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Abstract We present in this paper a structural decomposition for linear multivariable singular systems.
Such a decomposition has a distinct feature of capturing and displaying all the structural properties,
such as the finite and infinite zero structures, invertibility structures, and redundant dynamics of the
given system. As its counterpart for non-singular systems, we believe that the technique is a powerful
tool in solving control problems for singular systems.
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1 Introduction

Singular systems, also commonly called generalized or descriptor systems in the literature,
appear in many practical situations including engineering systems, economic systems, network
analysis, and biological systems (see, e.g., Lewis!!, Dail?! and Kuijper[g]). In fact, many systems
in the real life are singular in nature. They are usually simplified as or approximated by non-
singular models because of the lack of efficient tools for dealing with singular systems. The
structural analysis of linear singular systems, using either algebraic or geometric approach, has
attracted considerable attention from many researchers during the past three decades (see, e.g.,
Lewis!!, Chu and Ho, Chu and Mehrmannl®!, Fliessl®!, Geerts!”, Lewis and Ozcaldiran!®!,
Loiseaul®, Malabre'?), Misra et al.''l, Van Doorenl'213! Verghesel'¥, Zhou et al.l'], and
the references cited therein). Generally speaking, almost all the research works dealing with
singular systems are the natural extensions of their non-singular system counterparts, although
these extensions are usually non-trivial.

It has been extensively demonstrated and proven for non-singular systems that the system
structural properties, such as the finite and infinite zero structures and the invertibility struc-
tures, play a very important role in solving various control problems including Hs, H., control
and disturbance decoupling (see, e.g., Chen'%) and Saberi et al.m]). The structural properties
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STRUCTURAL DECOMPOSITION OF SINGULAR SYSTEMS 199

of singular systems and their applications to the control problems of singular systems are how-
ever less emphasized in the literature. In their recent work, He and Chen['8! have developed
a technique that gives a structural decomposition for single-input and single-output (SISO)
singular systems. The technique is capable of revealing all the structural properties, including
the finite and infinite zero structures. In this paper, we present a structural decomposition
technique for linear multivariable singular systems. Again, such a technique can be used to
capture and display the structural properties of singular systems. Our work generalizes the
result of He and Chen!'8]. It can also be regarded as a natural extension and counterpart of the
work of Sannuti and Saberil'”! for non-singular systems. However, it will be seen shortly that
the structural decomposition of a multivariable singular system is much more involved. Such a
decomposition technique is expected to be a powerful tool for solving a wide range of control
problems for singular systems.
To be more specific, we consider a linear time-invariant system Y characterized by
5 {Em = Az + Bu, z(0) = o, 1)
y = Cz + Du,

where x € R™, u € R™ and y € RP are respectively the state, input and output of the system,
and E, A, B, C and D are constant matrices of appropriate dimensions. The system X' is
said to be singular if rank(E) < n. As usual, in order to avoid any ambiguity in the solutions
to the system, we assume throughout this paper that the given singular system X' is regular,
ie., det(sE — A) # 0, for s € C. Traditionally, the Kronecker canonical form, a classical
form of matrix pencils under strictly equivalent transformation, has been used extensively in
the structural analysis of singular systems. Malabrel’® presents a geometric approach and
introduces structural invariants of singular systems. In that paper, some definitions are shown
to be consistent with others that can be directly deduced from matrix pencil tools. It extends
many geometric and structural results from the non-singular systems to singular systems. In this
paper, our focus is not on the computation of the invariant indices, but to derive a constructive
algorithm that decomposes the state space of the given system into several distinct parts, which
are directly associated with the finite and infinite zero dynamics, as well as the invertibility
structures of the given system. It is interesting to note that our decomposition will automatically
and explicitly separate the redundant dynamics of the system, which cannot be captured at
all in the Kronecker canonical form. As mentioned earlier, it is expected that the technique
presented in this paper will play a similar role in solving a variety of control problems for
singular systems as its counterpart has played for non-singular systems.

The outline of the remainder of the paper is as follows: In Section 2, we present our main
results, i.e., the structural decomposition of multivariable linear singular systems and all its
structural properties. The constructive proof for the structural decomposition and proofs for
its properties will be given in Section 3. A numerical example will be presented in Section 4
to illustrate the proposed decomposition technique and to show how the structural properties
of a multivariable singular system can easily be revealed under such a decomposition. Finally,
Section 5 draws a conclusion to the paper.

Throughout this paper, the following notation will be used: I denotes an identity matrix
of appropriate dimensions; R is the set of all real numbers; C, C°, C~ and CT represent
respectively the set of all complex numbers, the imaginary axis, the open left-half plane and
the open right-half plane; A(X) is the set of eigenvalues of a real square matrix X; and u®)
denotes the v-th derivative of u, where v is an integer. Finally, with a slight abuse of notation,
we occasionally write u(*) as su when it is clear from the context. Here, s can be regarded as
a differentiation operator or the operator used in Laplace transform.
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200 MINGHUA HE - BEN M. CHEN - ZONGLI LIN

2 Structural Decomposition and Its Properties

We first summarize the structural decomposition of multivariable singular systems in the
following main theorem. All its properties will also be given. The constructive algorithm for
the structural decomposition and proofs of all these properties will be given in Section 3 for
clarity of presentation. We have the following theorem.

Theorem 1 Consider the singular system X of (1) satisfying det(sE — A) #Z 0 for s € C.
Then,

1) there exist coordinate-free nonnegative integers n,, Ne, Na, Nb, Ne, Nd, Md, Mo, Me, Pb,

and positive integers q;, 1 = 1,2,---,mgq, if mq > 0; and

2) there exist nonsingular state and output constant transformations I's € R™*™ and I, €

RP*P - as well as an m X m nonsingular input transformation Ii(s), whose inverse’s
elements are polynomials in s (i.e., its inverse contains various differentiation operators),
and an n x n nonsingular transformation I's(s), whose elements are polynomials of s,
which together give a structural decomposition of X and display explicitly its structural
properties.

The structural decomposition of X can be described by the following set of equations:

T = Fsafv y= FO?L U = Fl(s)ﬂ7 (2)
and
Xz
Te Td1 Y1 Udi
~ Za _ Yo ~ to Zq2 Yd2 Uqo
Tr= Th , Y= Yd , U= Udq ; Td= y Yd= , Ud= 3 (3)
T Yo Uc
¢ xdmd ydmd udmd
Zd
and
In, Ty = T, 4)

where Jp, € R™*™ has all its eigenvalues at 0,

To = Beouo 4 Bectic + Beqtia + 5Ney ()75, (5)
Ty = Ana®a + BoaYo + Laa¥a + Lavyb + 5Las(8) 2., (6)
Ty = Appb + BobYo + Lvayd + sLys(8) 24, (7)
Yb = Opxp + Cppy + 8Chys(5) 14, (8)
fe = Acce + Bocyo + Leaya + Lebyp + BeMcaTa + Bete + $Les(8)Ts, 9)
Yo = Coaza + Copxp, + Coce + Coaa + uo + Coz, + 5Cozs(5) 1y, (10)

and for each i =1,2,---,mq,

&q; = Agq,xdi + Lioyo + Liaya + sLiz(s)x,

mq
+Bqy, (Udi + Miaxa + My, + Micxe + Z Mz‘jxdj> ) (11)
j=1
Ydi = quimi + CQiZmZ + SC‘BZS(S)mzﬂ Yd = Cdmd + Cdzmz + Scdzs(s)mza (12)

for some constant matrices of appropriate dimensions and some matrices whose elements are
polynomials of s. Here the states x,, Te, Ta, Tbh, Tc and xq are of diMeEnsions ng, Ne, Ny, Np,
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ne and nq = Yo% qi, respectively, while x4; is of dimension q; for each i =1, 2,---,mq. The
control vectors ug, uq and ue are of dimensions mg, mq and me = m — mg — mgq, respectively,
while the output vectors yo, ya and yp, are respectively of dimensions mgy, mq, and p, = p —
mo — ma. The pair (App, Cy) is observable, the pair (Acc, Bc) is controllable, and the triple
(Ag;, By, Cy,) has the form

0 I,- 0
Alh:|:0 q01:|7 qu':|:1:|7 qu:[]‘ 0o - 0] (13)
Assuming that x;,i = 1,2,---,mq, are arranged such that ¢; < g1, the matriz L;q will be in

the particular form of
Liq=[Li Lig -+ Ly 0 --- 0], (14)

with its last row being all zeros.

A constructive proof of the structural decomposition in Theorem 1 will be given in the next
section. The following corollaries of Theorem 1 give a compact matrix form for the structural
decomposition and establish its equivalence to the original system.

Corollary 1 The structural decomposition of X of Theorem 1 can be represented in the
following form:

E = I'(s)ETs = Es — E,(s) + ¥(s)
rJn, 0 O 0 0 0 0 0 0 0 0O
0O 0 0 0 0 0 Ne(s) 00 0 0 0
|0 0 L, 0 0 0| |Lu(s) 00000
“lo 0o 0 I, 0 o0 Lu(s) 0 0 0 0 of T¥6) (15)
0 0 0 0 I, 0 Le(s) 00 0 0 0
Lo 0 0 0 0 I, La(s) 0 0 0 0 0
A=T.(s)Al, = Ay + s¥(s)
0 I, 0 0 0 0 0
0 0 I, 0 0 0 0
_ BOa 0 0 Aaa Labcb 0 Ladcd
= Bo, Co + 0 0 0 Aup 0 LoaCly +s¥(s), (16)
BOC 0 0 BcMca chcb Acc Lcdcd
Boa 0 0 BaMga BaMa, BaMae — Aaa
0 0 0
BOe Bde Bce
-~ N | Boa O 0
B = I.(s)BIi(s) = Bs = By 0 N (17)
BOC 0 Bc
Boa Bg 0
B Co. 0 Coa Cob Coc Coa
C=I;'Cly=Cs+W¥.=|Cq, 0 0 0 0 C4|+ ¥, (18)
Ch, 0 0 Gy 0 0
B Iny 0 0
D=T,'DIi(s)=Ds+ Ta(s)=| 0 0 0|+ Ty(s), (19)
0 0 0

where ¥(s) is an n X n matriz with entries being some polynomials of s,
Co = [0 0 Coa Cob Coe Cod], yv/C%—F yv/d(s)ﬂ = Wn(s)xz, (20)
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and where Wg(s) is a matriz with its elements being some polynomials of s.
Corollary 2 Let X be a singular system characterized by (FEs, As, Bs, Cs, Ds), which has a

transfer function
Hy(s) = Cy(sEs — Ay) ' Bs + Dy. (21)

Let H(s) be the transfer function of the original singular system (1). Then,
H(s)=C(sE — A)"'B+ D = ILHy(s)I, (s), (22)

which shows that the transfer functions of the original system X and the system characterized
by X are related by some nonsingular transformations.

Next, we would like to note that it does not lose too much generality to assume that the
state variable of X', z(t), to be a continuous function of ¢ at ¢ = 0, which simply means that
there is no sudden jump from z(07) to x(0"). Then, it is straightforward to show that (4)
implies that x, = 0, for all . We summarize below the physical features of the state variables
in our structural decomposition under such a minor assumption:

1) The state x, is purely static and identically zero for all time ¢. It can neither be controlled

by the system input nor be affected by other states.

2) The state z. is again static and contains a linear combination of the input variables of
the system and their derivatives of appropriate orders.

3) The state x, is neither directly controlled by the system input nor does it directly affect
the system output.

4) The output y, and the state xp, are not directly influenced by any input, although they
could be indirectly controlled through the output yq. Moreover, (App,Ch) forms an
observable pair. This implies that the state xy, is observable.

5) The state z. is directly controlled by the input wu., but it does not directly affect any
output. (Ace, Bc) forms a controllable pair. This implies that the state z. is controllable.

6) The variables ug; control the output y4; through a stack of ¢; integrators. Furthermore,
all the states xq; are both controllable and observable.

It is simple and interesting to observe from the structural decomposition of X' of Theorem 1
that there are redundant state variables associated with the given system. Thus, an immediate
application of such a technique is the reduction of a singular system to an equivalent proper
system as the state variable x, is identically zero, and the state variable x. is simply a linear
combination of the system input variables and their derivatives. As such, from the input-output
behavior point of view, the given singular system can be equivalently reduced to the following
proper system:

%o = AnaTa + Boayo + Laaya + Labyb, (23)
tp = AppZp + BobYo + Lbayd, Yo = Cohn, (24)
e = Acette + Bocyo + Leaya + Lenyn + BeMeaa + Betie, (25)
Yo = Coa®a + Cobwp + Cocze + Coaa + uo, (26)

and for each 1 =1, 2,---,mgq,

Tai = Ag;xai + Lioyo + Liaya

ma
+By, <udi + MiaZa + Mipay, + Micxe + Z Miﬂdj) ) (27)
j=1
yai = Cq; i,  ya = Cazq. (28)
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Naturally, we can expect that many results related to systems and control theory of proper
systems can be extended to singular systems without too much difficulty.

We note our structural decomposition of Theorem 1 is a natural extension of the special
coordinate basis of [19] for non-singular systems and is capable of capturing the unique fea-
tures of singular systems. In what follows, we study how the system properties of X', such as
the stabilizability, detectability, finite and infinite zero structures, can be obtained from the
decomposition of the system.

We first recall the definitions of stability, stabilizability and detectability of linear singular
systems from the literature (see, e.g., Dail?).

Definition 1 (Stability, Stabilizability, and Detectability) The system X of (1) is said
to be stable if its characteristic polynomial det(sE — A) has all roots in C~. It is said to be
stabilizable if there exists a constant matrix F' of appropriate dimensions such that all roots of
det(sE — A — BF) are in C~. Similarly, it is said to be detectable if there exists a constant
matrix K of appropriate dimensions such that all roots of det(sE — A — KC') are in C™.

The definition of invariant zeros of singular systems can be made in a similar way as that for
proper systems or in the Kronecker canonical form associated with X' (see, e.g., Malabre[m]).

Definition 2 (Invariant Zeros) Let

Ps= |4 7). (29)
A complex scalar « € C is said to be an invariant zero of the singular system X of (1) if
rank{ Py ()} < n + normrank{H (s)}, (30)
where
H(s)=C(sE—A)"'B+ D, (31)

and normrank{(H (s)} denotes the normal rank of H(s), which is defined as its rank over the
field of rational functions of s with real coefficients. Alternatively and physically, the invariant
zero dynamics of X' can also be defined as the dynamics of X', when y = 0.

The following properties show that the stabilizability, detectability, and the invariant zeros
of X' can be obtained through the structural decomposition in a trivial manner.

Property 1 (Stabilizability and Detectability) The given system X of (1) is stabilizable if
and only if (Acon, Beon) 18 stabilizable, and is detectable if and only if (Aops, Cobs) is detectable,

where
o Aaa Labe L BOa Lad
Acon = |: 0 Abb :| ; Bcon = |:B0b Lbd:| ) (32)
and A C C
I aa 0 L Oa Oc
AObS o |:BcMca Acc:| ’ CObS o |:Mda Mdc:| ’ (33)

Property 2 (Invariant Zeros) The invariant zeros of X' are the eigenvalues of A,,.

Our structural decomposition can also exhibit the invertibility structure of a given singular
system Y. Basically, for the usual case when matrices [B’ D’] and [C D] are of maximal
rank, the system X or equivalently H(s) is said to be left invertible if there exists a rational
matrix function L(s) such that L(s)H(s) = I,,,. The system Y is right invertible if there exists
a rational matrix function R(s) such that H(s)R(s) = I,. Moreover, X' is said to be invertible
if it is both left and right invertible, and X is noninvertible, or degenerate, if it is neither left
nor right invertible.
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204 MINGHUA HE - BEN M. CHEN - ZONGLI LIN

Property 3 (Invertibility) X is right invertible if and only if x}, and hence y;, are nonex-
istent, left invertible if and only if z. and hence u. is nonexistent, and invertible if and only if
both xp, and x. are nonexistent.

The infinite zero structure of the given system X can be defined as the infinite elementary
divisors associated with the Kronecker canonical form of P (s). It can also be defined using the
well-known Smith—McMillan form. It basically represents the numbers of integrator chains be-
tween the control input channels and output channels. Unfortunately, due to the differentiating
actions performed on the system input, the infinite zero structures of X and the transformed
system X are slightly different. Nonetheless, the infinite zero structure of X is given by

S;o(E):{qlanv"'7QMd}v (34)

ie., foreach i =1,2,---,mq, Xs has an infinite zero of order ¢;, respectively.

3 Proofs of Main Results

We first present a constructive proof for Theorem 1. The following is a step-by-step algo-
rithm for the structural decomposition of multivariable singular systems.
Step 1 Preliminary decomposition
This step, adopted from [2], is to separate the given descriptor system into a proper subsys-
tem and a special descriptor subsystem. First, we note that the regularity assumption on the
given system (1) implies the existence of a real scalar § such that det(GE + A) # 0. Next, we
define R
E=(BE+A)'E. (35)

It follows from the well known real Jordan canonical decomposition that there exists a nonsin-
gular transformation 7' € R™*™ such that

TET = [Eol 52} , (36)

where El € R™*™ g a nonsingular matrix and Eg € R™2*"2 ig a nilpotent matrix. Lastly, we
let

p— [Ell 0 } TBE+ A, Q=T1" (37)
0 (In, — BEy)"! 7 '

It is then straightforward to verify that

I,, 0 A 0
PEQ:[O N}’ PAQ:[OI I ]

where N = (I,,, —5@2)*1EQ is a nilpotent matrix, and A; = Efl(Inl —5@1). We also partition
accordingly

PB:[g;], CQ=[Ci Cs]. (38)

Equivalently, X can be decomposed into the following two subsystems:

i, = A1 + Bhu,
5 .10 171 1 (39)
y1 = Crz1 + Du,
N9 = x9 + Bau,
Sy : P (40)
y2 = Caxa,
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where 7712 = (2T 21)7, and 2; € R™ and 2o € R with ny +ny =n, and y = y1 + ya.
Step 2 Decomposition of x, and x,
The key idea is to separate the controllable and uncontrollable parts of the pair (N, Bs) in
Yy. It follows from Theorems 2.3.1 and 2.3.2 of [16] that there exist nonsingular coordinate
transformations

To = TS/IE\Q, u = Tlﬂ, (41)
such that ~
Uy
Tvi =~
) e
§2:<iv>7 Ty = . ) xzeanv u= ) (42)
z . ane
LTyne =~
U
where
Tvi,1
Lvi,2
Tvq ERpi, Tvi = . , 1= 1)27 y Ne,
Tvi,p;
Jvl 0 0 NlZ
J N 0 JVQ O N2Z
AT —1 _ v zv | __ :
N=T; NTS—[O an}_ : :
0 0 Jvne Nnez
0 0 0 J,
Bi1 Bi2 Bin, B
B 0 BQQ B2ne BQZ
Bz=TsleTi:[ V]= SR S
O O st Bnene Bnez
0 o --- 0 0

and where (Jy, By) is controllable. Moreover, the fact that N is nilpotent implies that J,; and
Jn, have all their eigenvalues at 0, and Jy;, N;z, B;, and B;; have the following forms,

01 --- 0 Niz,1 0 biz1 bij1
Joi=| . |, Ni= : , Bu=|"|, Bi,= : , Bij= :

00 -~ 1 Tinps—1 0 bizpi—1 bijp,-1

00 0 0 or: 1 0 0

As such, by the transformation of (41), X is decomposed into the subsystems

ani‘z = Ty, (43)
and fori=1, 2, -+, ne,
Jyidvi + Nigk, = xvi + By + Z Bi;uj + Bi,Us, (44)
j=it1
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206 MINGHUA HE - BEN M. CHEN - ZONGLI LIN

which is equivalent to

Ne
Jvityi = Tyi + Biiti + Z Bijuj + Bigts. — (Nizj:z)- (45)
j=i+1
Because of the special structure of J,;, we have, for i =1, 2, -, n,

Ne
Tyi2 = Tyi1 + E bij1Uj + bin 1Us — Niz, 194,
j=i+1
n,

Tyi,3 = Tyi2 + Z bij2Uj + big oWy — Nig 2@y,
j=it1 (46)

Tvip, = Tvip;—1 + E bijpi -1 + bigp,—1Us — Mig,p;—1T2,
j=it1

u; = —Tvip; T nizypi‘;EZ' (47)
Repeatedly differentiating ; of (47), we obtain

Pi—2 Ne pi—2
Tyvi, 1 = _al(‘piil) - Z Z sz k+1u Z b?,z k+1u* + anz kx( ) (48)
k=0 j=i+1

Let us define a new input variable
Pi
Ui = —Tyi,1 + Zniz,kxgk) = d}i(s)aa (49)
=1

for an appropriate vector v;(s) whose elements are polynomials of s. Then, we can rewrite (46)
as follows:

Ne Ne
Tyio = — E bij1Tvjp; + E bij1l; + biz1Us
j=i+1 & p;>1 Jj=i+1 & pj=1

Ne

Di
— U+ Z Miz kT + Z bij,1Mjz.p; Tz,
k=2

j=it+1 & p;>1

Ne Ne
Tyi3 = Tvi2 — E bij 2Ty p; + E bij,27;
j=i+1 & p;>1 Jj=it+l & pi=1
Ne

+ biz 2Us — Miz,2%7 + Z bij2Njz,p; Ta, (50)

j=it+1 & p;>1

Ne Ne
Tyip, = Tvip—1 — > bijpi—1Tvjp; + > bijpai
j=i+1 & p;>1 Jj=it+l & pj=1
Ne

+ big,p—1Us — Nig,pi—185 + § bijpi—1Mjz,p; La-
j=i+1 & p;>1
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Next, define

P1

k

—Ty1,1 + Z mz,kxi )
k=1

P2
g —Tv2,1 + Z M2 k)
Ue = : = =1 , (51)

5 .
Pne

§ k
—ZLyne,1 + nne%kmg )
k=1

P1
> Mgl
k=1

P2
k
Tyv2,1 g 7’]2z7k$£ )
. k=1

and

= —Ue + SNey(5)2,, (52)

xvne,l Pre .

> ez il
k=1

where Ne,(s) is a matrix whose elements are polynomials of s. It is now straightforward to
verify that the transformed system of Xy as given in (40) can be rearranged into the form

ani'z = Ty,
ZTe = —Ue + $Ney(8) 24,
o = Ao¥s + Boelie + Bouliy + $Ba,(s)x,,
Y2 = 025%2 + D?eﬂe + [SDQZ(S) + Cz]xz;

(53)

where & consists of all the state variables of z, that are not contained in x., and /12, Bge,
Bs., Cs, Dse and C, are constant matrices of appropriate dimensions, and Bzz(s) and Dgz(s)
are matrices with their entries being some polynomials of s. Furthermore, Xy of (39) can be
rewritten as follows:

{x'l =Aix1 + 412@ + Bleae + l?uﬂ* + SB;lz(S)xzv (54)

y1 = Ciz1 + Crada + Dielie + D1y + sD1,(8)24,

for some constant matrices /112, Ble, Bl*, C'lg, Dle and Dl* of appropriate dimensions, and
for some matrices By, (s) and Dj,(s), whose elements are polynomials in s.

Step 3 Formation of a proper system and final decomposition

The key idea is to form a proper system from the subsystems (53) and (54), and then apply
the result of proper systems to obtain a structural decomposition for the original system given
in (1). Following (53) and (54), we obtain

(55)

r=(2)om=(R) a=]h ] om=[i ] me=[00] e
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and

C = [Cl 02+012], D = [D19+D29 Dl*] , 52(8) = OZ +SD1Z(S)+SD2Z(S). (57)
It then follows from the result of [19] (see also, Theorem 2.4.1 of [16] and [20]) that there exist
nonsingular transformations I'y € ]REXH, where m =n —ne —n,, I'yc € RP*P and I'; € R™*™
such that when they are applied to X, i.e.,

B ;Z . _ (% _ _ [ %o
T=Is| ", y=lLoy=Io|ya |, u=lu=1I;|u |, (58)
C
2y Yb Uc

where z, € R™ x, € R™, 2, € R, x4 € R™, ug € R™, u, € R, uqg € R™4, yg € R™,
Yp € prv Yd € Rmda

Zdi Ydi Ud1
Zd2 Yd2 Ud2
xTd = : y Yd = : , Ud = : ) (59)
xdmd ydmd U’dmd
we have
i’a = Aaaxa + BanO + Ladyd + Labyb + SLaZ(S)xza (60)
Ty = Apby + BobYo + Lvayd + 5Lz (8) 22, (61)
yb = Cpap + Chu, + sChys(8)2,, (62)
i’c - Accxc + BOcyO + Lcdyd + chyb + Bc [uc + Mcama] + SLCZ(S)xZ) (63)
Yo = Coaa + Copxb + Cocec + Coaa + uo + Cozy + $Cozs(8) 25, (64)
and

&d; = Agxdi + Lioyo + Liaya + sLiz(s)x,

mq
+By, <Udz’ + Miaxy + My, + Micxe + Z Mz‘jxdj> ; (65)
j=1
Ydi = quxdi + quzxz + chizs(s)xza Yd = Cvdxd + Cdzxz + Scdzs(s)xza (66)

with (A, , By, , Cy;) having the special form as given in (13).

This completes the proof of Theorem 1. |

Next, we note that the results of Corollaries 1 and 2 follow from the above construction
procedures and some tedious manipulations.

Noting that all transformations involved in the structural decomposition in Theorem 1 are
non-singular (with some differentiations), the result of Property 1 follows similarly as that given
in [21] for proper systems. Assuming that X' is continuous at the initial state and setting y = 0,
it is straightforward to show that the dynamics of X' under such a situation are reduced to

Ta = AgaZa, (67)
Ee = Acce + Be(tue + Meaza). (68)
Clearly, the dynamics associated with . are variant under the system input. Thus, the invariant
zero dynamics of X, which are invariant with respect to the system input, are given by (67).
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Hence, A(A..) are the invariant zeros of X, and Property 2 follows. Finally, the invertibility of
Y i.e., Property 3, follows directly from Corollary 2 and the result for proper systems reported
in [21].

4 An Illustrative Example

We now present a numerical example to illustrate the structural decomposition technique
and its properties. We consider a descriptor system of (1) characterized by

[ 1 0 0 0 0 0 0] [ 1 1 0]
0 0 1 0 0 0 O -1 0 1
0 0O -1 1 -2 0 2 -2 1 1
E=10 0O -1 1 -3 03|, A=I;, B=| -1 1 1/, (69)
0] —1 0 0 01 0 -1 0 1
0 0 1 0 -1 0 1 -2 1 1
| 0| —1 0 0 0 1 0 | | -1 0 1]
and
1] -2 0O 01 2 -1 -1 1 0
C_[l‘—l -1 1 0 1 O}’ D_{O 0 O} (70)

Step 1 Preliminary decomposition
It is simple to note that the given system is already in the forms of (38) with ny = 1, ny = 6,

T = £L'1+[1 1 O]u,
2 1 -1 1 0
A 1 T+ 00 0 U,
and Y5 being characterized by
0 10 000 -1 0 1
0O -1 1 -2 0 2 -2 1 1
. 0 -1 1 -3 0 3 {. -1 1 1
Ne2=1 1 o090 o1 o |®27®FBusat] | 4 |
0 10 -1 0 1 -2 1 1
-1 00 010 -1 0 1
and
|72 00 12 -1
e 0 1101 0™

Step 2 Decomposition of =, and x,
Using the toolkit of [22], we obtain two nonsingular transformations

100000
010001
1 00
011000
715_000100’711_1(1)(1)’
1000 11
0007101
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which transform Y5 into the canonical form

X X W

v vl ~

g =T} y Ty = o u=T [ us |,
Ty T2 e

0100 0]1 001

001001 011

00000/l 1|00 00
-1 = -1 = =
LNL=1%00f0 1[1|> T+ P ofol1 @ ©F %0

000/00]1 0[1]0

000000 000

The transformed system of Y5 can then be written as

i’v12:mv11+a*_i'zv . ~ .
. _ ’ -~ -~ . d Tyv2,2 = Tv2,1 + Uy — Xy,
Ty1,3 = Ty1,2 + U2 + Us — Xy, an P .
L . Uy = —Ty2,2 + Ty,
Uy = —Ty1,3 + Xy,
and
0O-2,=2, = z,=0,
as well as

10 " 2 " 1
Y2 = 1 Zv1,3 1 Tyv2,2 0 HIPa

Hence, we have n, =1, ne = 2, p1 = 3, p2 = 2,

%M:_m_@—@ﬁﬁ0+@ﬁ%ﬁ%9»

Ty2,1 = _62 - a* + (xz + mz)
Next, define
. Py BY EY ~ 9 U1
. U1 UL + U + Uy + Uy s s s+1 ~
Ue = - = A ~ = u9 )
U2 Uo + U 0 s 1 .
U
and -
Lo = (Z‘vl,l) :_ae+ (xz".'xz":xz ) :—’[]/e—|—5]\7ez(s)a;‘z7
Tv2.1 Ty + Ty
where )
st +s+1
Nez(s)—{ s+ 1 ]

Then, (71) can be rewritten as

. . ~ . 3
Tyl,2 = —U1L + uy + (xz + x; )) ;
Tyl,3 = Tyl,2 — Tv2,2 + Us,

j:v2,2 = —lUo + Uy + ji‘Za
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or in the matrix form

] a':v172 0 0 0 1 0 52 + s
T9 = a':v173 =11 0 —1|Z2—|0 O| U+ |1]|Usx+s 0
$V2,2 0 0 0 0 1 S

Also, (73) can be rewritten as

Further, we have
BTi=[2 1 0], DIi= [
In view of (71) and (76), we can rewrite Xy as
1 =x1+[0 —2 —1]%s+ 3sz,,
1 0 0 1]. 1
R R R H
Step 3 Formation of a proper system and final decomposition
Combining (74), (75), (77) and (78), We obtain an auxiliary proper system

=CT + Du+ D,(s)z,,
with
(). (9
To U
1 0 -2 -1 0 0 0 3
- (00 0 O = | -1 0 1 = %+
A=lo 1 o <1 P=] 0 o 1| BBI=5]
0 0 0 0 0 -1 1 s
1 001] = [0oo0 0] =, . [s+1
=110 1) P=[0 0 o) P[0
Again, using the toolkit of [22], we obtain
B I I I
[’g: ) FIZ 2 -1 0 ) FO_IQ7
00 -1 1 10
1 0 1 0

Ta
T=1 ¢ 5 E:F1< d>:Fi Ud2 |, Y= <yd1>7
Td1 Ue w Yd2
Ta2 ¢
2 0 -1 2 0O 0 O
1—— 1 1 2 -1 l—— 0 0 1
Po Als=1 5 o 1 o Is BLi= |1 o ol
-3 1 -1 -1 0 1 0

(74)
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I, B,(s)=s

S

—1— 52 + s

-3

s+3 |7 " °
s+3

il

—1
o

7,00 = |

s+ 1
0 .

Finally, the structural decomposition of the given descriptor system is given by

0-2, =ua,,
. :_[1'
e 0]
Ty = 2T, +
Te =

a1

(2)-
e

Ydi1
Yaz

)

0 0 2
o[t Hare]

[_1 2]yd_3sxza

[—2
-3

v [o] ]
HEDH

0

Tdi1
Td2

+s+1
s+ 1

-2
_1:|yd+ud+5|:

Joe =

—Zc+ Ta + [2 _1]yd+uc+5(s2 +S)$Z,

Ud1
Ud2

)
|-

s+ 3
s+ 3

It is now simple to see from the above decomposition that the given system is right invertible
with one invariant zero at s = 2 and two infinite zeros of order 1.
one state variable, which is identically zero, and two state variables, which are nothing but
the linear combination of the system inputs and their derivatives. These state variables are
actually redundant in the system dynamics. For completeness, we give below all the necessary

transformation matrices:

0 0 0 0
0 -1 s2—s —52
0 s 0 0
I(s)=1] -1 -1 -2 2
0 -1 s2—s5—1 —s?
1 1+s 2 -2
1 2+s 3 -2
[0 0 0 -1
0 -1 0 0
1 0 0 0
Is=10 0 0 0
0 0 —1 0
1 -1 0 1
|1 0 -1 0
and
s -5
I (s) = s—1 —s
—s24+2s+1 —s

-1
s2—s
—s—1

-1
s2—s

1—s
1—s
0 0
0 0
1 -1
1 -2
0 0
0 1
0 0
0
]' )

—s—1

r-|

0 1

The given system has

0

|

We note that the s-dependent input transformation I3(s) simply implies that

Uc
Ud1
Ud2
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0 0 0 1 -1
0 0 O0ju+ |1 -1
-1 0 0 2 -1

0

0 u+

-1

0
-1
1

oS O O

0
11 u.
-1
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The compact form of the structural decomposition of X' (see Corollary 1) is given by

0|0 0[O0 O O O 110 0 0 0O O O 0 00
0|0 0j{0O O O O of1 0f 0 0 0O O 0 01
0|0 0j0O O O O 0o(o 1f 0 0 0 O 2 -1 0
Es=|10/0 0|1 0O0O0], As={0(0O0] 2 0 -1 2], Bs=|0 0 0],
0|0 0j0O 1 0 O o(jo of 1 -1 2 -1 0 01
0|0 0|0 O 1 0 0(0 0|—-2 0 1 =2 1 00
L0]0 0/0 O O 1 | L0j0 0|-3 1 -1 -1 | 10 1 0 |
i 0 0 0{0 0 0 O]
s24+5+1|0 0/0 0 0 O
s+1 0 0|0 0 OO
cz[é‘g 8‘883?],@:[888],&(3): 3 J0oo0j0oo000]
s24+s |0 0/0 00O
s+3 0 0|0 0 OO
s+3 0 0{0 0 0 O |
[000 0 0 O 0
000 0-1s+1-s—-1
1 000-1 0 -1 0
b= [0 00T [ 0] =000 0 0 0 o
000 0-1s+1-s—1
000-1 0 -1 0
1000-1 0 -1 0 ]

It is straightforward to verify that

UF + Wa(s)U = m .,

H(s)=C(sE — A)"'B+D =T, [CS(SES — A7 B, + D, I Y(s).

5 Conclusions

We have presented in this paper a structural decomposition technique for linear singular
systems, which has a distinct feature of explicitly capturing and displaying the structural prop-
erties, such as the finite and infinite zero structures, of the given system. As its counterpart
in non-singular systems, the technique is expected to play an important role in solving many
control problems related to linear multivariable singular systems. This will be the subject of
our future research.
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