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Distributed Optimal Solutions for Multiagent
Pursuit-Evasion Games for Capture
and Formation Control

Panpan Zhou

Abstraci—In this article, distributed optimal solutions are
designed for networked multiagent pursuit-evasion (MPE)
games for capture and formation control. In the games,
the pursuers aim to minimize the distance from their target
evaders while the evaders attempt to maximize it, and at
the same time, all the players desire to maintain cohesion
with their teammates. The goals of agents are obviously
reflected in the obtained optimal control strategies, which
consist of an attracting term and/or a repelling term. Nash
equilibrium is obtained by means of optimal strategies
using the solutions of the Hamilton-Jacobi-lsaacs equa-
tions. Furthermore, three scenarios are considered in the
MPE game: one-pursuer one-evader, multiple-pursuer one-
evader, and multiple-pursuer multiple-evader, where suffi-
cient conditions are given for pursuers in achieving ex-
ponential capture or formation control with ultimate zero
or bounded errors. It is shown that the conditions depend
on the structure of the communication graph, the param-
eters in the controllers, and the expected formation con-
figurations. Finally, both simulations and real flight exper-
iments successfully demonstrate the effectiveness of the
proposed strategies.

Index Terms—Differential games, formation control, mul-
tiagent systems, pursuit-evasion (PE) games.

[. INTRODUCTION

HE last decade has witnessed wide development of mul-
T tiagent systems due to their high application values in
cooperative transportation, warehouse management, security
surveillance, and logistic delivery, to name just a few. Pursuit-
evasion (PE) games are one of the most interesting research
topics. They are widely used both in military implementations
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such as missile guidance and aircraft control [1], [2], [3] and
in civilian areas such as sport strategies. In nature, animal
hunting behaviors are also PE differential games. Therefore, the
agents in PE games can be unmanned aerial vehicles, unmanned
ground vehicles, autonomous mobile robots, spacecraft, or living
organisms.

The study of PE games starts from the simplest case with
a single pursuer and a single evader [4], [5]. The PE game
in [5] is formulated as a zero-sum game, which is solved us-
ing the Hamilton—Jacobi—Isaacs (HJI) equations. The result is
extended to the cases of two pursuers versus one evader [6], [7]
and multiple pursuers versus one evader [8], [9]. However, it
is difficult to solve the HJI equations for nonlinear systems.
Instead of solving the HIJI equations, the control strategies
were derived by differentiation of a particular value function
in [10]. Geometrical methods are proposed for PE gamesin [11],
[12], [13].

In recent years, more general multiple-pursuer multiple-
evader PE games [14], [15] have gained much attention, owing
to the increased interest in multiagent problems. In [16], a
distributed hybrid controller is proposed for each pursuer using
both local coordination protocols and time-varying potential
fields. Conditions for guaranteed capture or guaranteed eva-
sion are analyzed in [17] for multiple nonlinear players. Sub-
optimal approaches for the multiplayer PE differential games
were presented in [18] by decoupled player control strategies.
In [19], distributed optimal strategies are obtained for all the
players by using a graph-theoretic approach, which depends
on the player’s teammates and neighbors of the opposite team.
The obstacle avoidance PE games are further studied in [20]. The
framework of [19] was extended by Qian et al. [21] to search
for an adaptive Nash equilibrium solution for the differential
games.

In regard to designing distributed solutions for the multiagent
pursuit-evasion (MPE) games, a local error variable is defined
as the position difference of each agent with respect to both
its pursuer neighbors and evader neighbors [19], [20], [21],
according to the pursuers’ interest of capture of the evader
or the evaders’ interest in avoiding capture. Then, individual
performance index functions are used to find solutions for the
games.

In most PE games, the objective of pursuers is to capture the
target evader, that is, to achieve position consensus [4], [5], [6],
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(71, [81, [91, [10], [11], [12], [13], [14], [15], [16], [17], [18],
[19], [20], [21]. However, this kind of perish-together strategy
may lead to the ruin of pursuers. Instead, formation control or
surrounding control is of more practical [22], [23], [24], [25].
With surrounding the target, the pursuers can jet a mesh to
capture the target and then carry it to a safety zone. Specifically,
a distributed estimation-and-control hierarchical framework is
developed in [22], [23] for, respectively, linear systems and
surface vessels. The surrounding formation control can also be
achieved by defining an expected displacement, under which
the evaders lie in the convex hull formed by the pursuers.
Besides, the evaders may also want to maintain some formation
configurations to better complete their tasks. Compared with the
PE games in [4], [5], [6], [7], [8], [9], [10], [111, [12], [13], [14],
[15], [16], [17], [18], [19], [20], [21], the formation control is
also considered in this article in designing the distributed optimal
solutions for MPE games. We will analyze how the expected
displacement and communication graph will influence the
result.

In this article, distributed optimal control strategies for MPE
games for capture and formation control are designed over
complex communication graphs. The MPE games present some
interesting technical difficulties in designing optimal solutions
for all the agents to reach their various goals and in obtaining
the conditions so that the game is in Nash equilibrium. Due to
the complexity of interactions among the pursuers and evaders,
it is nontrivial to formulate their different objectives and analyze
their different behaviors. The objective of formation control
brings extra difficulties for analysis. Therefore, it requires tools
that combine both differential game theory and cooperation
control theory to find the optimal control protocols. The con-
tributions of this article are summarized as follows.

1) Unlike [19], [20], [21], considering the players’ goals
of maintaining cooperation with their teammates and
minimizing (maximizing) the distance to the evaders (pur-
suers), we appropriately defined distinct local error vari-
ables and novel performance indices for players in both
teams, based on which the obtained distributed optimal
solutions consist of an attracting term and/or a repelling
term that reflect the goals of agents. More importantly,
when group cohesion is ignored, the solutions for the
evaders are still valid for them to maximize their distance
from the pursuers.

2) Compared with the PE games in [4], [5], [6], [7], [8], [9],
(101, [111,[12], [13], [14], [15],[16], [171, [18], [19],[20],
[21], formation control is also studied when developing
optimal solutions for the MPE games. Besides capture,
the formation control can achieve surrounding control of
the target and also considers the case that the evaders
desire to maintain some formation configurations. The
results show that diverse expected formation configura-
tions may result in zero or bounded formation control
error.

3) We present conditions for capture and formation control
for three scenarios: one-pursuer one-evader, multiple-
pursuer one-evader, and multiple-pursuer multiple-
evader, which is different from the works focusing on

one particular scenario [4], [5], [6], [7], [8]., [9], [10],
[11],[12], [13]. Under anovel analysis, the results present
that both the communication graph and the expected
configuration will affect the capture and formation con-
trol. Due to the decoupling of the solutions in achieving
the goals of agents, the interdependence of subsystems
caused by the three communication graphs, and the exis-
tence of expected formation configurations, the closed-
loop system is complex to analyze. Besides, possible
conditions for evaders to avoid being captured are also
discussed.

It is common that the multiple-pursuer multiple-evader PE
games include the PE games of one-pursuer one-evader and
multiple-pursuer one-evader as special cases [14], [15], [16],
[171, [18], [19], [20], [21]. In this article, due to the complex
communication graphs and formation control, the MPE game
is not a simple combination of the PE games of one-pursuer
one-evader or multiple-pursuer one-evader.

The rest of this article is organized as follows. Section II
provides some preliminaries that include the communication
graphs and definitions of local error variables. Problem
formulations and control strategies for the MPE games
are presented in Section III. In Section IV, conditions for
target capture or formation control are analyzed for three cases.
Simulation and experiments are shown in Section V to verify our
strategies.

Il. PRELIMINARIES

Consider a team of N pursuers who have dynamics

i = Al + Bu?, i=1,...,N (1)

3
where 2’ € R™ and u? € R™ are the state and input of the ith
pursuer, respectively. Consider also a group of M evaders with
dynamics

¢ = AxS + BuS, j=1,...,M 2)

where z§ € R™ and u§ € R™ are the state and input of the jth
evader, respectively.

The pursuers (1) and evaders (2) form a group of N +
M agents. Define G, = (V,,&,) as the communication graph
among the N pursuers, where V = {vp1,...,v,n} and
Ep =Vp X Vp. (Vpk, vpi) € & if and only if pursuer 7 has access
to the information of pursuer k, and we say agent k is a neighbor
of agent i. Let a;; be the communication weight of the graph
Gp, with a;, = 1 if (vpk, vp) € Ep, otherwise, a;, = 0. Let
A, = [a;r] € RV*N be the weighted adjacency matrix where
aii = 0. Denote by d?” = S, a; the in-degree of pursuer
i and D, = diag{d!”} the in-degree matrix of the graph.
Then, the Laplacian matrix can be defined as £, = D, — A,.
Similarly, the interaction topology among evaders is represented
by G. = (V., &) with the nodes V. = {ve1,...,vens}. The
edge weights are bj; with bj; = 1 if (v, ve;) € Ec and bj; =0
otherwise. The in-degree of evader j is dj° = Z;‘il bj; and
the in-degree matrix D.. = diag{d;°}. Define the matrices
Ae = [bj)] and L. = D, — A..
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Let Gpe = (Vpe, Epe) represent the communication topology
among all the agents. Specifically, for ¢ € V, and j € V., the
edge weight c;; = 1 if pursuer ¢ can obtain the information of
evader j; otherwise, ¢;; = 0. Similarly, e;; = lifevader j knows
the information of pursuer ¢. The in-degree of pursuer 7 in the
graph G, is defined as d?° = Zjvil ¢;j, and the in-degree of
evader jisd;” = SN | eji. The graph is undirected if (i, j) € £
implies (4,7) € € with ¢ # j. In this article, we assume that the
graph G, is undirected.

Based on the above information, we define two local error
variables for each pursuer, with respect to its pursuer neighbors
and evader neighbors, respectively,

Z e Z ey (a5 — a? + Ax??)
3)
where Az?? 3; is the expected displacement between the pursuer

1 and the evader j, and it can be a zero vector. The justi-
fication for the formation is that, in many practical applica-
tions, the team of pursuers may want to surround the target
evader, instead of achieving state consensus to collide with
it.

Similarly, we define another two local errors for each evader,
with respect to its evader neighbors and pursuer neighbors,
respectively,

M
75¢ = ijl (I
=1

e e ee ~ep
l—zj+A:l:jl), TP =

N
> _eji (2] —a5)
1=1

“)

where Az} denotes the expected displacement between evaders
7 and [. In many application scenarios, the evaders desire to
move in formation to increase the opportunity to complete the
tasks.

Remark 1: 1t is well known that, for z1,z5 € R™, x5 — 21
is a vector pointing from x; to zo. It physically represents an
attracting force of agent 2 to agent 1, and also a repelling force of
agent 1 to agent 2. Thus, z¥ and 27 denote the attracting forces
from the pursuer neighbors and evader neighbors, respectively,
to pursuer ¢. Similarly, £¢¢ and 5:;?” are the attracting forces
from the evader neighbors and repelling forces from the pursuer
neighbors to evader j, respectively.

[ll. PROBLEM FORMULATION AND SOLUTIONS FOR MPE
GAMES

In the MPE game, the objective of pursuers is to minimize
the distance from their neighboring evaders to intercept them
or achieve the desired formation for the surrounding control.
Moreover, the pursuers also intend to stay close to their team-
mates to keep the group cohesion. Therefore, the control strategy
of each pursuer can be divided into two parts. The first part is
for remaining close to its teammates, and the second part is for
pursuing the evaders, that is, u = u? by u? 2

The goals of each pursuer can be formulated as a scalar

. pp - 1, p2
function J,; (xf PoEP ol b ), regarded as the performance

index for pursuer ¢, which is defined as
= ~pp\T ~pp~pp pl T pp, pl
Ipi = ; (@") Q" + (“z‘ ) R u;
~pe\T ~pe~pe p2 T pe  p2
+(27°) QY F) + (“z ) Ry ™| di &)

where Q¥", QV°, RY", and RY® are positive-definite matrices
with appropriate dimension. Pursuer ¢ is, thus, concerned with
minimizing Jp;.

Pursuer 7 is concerned with the minimization of the perfor-
mance 1ndex Jpi. The dependence of .Jp,; on the local errors xp P
and 2 can be explained as the goals of pursuer 7 to stay close to
its teammates and minimize the distance from its evaders with
the minimum control effort u”" and u??.

On the contrary, the goals of the evaders are to maximize
the distance from their neighboring pursuers and, at the same
time, to stay close to their teammates. Similarly, the control
input of evader j consists of two parts, i.e., uj = ujl + ujg
The performance index for evader j can be defined as

7= [ ) @ () R

- (@) QP+ () R e ©)

where matrices Q5°, Q5”, R5°, and Rj" are positive definite.
Notice that minimizing the third term —(Z5")TQ5"Z5" equals
maximizing the distance from the pursuers Wthh 1mphes es-
caping from them.

Based on the above definitions, we define the following MPE
differential games on communication graphs Gy,..

Definition 1 (MPE game): The MPE game is defined as

o pp ~pe ,pl  p2

Vi = glllinm( PR T T ) (7
R ee ~ep el | e2

Vej = gnunﬁJej( s a5 ust us?) ®)

Uju;

where V),; and V; are the values of the MPE game for pursuer
¢ and evader 7, respectively.

Let u”, and u®, be the control strategies of the pursuer neigh-
bors and evader neighbors of pursuer ¢, respectively, and u® ; and
u? ; be the control strategies of the evader neighbors and pursuer
neighbors of evader j, respectively. The Nash equilibrium is
defined as follows.

Definition 2 (Nash equilibrium): Control strategies u” b
ub*,i=1,...,N,andus™, u$®, j =1,..., M, form a Nash
equilibrium if the inequalities

(2

. plx  p2%  px ex ) pl  p2  px ex
Ipi (“z‘ ) Uy au—ivufi) < Jpi (Uz y Uy UG U

Jej (u¢1*7ue_2* Ui*'

p* . el | e2 | ex p*
i oY J’u—j) < Jej (uf' uf?, uy, ul)

e

hold for all the agents in the game.
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In the following part of this section, we aim to find the Nash
equilibrium policies of the MPE game.

The optimal control strategy of pursuer ¢ can be obtained by
the Hamiltonian function [8], [26]

m? = @y + (w) ' mr
QR + (u) R 4 V(3 )
= @nrQra + (") R
+ (jfe)TQ?ei?e i (ug)g)T Rer?Q

“)ire

+ va( Pp)l.pp + va(

where V); is the value defined in (7). Following (3), we have

N N
PP P pl P2 . P
;0 = — E ik (Aa:i + Bu;” + Bu; >—|— E aikdy,
k=1 k=1

jre — _ Z iy (At + Bul' + Bul”) + Z Cijit

Jj=1

Letting the partial derivative of HY

OH?

D] = 2R Ul —d? BTV, (#7) —dl B OV, (#°) =0

u;

8Hf pe, p2 pp RT ~Pp pe T ~pe
:2Ri U —di B VVpi(:ci )—di B VVpi(xi ):0

p2
ou;

gives

1
uzﬂ*za(pr) Y BTV, (a77)+dP BT vV, (i) (9)

K2

“H(dPPBTV Vi (27)+dE BTV V,;(21°)) (10)

which are the optimal control strategies for pursuer 7. V},; is the
solution of the coupled HJI

7

1
p2% __ pe
ut —2(R1 )

(@) TQ Y +(uf ) TR Ul + (&) T QY FY
N
+ (™) TR W] + vV (a) (- > aik (Axf + Buy”
k=1
M
+B PQ*) + :rk) +IVE @) [ = e (Ax’; + Bul'™
j=1

+Bu§’2*) +:’c§> —0. (11)

Similarly, the optimal control strategies for evader j are given
by

* ]‘ ee\— ee ~ee € ~€
us! :§(Rj ) A5 BTV Ve (85°) +d5P BT vV (257)) (12)

1
ug2*: 5(],z‘?p)71(d§eBTvVej(

¢ B59)+dP BTV Ve (257)). (13)

The following theorem states that the MPE game is in Nash
equilibrium under the control policies (9)—(13).

Theorem 1: Considering the pursuers (1) and evaders (2) with
local errors (3) and (4). Let (9)—(13) be the control strategies for
pursuer 2 and evader j, where V,,; and V,; are the values of the
game for pursuer ¢ and evader j, respectively. Then, the MPE
game (7), (8) is in Nash equilibrium. Moreover, the values of
the game for pursuer ¢ and evader j are given by V,,;(¢o) and
Ve;(to) — Ve;(tso), respectively.

Proof: The proof process is similar to the case of [19, Th. 1].
We omit it here due to the limit on the number of pages. |

Remark 2: Different from [19], due to various objectives of
pursuers and evaders, we defined distinct local variables ;ifp s
e, T5¢, and 5051’ and performances indexes (5) and (6), which
results in new control strategies (12) and (13) such that the game
is in Nash equilibrium. The control strategies (12) and (13) both
consist of two terms that reflect objectives of agents with respect
to their teammates and the opponents, respectively.

IV. CONDITIONS FOR CAPTURE AND FORMATION CONTROL
IN THREE SCENARIOS

In this section, we consider the MPE game in three scenar-
ios: one-purser one-evader, multiple-pursuer one-evader, and
multiple-pursuer multiple-evader.

Suppose that fors =1,...,Nand j =1,...,
functions V),; and V;; have the form

M, the value

Vii = aqn (B7) T PPPEYP + o (a0°)TPPCRY (14)

/le( ee)TPee ee ﬂj2( )TPJep ep

(15)
where Pf P, P, Ps, and pr are positive-definite matrices.
Taking VVpi into (9)—(13) and following the fact that uf =

2
u +up andu = u61 +u62 we, thus, have

uf = (R +®))

(and? BT PIPEP fopd! BTFIEY) (16)
up = ((R5) "+ (5))

(Bad BT PR —BpdPBTPTER) . (17)

Remark 3: One can note that the control strategy u! for
pursuer 7 reflects the two attracting forces from its neighboring
teammates and evaders, which will drive it to stay close to
its teammates and, meanwhile, to capture the target. On the
contrary, the repelling force —7" in u§ for evader j prevents it
from being intercepted by its neighboring pursuers. When group
cohesion of the evader team is not considered, i.e., d;e =0, the
repelling force still holds. In [19], when d¢ = 0, it becomes that
u§ = fBjad5” (RS )leTPjep 5", which, conversely, represents
the attracting forces from its neighboring pursuers.

Remark 4: «;1, a9, Bi1, and B;2 are scalar gains for pursuers
and evaders whose values can be selected according to the
objectives of the game. «;; and ;2 can be seen as the priorities
of pursuers to, respectively, stay close to their teammates and
capture the target. The larger «;2, the higher priority of capturing
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the evader. Similarly, 3;; and /3;2 imply the priority of evaders
to stay close to their teammates and to escape from the pursuers.
The larger (3;2, the higher priority of escaping from the pursuers.
In [19], there is one scalar gain for the evaders to set priority to
stay close to each other.

Without loss of generality, the R matrices in (16) and (17) are
selected as identity matrices, and the P matrices are solutions

of the Lyapunov equation
PA+ AP - PBBYP = 1. (18)

Note that the equation is solvable if all the eigenvalues of A have
nonpositive real parts. The control strategies, thus, become, for

i=1,...,Nandj=1,..., M,
ul =2 (and?? BY PP + a;5di* BT Pit°) (19)
(5J1deeBTP~ee —ﬁjgdepBTPNEP) (20)

Now, the control policies depend on the coefficients a1, o,
Bj1, and B;2. In the following, we will analyze how the coeffi-
cients affect the PE games in three scenarios.

A. PE Game for the One-Pursuer One-Evader Problem

When the evaders increase their distance with respect to each
other to separate the pursuers, each pursuer must select a single
evader as its target. Suppose that pursuer ¢ has selected evader %
as the target using the target selection algorithm. In such a case,
the local error for pursuer ¢ with respect to the evader is defined
as #° = x¢ — 2. Similarly, Z;* = —Z°. Following the steps
in Section III, the control strategies for pursuer ¢ and evader ¢
are, respectively,

p T e __ Tp~ep T ppe
u; —OZZQB Pl’l7 i—_BiZB Pl‘i —61'2B P.Ii .

(2D

Theorem 2: Consider the multiagent system with N pursuers

and NV evaders with dynamics (1) and (2), respectively, and with

the control policies (21). Assume that pursuer ¢ selects evader %

as its target. Then, if ;o > % + Bi2, we have lim; ., 22 = 0
exponentially for any initial conditions.
Proof: The derivative of Z7° satisfies

i‘z-]e = [A — (Oéig — ﬁig)BBTP]i‘fe.

7

(22)

We define the Lyapunov function candidate V; = ()T Pzl*

whose derivative along the trajectory of (22) is
Vi = (#")T(ATP 4+ PA — 2(ayg — Bi2) PBBT P)3?*

= — (@)T2" — 2(aue — Bio) — (@) PBBT P#P°.

It is obvious that if a2 > 3 + Bia, Vi < — (& Since
Amin (P )HNPGH2 < Vz(ife) < Amax (P )HNPCHQ’ and Vz <

#P°||%, we have lim;_,, #¥° = 0 exponentially. ]

)T Pe

B. MPE Game for the Multiple-Pursuer One-Evader
Problem

When there are multiple pursuers and one evader, the pursuers
may want to intercept the target evader or to achieve the sur-
rounding formation control, and the evader aims to maximize the

distance from all the pursuers. In such a case, we have df ¢ =1,
R$¢ =0, d5° =0, and d;p = N for the unique evader j = 1.
For simplicity, we denote 82 = 3. We, thus, have
uf = —BNBTP#{P. (23)
Theorem 3: Consider the multiagent system with N pursuers
and one evader with dynamics (1) and (2), respectively, and
with control policies (19) and (23), respectively. Then, if ;o >
(28N? +1)/4foralli=1,...,N,and

(i) if Az¥7 =0foralli =1,..., N, we have lim,;_,, #°
= (0 exponentially for any initial conditions;

(ii) if i such that AP’ # 0 but SN AzPé =0, and
apd? =0foralli=1,..., N, we have lim;_,,, 7°
= 0 exponentially for any initial conditions;

(iii) if SN AzPf # 0, the equilibrium of the closed sys-
tem is globally exponentially input-to-state stable (ISS)
with input AxP€, i.e.,

pe / < pe |2
Jim sup [27(¢)]) < m (lazke)?)

for some class K function m;, where IP¢ =

col(zh®, ..., %) and AxP® = col(Axly, ..., Azk7)).

Proof: This theorem presents sufficient conditions for cap-

ture. We, thus, analyze the result from the viewpoint of the

pursuers. Let 27 = 2 — Az?7. Tt follows from (3) that 2! =
x§ — if , whose dynamics satisfies

i = Alag - 3) -

N
— A#?* — BNBBTP ( Z AR Axff)
=1

— 2B (and? B*P#? + a;s B Pit*)

BNBB' Pz’ — Bu?

N
= (A—202BB"P) & + BNBBTPY it

=1

N
— 20 d BBTPE” — BNBBTPY " Axly. (24)

i=1

On the one hand, from the definition of Z” in (3), we have

N
= Zalk o —x — Aak] — 2l + o+ Axly + Azl — Aat))
k=1

N N
= Z ag (2t —af%) + Z aik(Axl] — Azly). (25)
k=1 k=1
Denote 2PP = col(z”, ..., Z}). Then, the compact form of

(25) is

TP = (L, ® I,)ZP° — (L, @ I,) AxPe. (26)
Define the Lyapunov function candidate for the closed-loop

system #P¢ as V = (2P°)T(Iy ® P)ZP°. Its derivative along
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the trajectory of (24) gives

V= Z

T(ATP + PA — 40,y PBBY P)3"°

+ 28N (z P")TPBBTPZ e

=1

— day dPP(#P)T PBBT PP

N
—28N(#°)"PBB"P Y Aafy

i=1

27)

Denote as
that

V< — (@) Tare -

= min{a;s} fori =1,..., N. By (18), it follows

(4dag — 1)(77°)" (Iny ® PBBT P)i®
+ 28N (7)Y (1x1} ® PBBT P)iP©
— (#P°)"diag{4c;; d?" PBBT P}

(L, ® 1) — (L, @ I,)AzPe)

— 28N (@)Y (1xy1Y ® PBBT P)AxP® (28)

<—(#P°) TP —~(4ap —1-28N?) @) (In  PBB™ P)i?*

+ (&) diag{4aind” PBB" P}(L, ® I,,) AaP®

— 28N (@)Y (1x1y ® PBBT P)AxP® (29)

where the last inequality holds because £, and PBBT P are
positive semidefinite.

Note that if iz > (26N? +1)/4 foralli=1,..., N, and
the first two terms of (29) are negative, then Whether or not V'
decreases to zero depends on the last two terms. It is obvious
that V < —(gpre)Tape under the conditions in (i) and (ii), which
finally results in lim;_,,, 2¥° = 0. If Zl L AzP® £ 0, the last
term in (29) is nonzero. Then we have

V< - (1 - (diag{4a;1d?” PBBTP} (L, ® I,,))

2 IIlaX

1
—kohnax (In1y @ PBBTP) ) | P¢)|? + <2m
1

1
+2 ) laa?
R2

where Amax(:) denotes the maximum eigenvalue of a
symmetric matrix. Choose k1 and ko small enough such that
-5 Inax (dlag {4a11dppPBBTP}( ® In)) - KQ}"rnmx
(1N1 ® PBBTP)>0. By the ISS Lyapunov theorem
(see [27, Th. 1] and [28, Lemma 3.2]), the equilibrium of (24)
is globally exponentially ISS, i.e.,

lim sup [|Z7()|| < m1([|A2Pe]?)

t—o00 >t
for some class /C function 7. |

Remark 5: The result (i) in Theorem 3 indicates that pursuers

can achieve intercept if they put more effort than the evader.
The condition «;1dt” = 0 implies that the pursuers are not

influenced by their neighbors but to intercept the evader. The
condition S | Az?¢ = 0 implies a symmetric formation, un-
der which the sum of repelling forces of the pursuers to the evader
is zero. The two conditions, thus, contribute to interception. In
result (iii), the asymmetric formation leads to asymmetric forces
from the pursuers’ neighbor, and the forces do not align with the
attractive force from the evader, which, thus, leads to a bounded
formation error. Moreover, the greater the asymmetry, the larger
the formation error.

C. MPE Game for the Multiple-Pursuer Multiple-Evader
Problem

In the multiple-pursuer multiple-evader case, each pursuer
desires to intercept its target individually or cooperatively with
its neighbors. On the contrary, the evaders will try their best to
prevent themselves from being intercepted and simultaneously
achieve a desired formation.

We assume that the numbers of pursuers and evaders are the
same, i.e., M = N. If there are more pursuers, the problem can
be decoupled into several multiple-pursuer one-evader cases,
and the results follow Theorem 3. If there are more evaders,
some of them would be able to escape not unexpectedly. In
this section, each pursuer aims to capture the target, and it is
trivial to form a formation; we, thus, assume that Az? ; =0 for
i =1,..., N and j denotes the target evader. For simplicity, we
also assume that pursuer ¢ selects evader ¢ as its target.

Theorem 4: Consider the multiagent system with /N pursuers
and N evaders with dynamics (1) and (2), respectively, and with
control pohc1es (19) and (20), respectively. Then, for any 3;; >

W for each evader j, there exists an a5 (53;2), such

that if a0 > Oéé(ﬁjﬂ), and

@1 if A:L'ef =0 for any evaders j and [, we have
limy_,o ¥ = 0 exponentially for any initial condi-

tions;

(i) if 35,1 such that Az§f # 0 but a;1d?? =0 for all ¢ =
1,..., N, we have lim; ., 7° = 0 and lim;_, I =
0 exponentially for any initial conditions;

(iii) if 35,1 such that AzSf # 0and 3i such that oy ¥ # 0,
the equilibrium of the closed system is globally expo-
nentially ISS with input Az$°, i.e.,

lim sup [|col (77 (t'), 2°“()) ]| < ma(||Az§e]?)

t—00 >t
for some class K function my, where 2IP¢ =
col(z°, .. 501;\?) z° = col(z¢°,...,257), and

N
Ax§e = col(z:k:1 ar AT, . > g aNEATS ).
Proof: Similar to Theorem 3, we analyze the conditions for
capture from the viewpoint of pursuers. By (3), the derivative of
the relative position between pursuer 7 and its target satisfies

N
i = AT+ 20y BBTP(Bdi E — B!
J=1

PP 5.PP ;.pe
—aildi €T, — Q2 )
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N
—_ A — Z 201'3' (041'2 — /BjQ)BBTP ~fe
=1
N
+ Y 20;; BB P(Bj1d5°55¢ — andPF”)  (30)
=1
where the second equality holds because 75" = —&}“, which

represent the relative position between a pair of pursuer and
evader from the perspective of evader and pursuer, respectively.

It is easy to note that the dynamics of Z}° depends on z5° and
Z%. From (3) and (4), we have
N
PP = AP+ 205 BBT P(axa diP P — iy dEPEP)
k=1
N
+3 205 BBTP(agad i — aind?®30°)  (31)
k=1
and
N
Z (Azf — Az + AAZ)
N
Jrz 20 BB" P(S11d{ " — Ba ;"
I=1
—Bjnd; x5+ Bjax5")
N
= Aif?;e + Z 2bleBTP(ﬁj2x 512 ~€p)
1=1
N
+ Y 26 BBTP(Bpdiac — pjd5eist).  (32)

=1

The system composed of (30)—(32) is complex, and the dynamics
of each one are affected by the other two ones. It is difficult to
analyze them together. However, it is because they influence
each other; we can express Z1” by the other two variables. We,
thus, have

N
~pp _ 2 : p_ e e D
Ly = alk(mk_xk+xk_xz+xz_xz)
k=1
N
:Ea zb* ~pe+2alk L —af + Azgy)
k=1
N
ee
k=1
Let 277 = col(z}”, ..., Z%Y). For analysis convenience, we as-

sume that all the players have the same values on o1, a2, 351,
Bj2, and in-degree, and they are redenoted as aq, ae, B1, B2,
drp, dpre, d°¢, and d°P, respectively. Then, the compact form of
ZP? satisfies

= ([';D ® In)jpe —+ (dee)_l(ﬁp ® In)jee

— Azt (33)

Taking (33) into the compact of (30) gives

7 = [Iy®(A—2(az—F2) BBT P)|7
+(In®2B d°* BBT P)#°~(Iy @ 2y dPP BB™ P) PP
= [INn®(A—2(ay—B2)BBT P)|&P°
+(IN®2p1 d°* BBY P)i“~(L, ® 2a; dPP BBT P)#P*
— (d*) (L, ® 201 dPP BBT P)i°® 4 =°¢ (34)
where
= (Ix ® 20y dPPBBT P) Az (35)

Now, we define the following Lyapunov function candidate for
the system (34):

Voe = (&%) (In ® P)3"°
whose derivative along the trajectory of (34) gives
Voe=(#")"[In © (A — 2(ag — B2) BBTP)|" (Iy © P)&*
HaP) Y (Iy @ P)[In ® (A — 2(ap — Bo) BBT P)|&P°
— (@)Y (£, ® 2a, d??BBTP)T (Iy @ P)aP*
— (@)Y (Iy @ P)(L, ® 2ay PP BB P)i°
+ 4, d°°(z°)T(Iy @ PBBT P)i°°
— 4oy dPP(d°®) (@) (L, ® PBBT P)3®°
+2(2P) T (Iy ® P)=ee
_ (jpe)ije
— (4(ag — B2) — 1) (#")" (In © PBB" P)i**
+ 45 d*(zP
— 4oy dPP(d°°) N (#7°)T (L, ® PBBT P)3®°

IA

T(Iy ® PBBTP)ze°

+ 4y dPP (7)Y (Iy @ PBBT P)Axse (36)
We note that (36) depends on x°¢
By (32), the compact form is
=[In ® A — 23, d°°(L. ® BBT P)]z°°
—265(L. ® BBTP)ire. (37)
Let
Vee = (2°)" (L ® P)T% (38)

Since the graph is undirected, £, is symmetric and L.1y = 0.
Then, there exists an orthogonal matrix C' = [\1}, D} with D €
RN*(N=1) quchthat CTL,C' = A = diag{0,As,...,An}. Let
(CT ® I,)7% = ¢ = col{(1,...,C(n}; we then have

a=(pon) \FZ%_

The last equality holds because the graph L. is undirected. It
implies that (;, i = 2,..., N, will not be all zero if ¢ #£ 0.
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Then, V., can be written as L 28, {1(5pe)T(A4 © PBET D)
Vee = (2°9)T(C ® In)(A ® P)(CT @ I,,)5% €3
+e¢(" (CTC® PBB'P }
1 . -
It is obvious that V. is positive definite. Therefore, V.. can be + 201 dPP [ a (xpe)T(] ~ ® PBBTP )¢
chosen as a Lyapunov function candidate.
The derivative of V., along the trajectory of (37) is e Ar(Iy PBBTP)AxTe]
Vee=(2) Iy ® A — 26, d°*(L. ® BBTP)|* (L. ® P)z*®
< — (aP)Tgre — 41 (2P9) T (Iny @ PBBT P)zP¢
+ () (L. @ P)[Ixy ® A — 2B, d°°(L, ® BB P)]ic (@) i (&) Iy )
— + v3AxT© 43
4B ()T (Le ® P)(L. ® BBTP)i* Y2(Con) ™ Can + v3Az] (43)
. where
=— (7)Y (L. ® I,)3%—435(7°°) " (L2 ® PBB™ P)aP* ,
Y1 = 4(0[2 — 52) -1 —251 dee/ﬁl —2&1 dpp)»max([, )/(deeﬁg)
— (@) (4B d*°L? — L.) ® PBBTP) 7° (39) i
. — 2B max (L) /€3 — 201 dPP €4
since
1 T 72 = (A2 — (a1 + &)| D D||PBBTP| — ;| PBBT P|))
566(0®I)c({ Al D}®1n> (e 3]
VN’ 3 = €xhmax(PBBTP)
= (D@ I)GN “0)  4ng A9 and A are the minimum and maximum nonzero eigen-
where (o = col{(a,...,(xn}. Since CTL.C = A and C is an values of L., respectively. Choose €;—¢5 small enough such that
orthogonal matrix, we have £, = CACT and £2 = CA2CT. 72 = 0;then, there exists a a3 (82), when az > a3(82), 11 = 0.

Then, taking (40) into (39) gives

N
= > nigt G = ¢ (481 d°A? — A) ® PBB'P) ¢
i=2
—483,¢T(A?CT ® PBBT P)iPe.
Since A = diag{0,As,...,Any} with A; >0 fori=2,... N,
choose
1 1
T 4deAmin{ A } 4dehmin(Le)
Then, the matrix (483;d°°A? — A) @ PBBTP is positive
semidefinite. We, thus, have

fr = (41)

N
Vee < = 3 aiCF ¢ — 48:¢T (A2 CT @ PBBYP)i*. (42)
=2
Let V = Ve + Vee. By combining (36) and (42), we obtain
) N
V< - (@)t = Y kGG
=2
— (4 — Bo) — 1) (#7°)"(Iy ® PBB™ P)i?*

1
+ 26, d° [(:EPE)T(IN ® PBBY P)ire

€1

+e (29T (Iy ® PBBTP)Q‘:“]

1
+ 20 dPP /d° {

(#*)" (L2 ® PBBT P)i*
€2

+e(2°) Iy ® PBBTP):E“]

In such a case, we have

V < (@) TiP — q9(Con) TCan + 1Az (44)

Therefore, when AzSp = 0 for all evaders j and [, which implies

that there is no desired formation among evaders, we have 174 <

—(&P)TEPe — 5 (Can) TCan, which will lead to limy o, #¢ =
0 exponentially. However, when AzSf # 0 and oy dP? # O the
system composed of (34) and (37) 1s exponentially ISS with
input Az

Note that when «j dPP = 0, the last term in (36) equals
zero. Thus, (43) holds with e, = 0. Then, there exists a’(f52),
when (%)) Z aé(ﬁg), V S _(i‘pe)ije — ’}/Q(CQN)TCQN, WhiCh
leads to the fact that lim;_,. i‘f =0 and lim;_,, 7 a: =0
exponentially. ]

Remark 6: Note that inequality (41) is a sufficient condition
for interception. /31 denotes the attractive forces from its team-
mates for the evader. Equation (41) means that the attractive
force reaches a certain level; otherwise, the evaders may separate
from each other. When pursuers pursue the evaders, the separat-
ing would cause large attractive forces from other pursuers for
each pursuer. It will cause a failure of capture or the closed-loop
system would diverge. Note that this fact provides a strategy for
evaders to prevent themselves from being interception. Under
condition (41), if Az$y =0 or a; d?” = 0, the interception is
achieved. Otherwise, the attractive force from its teammates for
each pursuer under the formation Az} is actually a resistance
for capture, which conversely leads to the formation of evaders
with a bounded error.

Remark 7: Different from [19], which considers the PE
game for multiple pursuers and multiple evaders, novel anal-
yses are given for three scenarios in this article: one-pursuer
one-evader, multiple-pursuer one-evader, and multiple-pursuer
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evader 1
evader 2
evader 3
pursuer |
pursuer 2
pursuer 3

y (m)

- 0 z (m)

Fig. 1. PE game for the one-pursuer one-evader problem.
3
s
WL
o
=at
2F —7
T evader pursuer | —— pursuer 2 pursuer 3 pursucr 4] |
4 0 2 4 6 8 10 12 14 16
x (m)
Fig. 2. Capture occurs under the conditions in (i) of Theorem 3.

multiple-evader, and the formation control is also considered.
Conditions for capture and formation are different in different
scenarios. Compared with the asymptotic convergence of [19],
our control strategies contribute to exponential behaviors of
agents.

V. SIMULATION AND EXPERIMENTAL RESULTS

In this section, both simulation and experimental results
are presented to verify our control strategies. Players are
double-integrator systems described by (1) and (2) with A =

O2x2 o and B —
O2x2  O2x2 I,

Fig. 1 shows capture results that verify the control law (21)
designed for the one-pursuer one-evader PE game. In the control
law (21), for i = 1,2, 3, we set ajo = 3 and B;o = 1, which
obviously satisfies the condition a5 > % + Bio.

For the case that multiple pursuers try to capture one evader,
the pursuers and evader use control strategies (19) and (23),
respectively. In this example, we assume that there are four
pursuers; therefore, N = 4. To satisfy the sufficient condi-
tion iz > (2B8N? + 1) /4 for target capture in Theorem 2, we
choose oo =9 and B = 1. We first consider the case that
Azl = 0. The value of a;; is chosen randomly. Fig. 2 shows
that capture occurs, which verifies the result (i) in Theorem 3.
Next, we assume that the pursuers try to achieve surround-
ing control of the evader, rather than capture it. Let the de-
sired state displacement between the pursuers and the evader

0252

0 -2 2 0
be [Adti Azl Ask A =2 0 0 -2|.Le
O2x4

y (m)

''''' evader
pursuer 1
pursuer 2

/ pursuer 3
at \ ! | | pursuer 4
0 5 10 15 20
z (m)
\E/ 0 — ——————
g —
o 2r _
2
5 L L L
=
2 4 ime (5) © 8 10
Fig. 3. Trajectories and formation errors for the result (ii) of Theorem 3.
ol
— _5 =
g
=N
evader
-10 ¢ ———pursuer 1|7
pursuer 2
pursuer 3
pursuer 4
-5 0 z (m) 5 10
Y ob— —
8 —
St
RV
g4
an 1 1 1
0 2 4 6 8 10
time (s)
Fig. 4. Trajectories and formation errors for the result (iii) of Theo-
rem 3.

a;1 = 0 for ¢ = 1,2, 3,4. It is obvious that the above settings
satisfy the condition in (ii) of Theorem 3. The trajectories
of players and the formation errors are presented in Fig. 3,
which shows that the formation error finally converges to zero.
Now, we modify the desired state displacement between the

pursuers and the evader as [Ax’l’f Azh]  Azk] AiT| =
0 =19 2 0
2.01 0 0 —1.94|, which does not satisfy Z?zl

0254
Az?? # 0. The simulation results in Fig. 4 show the bounded
formation error.

Finally, we consider the PE game for multiple pursuers and
multiple evaders, who cooperate with their teammates to achieve
their objectives. Suppose that there are four pursuers and four
evaders. The communication topology is shown in Fig. 5. We,
thus, have d*® = 2 and Ain(Le) = 1. Avalueof 3;; =1, j =

1

1,2, 3, 4,isused to satisfy the condition 3;; > Tt @ o (22
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® cvader

® pursuer

————— evader 1

----- evader 2
————— evader 3
----- evader 4
pursuer 1
—pursuer 2
pursuer 3
—pursuer 4

Fig. 5. (Left) Communication topology for the PE game with multiple
pursuers and multiple evaders. (Right) Capture occurs under the condi-
tions in (i) of Theorem 4.

----- evader 1
----- evader 2
/E\ ————— evader 3
= 0r  mtmemen A - evader 4
= ——pursuer 1
———pursuer 2
——pursuer 3
—pursuer 4
6
B
o
41
o
-
g0
=
o
=
£2
3 8 10
~ 2
)
o OF
S _
-2 .
&
T 4 . . . .
0 2 4 6 8 10

time (s)

Fig. 6. Trajectories of players, formation errors of evaders, and = and y
distances between each pair of pursuer and evader under the conditions
(iii) of Theorem 4.

of Theorem 4. The values of other parameters are set as 32 = 6,
a1 = 1, and ;o = 10 for ¢ = 1,2, 3, 4. First, let ijele =0.
Fig. 5 shows that capture occurs. Furthermore, let the desired

1 ee ee ee ee —
formationamongevadersbe | Az§s  Ax§ AzSs Ax41} =

2 0 -2 0
0 2 0 —2|.Fig. 60displaysthe simulation result, where
0254

Fig. 7. Experimental environment of our flight test.

pursuer 1
pursuer 2
J|=—— — evader 1
— — — —evader2

pursuer 1
pursuer 2
pursuer 3
— —— — evader 1

pursuer 1
pursuer 2
————evader 1
— — — —evader2

Fig. 8. Real trajectories of quadrotors in our three flight tests.

the distances between each pair of pursuer and evader and for-
mation errors of evaders are bounded. If we further set ;1 = 0,
it will cause capture and zero formation errors.

The experiment is done in an indoor environment, as shown
in Fig. 7. We use a kind of nano quadrotor helicopter Crazyflie
2.1 as the flying platform, and the localization system we use
is VICON. The Crazyflie 2.1 is an open-source platform that
weighs only 27 g and is equipped with low-latency/long-range
radio. We can control them by combing them with the Crazyradio
PA and display data in our computer. A laptop with Intel Core
i7CPU is used to run our algorithm.

A group of four Crazyflie is used in our flight test. The actual
flight video can be found at https://www.bilibili.com/video/
BV1rd4y1x7X3/ and https://youtu.be/uM_U11QLLLU, and the
corresponding real trajectories of quadrotors are shown in Fig. 8.
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