of the pivot, and is number of windings of the
coil. The total external torque applied to the VCM actuator
is given as follows:

(8)

where is the spring torque produced by the data flex cable
and is a function of the deflection angle or the displacement
of the R/W head. The friction torque presented in the VCM ac-
tuator comes from two major sources. One is the friction in the
pivot bearing and the other is between the pivot bearing and the
support plane. The friction torque in the pivot bearing can be
characterized as

(9)

where is the external force, , , and are the related
friction coefficients as defined in (1), is the radius of the pivot
to its center, and

(10)
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is the normal force, which consists of the centrifugal force of
the rotor and the diametrical force, . Furthermore, is a
constant dependent on the mass distribution of the rotor, and

(11)

is the force along the radius of the pivot bearing produced in the
coil by the permanent magnet. The friction torque between the
pivot bearing and the support plane can be characterized as

(12)

where is the external force, , , and are the related
friction coefficients as defined in (1), and

(13)

is the normal force resulted from a static balance torque of the
rotor, . Thus, the total friction torque presented in the VCM
actuator is given by

(14)

where

(15)

and

(16)

is the break-away torque, and where and are, respectively,
the corresponding input voltage and the deflection angle for the
situation when 0.

Lastly, it is simple to verify that the relative displacement of
the R/W head, , is given by

(17)

where is the length from the R/W head to the center of the
pivot. Following the Newton’s law of motion
where is the moment of the inertia of the VCM rotor, we have:

(18)

where

(19)

and

(20)

with and being, respectively, the corresponding input
voltage and the displacement for the case when 0.

It is clear now that the expressions in (18)–(20) give a com-
plete structure of the VCM model including friction and nonlin-
earities from the data flex cable. Our next task is to identify all
these parameters for the IBM microdrive (DMDM-10 340).

B. Identification and Verification of Model Parameters

We proceed to identify the parameters of the VCM actuator
model given in (18)–(20). We note that there are results avail-
able in [3] to estimate friction parameters for typical dc motors
for which both velocity and displacement are measurable and
without constraint. Unfortunately, for the VCM actuator studied
in this paper, it is impossible to measure the time-domain in
constant velocity motions and only the relative displacement of
the R/W head is measurable. As such, the method of [3] cannot
be adopted to solve our problems. Instead, we will employ the
popular Monte Carlo method [12], [13], [23], which has been
widely used in solving engineering problems and is capable of
providing good numerical solutions.

First, it is simple to obtain from (18) at a steady state when
0 and 0

(21)

Our experimental results show that the right-hand side of (21) is
very insignificant for small input signal and small displace-
ment . This will be verified later when the model parameters
are fully identified. Thus, we have

(22)

which will be used to identify or equivalently , the
spring torque produced by the data flex cable. Next, for the small
neighborhood of , we can rewrite the dynamic equation
of (18) as

(23)
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For small signals and by omitting the nonlinear terms in , the
dynamic equation (23) can be approximated by a second-order
linear system with a transfer function from to

(24)

The natural frequency of the previous transfer function (or
roughly its peak frequency), , is given by

(25)

and its static gain is given by , which implies that

(26)

where . Expression in (26) will be used to esti-
mate the parameter . More specifically, the parameters of the
dynamic models of the VCM actuator will be identified using
the following procedure.

1) The nonlinear characteristics of the data flex cable or
equivalently will be initially determined using
(22) with a set of input signal, , and its corresponding
output displacement, . It will be fine tuned later using
the Monte Carlo method.

2) The parameter will be initially calculated using the mea-
sured static gains and peak frequencies as in (26), re-
sulting from the dynamical responses of the actuator to a
set of small input signals. Again, the identified parameter
will be fine tuned later using the Monte Carlo method.

3) All system parameters will then be identified using the
Monte Carlo method to match the frequency response to
small input signal.

4) The high-frequency resonance modes of the actuator,
which have not been included in either (18) or (23), will
be determined from frequency responses to input signals
at high frequencies.

The previous procedure will yield a fairly complete and com-
prehensive model including nominal dynamics, high-frequency
resonance modes, friction and nonlinearities of the VCM actu-
ator. In our experiments, the relative displacement of the R/W
head is the only measurable output and is measured using a laser
doppler vibrometer (LDV). A dynamic signal analyzer (DSA)
(Model SRS 785) is used to measure the frequency responses of
the VCM actuator. The DSA is also used to record both input
and output signals of time-domain responses. Square waves are
generated with a dSpace DSP board installed in a personal com-
puter.

The time-domain response of the VCM actuator to a typical
square input signal about 1 Hz is shown as Fig. 4. With a group
of time-domain responses to a set of square input signals, we ob-
tain the corresponding measurement data for the nonlinear func-
tion which can be matched pretty nicely by an arctan
function (see Fig. 5) as the following:

(27)

Fig. 4. Time-domain response of the VCM actuator to a square wave input.

Fig. 5. Nonlinear characteristics of the data flex cable.

where and m . These
parameters will be further fine tuned later in the Monte Carlo
process.

Next, by fixing a particular input offset point and by in-
jecting on top of a sweep of small sinusoidal signals with
an amplitude of 1 mV, we are able to obtain a corresponding
frequency response within the range of interest. It then follows
from (26) that the values of the static gain and peak fre-
quency of the frequency response can be used to estimate the
parameter, . Fig. 6 shows the frequency response of the system
for the pair , which gives a static gain of 63.71
and a peak frequency of 305.24 Hz. In order to obtain a more
accurate result, we repeat the previous experimental tests for
several pairs and the results are shown in Table I. The
parameter can then be more accurately determined from these
data using a least square fitting

(28)

which gives an optimal solution m .
Nonetheless, this parameter will again be fine tuned later in the
Monte Carlo process.
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Fig. 6. Frequency response to small signals at the steady state with u = 0.

TABLE I
STATIC GAINS AND PEAK FREQUENCIES OF THE ACTUATOR FOR SMALL INPUTS

Lastly, we apply a Monte Carlo process to identify all other
parameters of our VCM actuator model and to fine tune those
parameters, which have previously been identified. Monte Carlo
processes are known as numerical simulation methods, which
make use of random numbers and probability statistics to solve
some complicated mathematical problems. The detailed treat-
ments of Monte Carlo methods vary widely from field to field.
Originally, a Monte Carlo experiment means to use random
numbers to examine some stochastic problems. The idea can
be extended to deterministic problems by presetting some pa-
rameters and conditions of the problems. The use of Monte
Carlo methods for modeling physical systems allows us to solve
more complicated problems and provides approximate solutions
to a variety of mathematical problems, whose analytical solu-
tions are hard, if not impossible, to be derived. In what follows,
a Monte Carlo process is utilized to obtain time-domain re-
sponses of the VCM actuator model in (18) with a set of preset-
ting parameters and input signals.
The corresponding frequency responses are obtained through
Fourier transformation of the obtained time-domain responses.
Our idea of using the Monte Carlo process is to minimize the
differences between simulated frequency responses and the ex-
perimental ones by iteratively adjusting the parameters of the
physical model in (18). The input signals in our simulations are
again a combination of an offset and sinusoidal signals with
a small amplitude 1 mV and several frequencies ranging from 1
Hz to 1 kHz.

Although Monte Carlo methods can only give locally min-
imal solutions, in our problem, however, the predetermined non-
linear characteristics of the data flex cable and the parameter
have given us a rough idea on what the true solution should be.

Fig. 7. Frequency responses of the VCM actuator in the high-frequency
region.

The solution within the neighborhood of the previously identi-
fied parameters are given by

m

m

m
m

m
m

m

(29)

These parameters will be used for further verifications using the
experimental setup of the actual system.

So far, we have only focused on the low-frequency compo-
nents of the VCM actuator model. In fact, there are many high-
frequency resonance modes, which are crucial to the overall per-
formance of HDD servo systems. The high-frequency resonance
modes of the VCM actuator can be obtained from frequency re-
sponses of the system in high-frequency region (see Fig. 7). The
transfer function that matches the frequency responses given in
Fig. 7 is identified using the standard least square estimation
method [7] and is characterized by

(30)

with the resonance modes being given as

(31)

(32)

(33)

(34)

and

(35)
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Fig. 8. Comparison of frequency responses to small signals of the VCM
actuator with u = 5 mV.

Finally, for easy reference, we conclude this section by ex-
plicitly expressing the identified rigid model of VCM actuator

(36)

where

(37)

and where

(38)

(39)

with and being, respectively, the corresponding input
voltage and the displacement for the case when 0. Note
that in the previous model, the input signal is in voltage
and the output displacement is in micrometer. Together with
high-frequency resonance modes of (31)–(35), the previous
model presents a fairly comprehensive characteristics of the
VCM actuator studied. This model will be further verified using
experimental tests on the actual system.

In order to verify the validity of the established model of the
VCM actuator, we carry out a series of comparisons between
the experimental results and computed results of the time-do-
main responses and frequency-domain responses of the actu-
ator. The comparison of the frequency responses between ex-
perimental result and identified result for inputs consisting of

5 mV and sine waves with amplitude of 1 mV is shown
in Fig. 8. It clearly shows that the result of the identified model
matches pretty well with the experimental result. The compar-
ison of the time-domain responses for an input signal consisting
of -5 mV and a sine wave with an amplitude of 5 mV
is given in Fig. 9. It shows that the simulation results match
the trends and values of those obtained from experiments. The
noises associated with experimental results in Figs. 8 and 9 are
drift noises introduced by the LDV and/or DSA.

The comparisons of both frequency-domain and time-domain
responses demonstrate that the identified model of the VCM
actuator indeed describes the features of the actuator.

Fig. 9. Comparison of time-domain responses of the VCM actuator.

III. ENHANCED COMPOSITE NONLINEAR

FEEDBACK CONTROL TECHNIQUE

We introduce in this section an enhanced version of the CNF
control design, which is capable of removing constant bias in
servo systems. The original CNF technique [7], [8], [20] is
applicable to systems with input saturation but without external
disturbances. It consists of two parts, the linear part and non-
linear part. The linear part is designed to yield a closed-loop
system that has quick response, while at the same time not
exceeding the actuator limits for the desired command input
level. The nonlinear part is used to smooth out the overshoot
caused by the linear part as the system output approaches the
target reference. When the given system has disturbances,
the resulting system output generally does not asymptotically
match the target reference without knowing a priori the level
of bias. A common approach for removing bias resulting from
constant disturbances is to add an integrator to the controller.
We propose in this section an enhanced CNF design scheme
by introducing an additional integration action in the design.
The new approach will retain the fast rise time property of the
original CNF control and at the same time have an additional
capacity of eliminating steady-state bias due to disturbances.
We would like to note that there were attempts in the literature
on improving tracking performance using modified propor-
tional-integral derivative (PID) controllers [2], [25], [26] for
certain classes of systems without input saturations. However,
PID control is structure-wise very different from the CNF
control technique considered in this work.

Specifically, we consider a linear system with an amplitude
constrained actuator, characterized by

(40)

where , , , , and are, respec-
tively, the state, control input, measurement output, controlled
output, and disturbance input of the system. , , , , and

are appropriate dimensional constant matrices. The function,
sat: , represents the actuator saturation defined as

(41)
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with being the saturation level of the input. The assump-
tions on the given system are made:

1) is stabilizable;
2) is detectable;
3) is invertible with no invariant zero at 0;
4) is bounded unknown constant disturbance;
5) is a subset of , i.e., is also measurable.

Note that all these assumptions are fairly standard for tracking
control. We aim to design an enhanced CNF control law for
the system with disturbances such that the resulting controlled
output would track a target reference (set point), say , as fast
and as smooth as possible without having steady-state error. We
first follow the usual practice to augment an integrator into the
given system. Such an integrator will eventually become part of
the final control law. To be more specific, we define an auxiliary
state variable

(42)

which is implementable as is assumed to be measurable, and
is a positive scalar to be selected to yield an appropriate inte-

gration action. The augmented system is then given as follows:

(43)

where

(44)

(45)

and

(46)

It is straightforward to show that Assumptions 1 and 3 imply
that the pair is stabilizable.

Next, we proceed to carry out the design of enhanced CNF
control laws for two different cases, i.e., the state feedback case
and the reduced order measurement feedback case. The full
order measurement feedback case is straightforward once the
result for the reduced order case is established. We note that the
procedure for designing the enhanced CNF control laws is a nat-
ural extension of that of [7], [8]. The enhanced control laws are,
however, capable of removing steady-state bias.

A. State Feedback Case

We first investigate the case when all the state variables of
the plant (43) are measurable, i.e., . The procedure that
generates an enhanced CNF state feedback law will be done in
three steps. That is, in the first step, a linear feedback control
law will be designed, in the second step, the design of nonlinear
feedback control will be carried out, and lastly, in the final step,
the linear and nonlinear feedback laws will be combined to form
an enhanced CNF control law.

1) Design a linear feedback control law

(47)

where is chosen such that 1) is an asymptoti-
cally stable matrix, and 2) the closed-loop system

has certain desired properties. Let us parti-
tion in conformity with and . The general
guideline in design such an is to place the closed-loop
pole of corresponding to the integration mode
to be sufficiently closer to the imaginary axis compared to
the rest eigenvalues, which implies that is a relatively
small scalar. The remaining closed-loop poles of
should be placed to have a dominating pair with a small
damping ratio, which in turn would yield a fast rise time
in the closed-loop system response. Finally, is chosen
as

(48)

which is well defined as is assumed to have
no invariant zeros at 0 and is nonsingular
whenever is stable and is relatively small.

2) Given a positive–definite matrix , we
solve the following Lyapunov equation:

(49)

for 0. Such a solution is always existent as
is asymptotically stable. The nonlinear feedback portion
of the enhanced CNF control law is given by

(50)

where , with being the tracking error, is a
smooth and nonpositive function of , and tends to a con-
stant as . It is used to gradually change the system
closed-loop damping ratio to yield a better tracking per-
formance. The choices of the design parameters and

will be discussed later. Next, we define

and (51)

3) The linear feedback control law and nonlinear feedback
portion derived in the previous steps are now combined to
form an enhanced CNF control law

(52)

We have the following result.
Theorem 1: Consider the given system (40) with and

the disturbance being bounded by a nonnegative scalar ,
i.e., . Let

(53)

Then, for any , which is a smooth and nonpositive function
of and tends to a constant as , the enhanced CNF con-
trol law (52) will drive the system controlled output to track
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the step reference of amplitude from an initial state asymp-
totically without steady-state error, provided that the following
conditions are satisfied.

1) There exist positive scalars and such
that

(54)

2) The initial condition satisfies

(55)

3) The level of the target reference, , satisfies

(56)

where .

Proof: For simplicity, we drop the variable in
throughout this proof. Noting that

(57)

and letting , then the dynamics equation of the
augmented plant in (43) can be expressed as

(58)

where . Following the similar lines of
reasoning as those in [8], we can show that for
and , can be expressed as , for
some nonnegative variable . Thus, for the case when

and , the closed-loop system com-
prising the given augmented plant (43) and the enhanced CNF
control law (52) can be expressed as the following:

(59)

In what follows, we will show that (59) is stable provided that
the initial condition, , the target reference, , and the distur-
bance, , satisfy those conditions listed in the theorem. Let us

define a Lyapunov function . For easy derivation,
we introduce a matrix such that . We then obtain
the derivative of calculated along the trajectory of the system
(59)

(60)

We note that we have used the following matrix properties:
1) , where is a symmetric matrix; 2)

, if both and are square matrices; and
3) 0 if 0 and 0. Clearly, the closed-loop
system in the absence of the disturbance, , has 0 and,
thus, is asymptotically stable.

With the presence of the disturbance, , and with the initial
condition , where , the
corresponding trajectory of (59) will remain in and
converge to a point on a ball with .
Since converges to a constant, it is clear
that the tracking error as . This completes the
proof of Theorem 1.

B. Measurement Feedback Case

In practical situations, it is unrealistic to assume that all the
state variables of a given plant to be measurable. In what fol-
lows, we will design an enhanced CNF control law using only
information measurable from the plant. In principle, we can
design either a full order measurement feedback control law,
for which its dynamical order will be identical to that of the
given plant, or a reduced order measurement feedback control
law, in which we make a full use of the measurement output
and estimate only the unknown part of the state variable. As
such, the dynamical order of the controller will be reduced. It is
more feasible to implement controllers with smaller dynamical
order. The procedure in the following on the enhanced CNF con-
trol using reduced order measurement feedback follows pretty
closely from that of [8].

For simplicity of presentation, we assume that in the mea-
surement output of the given plant (40) is already in the form

(61)
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The augmented plant (43) can then be partitioned as the fol-
lowing:

(62)
where

(63)

and

(64)

Clearly, and are readily available and need not be esti-
mated. We only need to estimate . There are two main step in
designing a reduced order measurement feedback control laws:
1) the construction of a full state feedback gain matrix ; and
2) the construction of a reduced order observer gain matrix .
The construction of the gain matrix is totally identical to that
given in the previous subsection, which can be partitioned in
conformity with , and , as follows:

(65)

The reduced order observer gain matrix is chosen such that
the poles of are placed in appropriate locations
in the open-left half plane.

The reduced order enhanced CNF control law is then given
by

(66)

and

(67)
where is as defined in (48) and is the smooth, nonposi-
tive, and nondecreasing function of , to be chosen to yield a
desired performance.

Next, given a positive–definite matrix ,
let 0 be the solution to the Lyapunov equation

(68)

Given another positive–definite matrix
with

(69)

let 0 be the solution to the Lyapunov equation

(70)

Note that such and exist as and
are both asymptotically stable. We have the following result.

Theorem 2: Consider the given system (40) with the distur-
bance being bounded by a nonnegative scalar , i.e.,

. Let

(71)

Then, there exists a scalar 0 such that for any , a
smooth and nonpositive function of with , the
enhanced reduced order CNF control law of (66) and (67) will
drive the system controlled output to track the step reference
of amplitude asymptotically without steady-state error, pro-
vided that the following conditions are satisfied:

1) There exist positive scalars and
such that

(72)

2) The initial conditions, and , satisfy

(73)

3) The level of the target reference satisfies

(74)

where is the same as that defined in Theorem 1.
Proof: The result follows from similar lines of reasoning

as those given in Theorem 1 and those for the measurement
feedback case in [8].

C. Selection of and the Nonlinear Gain

The procedures for selecting the design parameter and the
nonlinear gain for the enhanced CNF control laws are the
same as those for the usual CNF design given in [8]. We recall in
the following the selection procedures for and from [8]
for completeness. Basically, the freedom to choose the function

is used to tune the control laws so as to improve the per-
formance of the closed-loop system as the controlled output
approaches the set point, . Since the main purpose of adding the
nonlinear part to the CNF or the enhanced CNF controllers is to
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Fig. 10. Interpretation of the nonlinear function �(e).

speed up the settling time, or equivalently to contribute a signifi-
cant value to the control input when the tracking error is small.
The nonlinear part, in general, will be set in action when the con-
trol signal is far away from its saturation level and, thus, it will
not cause the control input to hit its limits. Under such a circum-
stance, the closed-loop system comprising the augmented plant
in (43) and the enhanced CNF control law can be expressed as

(75)

We note that the additional term does not affect the sta-
bility of the estimators. It is now clear that eigenvalues of the
closed-loop system in (75) can be changed by the function .
Such a mechanism can be interpreted using the classical feed-
back control concept as shown in Fig. 10, where the auxiliary
system is defined as

(76)

Following the result of [8], we can show that is stable
and invertible with a relative degree equal to 1, and is of min-
imum phase with stable invariant zeros.

The invariant zeros of play an important role in se-
lecting the poles of the closed-loop system of (75). The poles of
the closed-loop system approach the locations of the invariant
zeros of as becomes larger and larger. We would like
to note that there is freedom in preselecting the locations of these
invariant zeros. This can actually be done by selecting an ap-
propriate 0. In general, we can employ the result of Chen
and Zheng [9] on finite and infinite zero assignment to select
the invariant zeros of , which are corresponding to the
closed-loop poles for larger , such that the dominating ones
have a large damping ratio, which in turn will yield a smaller
overshoot. We refer interested readers to [8].

The selection of the nonlinear function is relatively
simple once the desired invariant zeros of are obtained.
The following choice of is a smooth and nonpositive func-
tion of

(77)

where and are appropriate positive scalars that can be
chosen to yield a desired performance, i.e., fast settling time
and small overshoot. This function changes from 0 to

as the tracking error approaches
zero. At the initial stage, when the controlled output is far
away from the final set point, is small and the effect of
the nonlinear part on the overall system is very limited. When

Fig. 11. Control scheme for the HDD servo system.

the controlled output, , approaches the set point, ,
and the nonlinear control law will become effective. In gen-
eral, the parameter should be chosen such that the poles
of are in the desired locations, e.g., the
dominated poles should have a large damping ratio, which
would reduce the overshoot of the output response. Note that
the choice of is nonunique. Any function would work so
long as it has similar properties of that given in (77). Finally,
we also note that the CNF control technique reported in this
section has recently been implemented in MATLAB, which is
available for free at http://hdd.ece.nus.edu.sg/~bmchen.

IV. MICRODRIVE SERVO SYSTEM DESIGN

We proceed to design a servo system for the microdrive iden-
tified in Section II. As mentioned earlier, our design philosophy
is rather simple. We will make a full use of the obtained model
of the friction and nonlinearities of the VCM actuator to design
a precompensator, which would cancel as much as possible all
the unwanted elements in the servo system. As it is impossible
to have perfect models for friction and nonlinearities, a perfect
cancellation of these elements is unlikely to happen in the real
world. We will then formulate our design by treating the uncom-
pensated portion as external disturbances. The enhanced CNF
control technique of Section III will then be employed to design
an effective tracking controller. The overall control scheme for
the servo system is depicted in Fig. 11. Although we focus our
attention here on HDD, it is our belief that such an approach can
be adopted to solve other servo problems.

Examining the model of (36), it is easy to obtain a precom-
pensation

(78)

which would eliminate the majority of nonlinearities in the data
flex cable. The HDD model of (18) can then be simplified as the
following:

(79)

where the disturbance represents uncompensated nonlineari-
ties, and is the relative displacement of the R/W head (in
micrometer). The control input is to be limited within
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with . Letting 1, we obtain the corresponding
augmented plant to be used in the enhanced CNF design

(80)

We will focus on our design for 1 in this section, i.e., the
track following stage of the HDD servo system. The initial state

is assumed to be 0. Note that the nonlinearities in the data
flex cable and friction do not cause much trouble in the track
seeking stage.

Following the procedures given in Section III and few simu-
lation tries, we obtain a state feedback gain matrix

(81)

which places the poles of at and
0.01, and which work very well for the HDD servo system.

Next, we choose to be a diagonal matrix with diagonal ele-
ments being , 0.0135, and , re-
spectively. Solving the Lyapunov equation of (49), we obtain

which is indeed positive–definite. The reduced order observer
gain matrix is selected as

(82)

which places the observer pole at 6000, and the nonlinear gain
function is selected as follows:

(83)

Finally, the reduced order enhanced CNF control law for the
microdrive servo system is given by

(84)

and

(85)

To see the effectiveness of the nonlinearity compensation, we
design a normal reduced order CNF control law using the tech-

Fig. 12. Servo performance (simulation results).

nique reported in [8] for the original plant without the precom-
pensation, which is given by

(86)

and

(87)

where is the same as in (83).
To compare the result of the enhanced CNF technique with

conventional approaches, we design a conventional PID con-
troller for the precompensated system

(88)

where is the sampling period used in implementation and
is a sufficiently large positive scalar to be selected for the ap-
proximation of the derivative action. The parameters in (88) are
tuned to yield the best possible implementation result under this
control structure, which are given as

(89)

and

(90)

For simulation, we use the nonlinear model of the HDD in
(36) together with all its identified resonance modes given in
(31)–(35). The simulations are done in a continuous setting, and

is considered to be 0. The simulation results
are shown in Fig. 12. Experiments are done on the actual HDD
with its cover being removed. The HDD is placed on a vibration-
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Fig. 13. Servo performance (experimental results).

TABLE II
SETTLING TIME: ENHANCED CNF CONTROL VERSUS PID CONTROL

Fig. 14. Frequency responses of the open-loop systems.

free platform and the LDV with a resolution set to 10 nm is
used to measure the displacement of the R/W head of the HDD.
The controllers are implemented using a dSpace DSP installed
in a desktop computer. The sampling frequency is set to be 10
kHz, a typical sampling frequency used in HDD servo systems.
The experimental results are shown in Fig. 13. We summarize in
Table II the tracking performances in terms of 3% settling time,
which is within 5% of the track-width for 40 kTPI (kilo-tracks
per inch) drives. Clearly, the performance of the enhanced CNF
control is much better than that of the PID control.

We next examine the frequency domain properties of the
servo system by breaking the loop at the input point to the pre-
compensated plant (marked “ ” in Fig. 11) and computing its

open-loop frequency response with a multiplication of 1 for
negative unit feedback and with the reference input, , being set
to 0. For the CNF control, which is nonlinear, we replace
by 3, representing the steady-state situation of such a
control scheme. The resulting frequency responses of the servo
system shown in Fig. 14 clearly indicate that the servo system
with the enhanced CNF controller has a gain margin of 7.4 dB
(at the phase crossover frequency around 5734 Hz) and a phase
margin of 53 (at the gain crossover frequency around 1250
Hz), while the one with the PID controller has a gain margin of
1.6 dB (at the phase crossover frequency around 5861 Hz) and
a phase margin of 68 (at the gain crossover frequency around
1124 Hz). The gain margin in the PID control is not acceptable
in practical situations. This could be due to the fact that we have
tuned the response of the PID control a bit too fast, although it
is very slow compared to that of the enhanced CNF control.

V. CONCLUDING REMARKS

We have identified in this paper fairly comprehensive features
of friction and nonlinearities for a typical VCM actuator used in
an IBM microdrive. It has been done through the detailed anal-
ysis of physical effects of components that make up the actuator,
i.e., the coil, R/W head, pivot bearing and data flex cable. The
verification of the identified model shows it indeed describes
the features of the friction and nonlinearities of the actuator. A
control structure with a nonlinearity precompensation and an
enhanced composite nonlinear feedback control technique has
then been developed and utilized to design a servo system for
the microdrive. The simulation and implementation results show
that our approach is very efficient and successful. Such a method
can be adopted to solve servomechanism problems.
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