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1 | INTRODUCTION

In recent years, cooperative control of multi-agent systems is gaining incredible attention due to their extensive
applications in the formation control of robots,!* containment control®>” and output regulation of multi-agent systems,®1°
attitude synchronization of spacecraft,!’1? to name just a few. Among them, the consensus problem is to drive
the states/outputs of the agents to reach a same value with local information transmitted from others. Especially,
the leader-following consensus or output consensus problem aims to design a distributed control protocol such that the
states/outputs of the followers asymptotically converge to that of the leader. For heterogeneous systems, which may have
different state dimensions, it would not make sense and also impossible to reach state consensus. Take unmanned ground
vehicles (UGVs) and unmanned aerial vehicles (UAVs) for example. It is impossible for them to reach state consensus in
three-dimensional space, while they can reach position consensus in the horizontal two-dimensional space to perform
tasks.

As an extension of the leader-following output regulation problem, the leader-following output consensus is to track
the reference and/or to reject the disturbances that are both generated by the leader system (exosystem).!3!> In the work
of Su and Huang," the leader-following consensus problem is formulated into the output regulation problem. According
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to whether the states of the agents can be measured or not, the consensus methods are classified into state feedback
control protocol and output feedback control protocol. Due to the limitation of communication, the information of the
leader is usually unreachable for every follower. In such a case, a great quantity of distributed observer-based output
regulation and output consensus problems with local information exchange were investigated.®!® It has been verified
that the leader-following output consensus problem will be addressed by designing appropriate control laws with the
distributed observer, if the communication graph contains a spanning tree rooted from the leader.'®

It is a fact that in the above works, there is no control input of the leader system, and no input saturation of the fol-
lower systems. The semi-global output consensus problem with input saturation of the followers was investigated.!”*
By semi-global output consensus, we mean the output consensus problem is addressed locally under any a priori
given bounded set that acts as a subset of a domain of attraction. In the work of Lin,? the low gain feedback design
technique was originally designed to solve the semi-global stabilization problem of an individual linear system with
saturating actuators, and it is now applied to the cooperative control of multi-agent systems. Via the low gain feed-
back design technique, Su et al.!” solved the semi-global leader-following consensus of linear multi-agent systems
with input saturation, and Shi et el.!® considered the same problem of multiple heterogeneous linear systems with
the state feedback consensus protocol and the output feedback consensus protocol, and the followers are classified
into the informed ones and the uninformed ones. The output consensus protocol designed by Zhao et al.'® divided
the followers into several groups according to the length of the longest directed path between the follower and the
leader.

It is interesting to note that the leader has zero control input in the results mentioned above. In fact, the systems with
control inputs are able to generate more complex and rich signals for the followers to track, and it is of more practical
significance. Moreover, the control input allows the leader to generate trajectories to avoid obstacles so that the whole
system can reach its destination safely. Thus, we take the control input of the leader into consideration, as works in
References 21,22 did. In this paper, we solve the semi-global leader-following output consensus problem of multiple
heterogeneous systems with both the leader and the followers having input saturation over a directed communication
graph. Motivated by the work of Shi et al.,'® both a state feedback-based consensus protocol and an output feedback-based
consensus protocol are given. In the case of state feedback, we firstly give a fully distributed observer for each follower
to estimate the state of the leader without using the global information of the graph. In the case of output feedback,
the followers are divided into two subgroups, the informed ones and the uninformed ones, which have and do not have
access to the information of the leader, respectively. In both two subgroups, a distributed leader state observer and a state
observer are constructed to estimate the state of the leader and the state of the follower itself, respectively. The state in
the distributed leader state observer for the informed followers is used by the uninformed ones to estimate the state of the
leader. Since the leader has bounded input, a term is designed in the distributed leader state observers for all the followers.
For similar reasons, we modify the control law constructed by Shi et al.!® to eliminate the influence of the control input of
the leader. It has been shown that the consensus protocols can solve the semi-global leader-following output consensus
problem with both the leader and the followers subject to input saturation if there is a directed spanning tree in the
communication graph.

The remainder of this paper is organized as follows. In Section 2, the definitions of the semi-global state feedback
leader-following output consensus problem and semi-global output feedback leader-following output consensus problem,
and necessary assumptions are given. Two consensus protocols are, respectively, constructed in Section 3.1 and Section 3.2
to solve the two problems defined in Section 2. We give illustrative examples in Section 4 to verify the effectiveness of our
control laws. Finally, we conclude our work in Section 5 with some remarks.

Notation: 1y € RY represents an N-dimensional column vector with all entries being 1. Iy denotes an N-dimensional
identity matrix. 0, is a zero matrix with n x n dimension. ® represents the Kronecker product. X denotes the transpose
of the matrix or vector X. For a symmetric matrix P, P > 0 means P is positive definite.

2 | PROBLEM FORMULATION AND ASSUMPTIONS

Consider a group of heterogeneous systems consisting of a leader and N followers. The leader is described as

{w = Sw + Ro, (o) W

Yo = —Qw,
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wherew € R%, up € R"and y, € R? are the state, control input and output of the leader system, respectively, 6, : R" - R”
denotes a vector-valued saturation function, that is, for s = [s1,s2, ... , 8,17, 6,(s) = [6,(51), 6,(52), ... , 5,(s,)]T, and for
eachj=1,2, ... ,r, 0,(s;) = sgn(s;) min{|s;|, y }, where y is a known constant.
The dynamics of each follower system is given as
Xi = Aix; + Bioa,(w;) + di(0), @
yi=Cl~xi, i=1,2,...,N,

where x; € R"%, u; € R™,and y; € R are, respectively, the state, control input, and output of the ith follower, respectively,
and d;(t) € R™ represents external disturbance. Assume that the disturbance is caused by the leader and d;(t) = W;w,
then the dynamics of each follower can be rewritten as

X; = Aix; + Bioa, () + Wiw,
i = Cixi, (3
e = Cix; + Qw, i=12,...,N.

Similar to the output regulation problem, the leader system generates both the reference —Qw to be tracked and the
disturbance W;w to be rejected. It is noted that e; also represents the output tracking error between the ith follower system
and the leader system. Without loss of generality, we assume A = A; = A, = --- = Ay. In this paper, we aim to design
the control law u; for each follower such that the output tracking error e; satisfies lim;_, e; = 0.

The communication among the leader and the followers is represented by a directed graph G = {V, £}, with V =
{0,1,2, ... ,N} being the node set and £ = V X V being the edge set. For i,j € V, (j, i) € £ if and only if information can
flow from node j to i. Then nodej is called a neighbor of node i and node i is called a child of node j. Weuse ¥ = {1, ... ,N}
to denote the set of followers, and use N; := {j : (j,i) € £} to represent the set of neighbors of node i. Depending on
whether or not the followers have access to the information of the leader, the followers are divided into two classes.
The informed ones can obtain the information of the leader, while the uninformed ones can not, and we use F;, and
Fun to represent the informed followers and the uninformed followers, respectively, that is, Fi, :={i : i € F,(0,i) € £}
and Fun := F \ Fin. Without loss of generality, we assume the first [ followers are the informed ones and the left N — 1
followers are the uninformed ones. If the graph contains a sequence of edges (i1, i), (i2,13), .. , (ix-1, ix), then we say
there is a directed path from node i; to i. For a directed graph G, the adjacency matrix A = [a;] € RNTDXN+D jg defined
as a; = 1if (j,i) € &, otherwise, a; = 0. The Laplacian matrix £ = [I;] € RNV*DXN+D g defined as [y = —ay; if i # j, and
I = Zfi oij- According to the classification of the leader, the informed followers and the uninformed followers, £ can be
partitioned as

o o0 0
L= El EZ £3 B
0 L4 Ls

where £, € RX, £, e R¥, £, e RXN-D £, € RN-DXI and £ € RN-DXN-D,
Assumption 1. There is a directed path from the leader node 0 to each follower node i.

3

Lemmal (Lietal??). Under Assumption 1, all eigenvalues of matrices [ii ﬁs

] and Ls have positive real parts.

Assumption 2. The following regulator equations®*

IL,S = AIl; + B + W;
Gl;+Q=0, i=12...,N,

have a pair of solutions I1; € R">* and I'; € R™>.

Assumption 3. The pair (S, Q) is detectable.
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Assumption 4. For each follower i € F, the pair (4;, B;) is stabilizable, (4;, C;) is detectable, and all eigenvalues of A;
have nonpositive real parts.

Lemma 2 (Lin?). Suppose Assumption 4 holds. For each ¢ € (0, 1], there exists a unique positive definite matrix Py(¢) €
R">*"_ i € F of the following parametric algebraic Riccati equation (ARE):

ATP;(€) + Pi(e)A; — 2Pi(€)B;B Pi(e) = —ely,. 4)

In addition, lim;_, ., Pi(¢) = 0.

The low gain feedback design technique is originally designed for linear systems with input saturation to solve the
semi-global stabilization problem. With the solution P;(¢) used in the control law, the parametric ARE in (4) not only
guarantees the stability of the closed-loop system, but also allows the control input to be unsaturated for any a priori given
and bounded set of initial conditions by choosing ¢ small enough.

Assumption 5. The linear matrix equations
BE; —I;R =0, (3

have solutions E;, for eachi € F.

Assumption 6. For each i € F, there exist positive constants 6; < A — ||yEi||o and a time T > 0 such that ||[I'w||er <
A — |lyEille — 6i,1 € T, for allwwithw(0) € Wy, where W) is a priori given bounded set, and || Tiw|| 0,7 := Sup;s 7 [[I'iW|] .

Remark 1. Assumption 1 is widely used in the coordinated control of multiple agents.>!* Assumptions 2-4 impose
necessary conditions for the stability of our output consensus problem of heterogeneous multi-agent systems. The func-
tion of Assumption 5 is similar to the condition used by Graham et al.?> for robust control with disturbances, which
implies that the influence of the unknown control input of the leader u, can be compensated by the control proto-
col u; of every follower. As shown later, Assumption 6 plays an important role in guaranteeing the control protocols
unsaturated.

For the case that the states of the leader and the followers can be measured, a state feedback control law, using
a distributed observer to be designed to estimate the state of the leader, will be proposed to solve the semi-global
leader-following output consensus problem.

Firstly, consider the following fully distributed observer:

w; = SW; — (ai(0) + LT OPsG(O) Ps&i(H) = yRfia (), i €T, (©)
where £;(t) = a;g(W;(t) — w(t)) + Zjer a;j(W;(t) — w;(t)), Ps > 0 is a solution of the following ARE
PsS+S"Ps — P2+ I, =0, (7
the gain a;(¢) is updated as the following law
ai(t) = T PSGD)
with «;(0) > 0, and the function f;; is defined as

RTPG(0) T :
ﬁ l(t) = [IRTPg& ()]l ) ”R Psgl([)” ?é 07

0, otherwise.

As shown by Hua et al.,>? W; is an estimation of the state of the leader. In the fully distributed observer, ¢;(t) denotes estima-
tion errors of W;(t) for followers i relative to its neighbors. ;(¢) is the updating gain to avoid using the global information
of the graph, and f;; (¢) is to suppress the influence of the control input of the leader.
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Problem 1 (State feedback-based semi-global leader-following output consensus problem). Consider the group of het-
erogeneous systems composed of (1) and (3). Assume that Assumptions 1-6 hold. Let x = [xlT, ,xlf,]T € R", where
n=ny+ny+---+ny,and w=[Ww], ... ,Wy]" € R™. For any a priori bounded sets X, C R", W, C R* and W, C RNs,
design a state feedback consensus control protocol u; of the form

u; = fi(x, Wy),
such that for [xT(0), wT(0), WT(0)]T € &y x Wy X Wy, the leader-following output consensus is achieved, that is, for i € F,
the output error e; satisfies

lim e;(t) = 0.

t—o0

However, in practice, the state information of the leader and the followers may not be available, and only the outputs

can be measured. In such a case, we will design a set of output feedback-based distributed observers and control proto-
cols. Since the informed followers have access to the output of the leader, while the uninformed followers do not, the
observers that estimate the state of the leader for the informed and uninformed followers will be different. Moreover, the

output-based observer of each follower that estimates the state of the follower itself is needed.
Consider the following dynamic compensator:

Vo = S + Ls(yo + Qo) + Ro, (o), (8)
where ¥y is the state of the dynamic compensator, Ls € R¥? is a constant matrix such that S + LsQ is Hurwitz. The
existence of Lg is guaranteed by Assumption 3. It will be shown in the following section that lim,_,.,(w — 99) = 0.

Since S + LsQ is Hurwitz, then for any positive definite matrix F € R®¥, there exists a positive definite matrix G € R™*
that solves the following equation:*

G(S+LsQ) + (S+ LsQ)'G = —F. 9)
For the ith informed followers, consider the following dynamic compensator,
X = A% + Wibo + Bioa(u;) — Lai(yi — Ciky), (10a)
D = 0 + Ls(vo + QP + yRfia(0), i € Fin, (10b)
where f; 5(¢) is designed to make up for the influence of the leader, and it is defined as

RTGT (9,—-D;)
fia(t) = 3 N1Go=00TGRI”
0, otherwise.

(Do — D)TGRI| # 0,

D; and %; can be viewed as the estimations of the state of the leader and the state of the ith informed follower agent. L, ;
is a constant matrix such that A; + L, ;C; is Hurwitz. The existence of L, ; is guaranteed by Assumption 4.
For the ith uninformed followers, the distributed observer is constructed as

! N
i =Shi—p (Zaij(ﬁi -+ Z a;(V; — 9j)> + yRfi3(t), i€ Fun, (11a)
j=1 Jj=l+1
%i = Ak + Wid; + Bioa (i) — Lai(yi — Cifi), (11b)

where u > 0 is a sufficiently large constant such that Iy_; ® S — uLs ® Iy is Hurwitz. Let H = [k;] € RN-D<N=-Ds wjith
h; € R®S, be a positive definite and block diagonal matrix such that K € RN-DxN=-Ds > ¢ js obtained by the following
equation:

H(Inoi®S—puls ®I) + (N1 ® S — uls ® I)'H = -K. (12)
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Note that 9, j = 1,2, ... , 1, is the state of the observer in (10b). The meaning of f; 3 is the same as that of f;;. Denote

_ 1 n ~ . .
v = E,;azkdaik(vk — ), then f; 5 is defined as
k=1"ik

RThy; =Ty
Firl) = m, lv; hiR|| # 0, (13)
0, otherwise.

Then, the definition of the output feedback-based semi-global output consensus problem is given.

Problem 2 (Output feedback-based semi-global leader-following output consensus problem). Consider the group of het-

erogeneous systems composed of (1) and (3). Assume that Assumptions 1-6 hold. Let x = [x], ... ,x\]" € R", where
n=n+ny+---+ny X=[X.%, ... . &y and D = [],9], ... , 95 ]T. For any given bounded sets X, C R”, W, C R,

X, c R"and Vy c R, design an output feedback-based distributed control law u; of the form
u; = fi(xi, H),

such that for [xT(0), wT(0), 9" (0), 2T (0)]T € Xy x Wp X Vg X X, the leader-following output consensus is achieved, that is,
fori € F, the output error e; satisfies

lim e,(t) = 0.

3 | OUTPUT CONSENSUS OVER DIRECTED NETWORKS

In this section, the semi-global leader-following output consensus problems in Problem 1 and Problem 2 are, respectively,
solved in Section 3.1 and Section 3.2. Let P;(¢) be the solution to the parametric ARE in (4). For convenience, we denote
P; = P;(¢) hereafter.

To begin with, the following lemma is given.

Lemma 3 (Cai et al.?’). Consider the following system:

X = eFx + F1(t)x + F,(t),
where x € R", F € R™" is Hurwitz, € > 0 is a constant, F1(t) € R™" and F,(t) € R" are bounded and continuous for all
t > to. Wehaveif Fi(t), F,(t) - 0ast — oo (exponentially), then for any x(ty) and any e > 0,x — 0ast — oo (exponentially).
3.1 | Semi-global output consensus via state feedback

Let E; be the solution of the equation in (5), and we denote H; := P;B;E;. Then, we construct the following state feedback
consensus control law for every follower:

u; = =B Py(x; — Iiwy) + Ti; — yEigia (), i € F, (14)
where W; is the state of the fully distributed observer in (6), g;1(¢) is defined as

HTE(1) T2
oty = d T IHEON#0.

0, otherwise,

(15)

and Ei 1= Xx; — [I;W;. We note that ||g;1(¢)|] = 1 or 0.

Theorem 1. Consider the group of heterogeneous systems composed of (1) and (3). Assume that Assumptions 1-6 hold.
Then, Problem 1 is solved by the low gain state feedback control law (14). That is, for any a priori bounded sets X, C R",
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Wy C RS and Wy ¢ RS, there exists an e* € (0, 1], such that for [x7(0), wT(0), WT(0)]T € Xy x Wy x Wy and each e € (0, ¢*],
the output consensus error e; for each follower agent satisfies lim,_, e; = 0.

Proof. Tthasbeen proved by Hua etal.?? thatlim,_, ., (W;(t) — w(t)) = 0,i € F globally, without using the global information
of the graph.

Denote & =x;—Iw, &=[&.¢&, ... 1T, Ww=[wl,w), ..., wyl", A=diag{A;,A,, ... Ay}, B=diag
{Bl,Bz, ,BN}, C=diag{C1,C2, ,CN}, W=diag{W1,W2, ,WN}, E=diag{El,E2, ,EN}, H:dlag
{Hl,nz, ,HN}, I'= diag{Fl,Fz, ,FN}, P= diag{Pl,Pz, ,PN}. Let u = [Llr{, Mg, ,ML]T and w = 1N Qw, then,
we have

X = Ax + Boa(u) + Ww,
y = Cx,
e=Cx+(UnQ Qw, i=12,...,N.

The compact form of the control protocol in (14) satisfies

u = —B'P(x — TIw) + ' — yEg,(0), (16)
where g;(¢) = {l,g{l, ,g]T“]T. Denote ity = 1y ® uy, under Assumption 2, the dynamics of & is
&= A& — BIw + Boa(u) — Iy ® R)o, (i) 17)
Define the Lyapunov function
Ve =¢'PE, (18)

where P = P(e) is the solution of the parametric ARE (4). Since lim;_,,(w — W) = 0, there exists a time T; > T such that

6.

ITW — W)lleo.1, <

N

Then, under Assumption 6, we have
N N 1
ITW]|o.1, < [TW[eo,1, + ITW =W, <A —|[¥E|l — 55-

For any [xT(0), wT(0)]T € &y x W, &(T1) belongs to a compact set X}, independent of €, since ¢ is determined by a linear
differential equation with bounded inputs o4 (1) and o, (i1p). Let c; > 0 be such that

sup Ve < e
E(T,)EX, ,e€(0,1]

Such a ¢; exists because X is a bounded set. Define Ly (c)) :={¢ 1 Ve <) Then, there exists an ¢* € (0, 1] such that
for any € € (0, €*],

| = B"PGx = T, < 25

Such an e* exists because lim._o P(¢) = 0 and (x — ITW) is within a bounded set. Considering the control protocol in (16),
we have

lulleor, < Il = B'PGc = W) loo.7, + ITWllo,7, + [IYESL(DI| < A,
thus, oa(u) = u. Replace the control input u in (17) by the control protocol (16) gives

¢é = (A — BB"P)¢ — yBEg;(t) — TI(Iy ® R)o, (iio) — (BT + BB PI)b,
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where W = w — W. Then, the derivative of the Lyapunov function in (18) satisfies

Ve = EY(ATP + PA — 2PBB"P)¢ — 2yETPBEg, (1) — 2E"PII(Iy ® R)o, (i1y) — 2&T P(BT" + BBT PIT)w
= —e&T¢ — 2yETPBEg (1) — 26" PTII(Iy ® R)o,(iy) — 2&T P(BT + BB PIT), (19)
Define a auxiliary variable

H&(t) T
: H: &(t 0,
om0l #

0, otherwise.

Since lim;_, (& — fi) = 0, it is easy to show that limt_,oo(gi’l(t) —gi1() =0.
By the definition of g;; in (15),

N N
~2y&"PBEg (1) = )" —2y& PiBiEgi1 (1) = ) — 2r& Higia(0)
i=1 i=1

N
—2y&HZ; (D + Y 2y &H G, (1) — gia (1)

i=1

]
—

N
= ) —2|\ETHill + )2 EHiE,, (1) — gia (1)), (20)
i=1 i=1
Since uy is subject to input saturation, it follows that
N N N N
—2£"PI(Iy ® R)o, () = Y, —2£ PilTiRo, (o) = ). 26! PiBiEio, (o) = Y —2& Hioy(uo) < D 27 IETHil,  (21)
i=1 i=1 i=1 i=1

where the second equality holds because of Assumption 5. Combining (20), (21), and (19) gives
N
Ve < —eETE+ Znyl-Hi@’l(t) — gi1(t)) — 26T P(BT" + BB PIT)W.

i=1

Since lim;_, o, (g; , (£) — g,1(¢)) = 0 and lim,_,, W = 0, then according to the comparison lemma (lemma 3.4 of Khalil?®) and
Lemma 3, it can be verified that lim,_,, V; = 0, which implies that lim,_,, & = 0, that is lim;_,(x; — Il;w) = 0. Then, the
output error e; satisfies

ltim e = ltim Cix; + Qw) = tlim (Ci(x; — ILiw) + CiILiw + Qw) = tlim Ci(x; — ITw) = 0.

The above facts complete the proof. n

3.2 | Semi-global output consensus via output feedback
Based on the distributed observers (8)-(11), we construct the following output-based control protocol
u; = —B'Pi(}; — ;%) + T'id; — yEigin(t), i€ F, (22)

where ); and %; are the states in the distributed observers (10) and (11), and g; »(¢) is defined as

H;rli/i(t) TA
gia(t) = 4 1wl IH](0)ll # 0, .
0, otherwise,

al’ldlili =X — ;9.

=
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Theorem 2. Consider the group of heterogeneous systems composed of (1) and (3). Assume that Assumptions 1-6 hold.
Then, Problem 2 is solved by the low gain output feedback control law (22). That is, for any a priori bounded sets X, C R",
Wo C RS, &y € R" and Py C R™S, there exists an €* € (0, 1], such that for [x"(0), wT(0),27(0), 9T (0)]T € Xy x Wy x X x Vo
and each ¢ € (0, €*], the output error e; for each follower agent satisfies lim;_,, ¢; = 0.

Proof. Firstly, consider the output-based observer in (8). Let g = w — ¥y. Then, the dynamics of ¥ satisfies
Vo = (S + LsQ)Py.

Because Ls € R is such that S + LsQ is Hurwitz, we have lim;_ o, 7o = 0.
Denote the distributed error X; = x; — X;, and ¥; = w — ¥; i € F. For the i-th informed followers, under the distributed
observer (10a), the dynamics of X; is

Xi =% — X = (A + La;C)%; + Wiby, i€ Fip.
Since A; + L4 ;C; is Hurwitz, according to Lemma 3, we have lim,_,», X; = 0. The dynamics of ¥ is
b = w—; = (S+ LsQ)V; + Ro, (uo) — yRfiz, i € Fin. (24)

Define the following Lyapunov function

Vs, = V] Gi,
where G is the solution of (9). Its derivative along the system (24) is

Vs, = —F9!; + 20 GRo, (1) — 2yV] GRf;2
= —FWl¥; + 2] GRo, (uo) — 277 GRf,, + 2y0TGR(f,; — fi.2)
< —F0T9; + 2y |[VTGRI| — 27 |IVT GR|| + 29T GR(f;; — fi.2)
= —Fl¥; + 2777 GR(f,, — fi),

where f, is a auxiliary variable defined as

R o
]?2(1,‘) — J llw=9)TGR|’ [[(w—=9)"'GR]|| # 0,
i,

0, otherwise.

Ithasbeen shown thatlim;_, o, (W — ¥g) = 0, thus, lim,_,, ()_” i2 — fi2) = 0. Similar to the proof of state feedback-based output
consensus problem, it can be concluded that lim,_., V3, = 0, that is, lim,_.o, (W — v;) = 0, i € Fi,. Therefore, for i € Fip, X;
and v; are estimations of the state of the ith informed follower and the state of the leader, respectively. Since the uninformed
followers do not have access to the information of the leader, X; and ¥;, i € Fi,, will be transmitted to the uninformed
followers by the communication graph.

For the ith uninformed follower, ¥; is determined by

Bi=w—10;=Sh—pu (Zl:aij(f;i -9+ i a;(h; — f)j)> — YRfi3 + Ro, (), i€ Fun. (25)
J=1 j=l+1
Denote ¥, = [ﬁlTH, f);iz, ,ﬁ]T\,]T be the compact form of state error ¥; for i € Fy;,. Then, the compact form of (25) is
Up = (N1 @ S — u(Ls @ L) U — u(L4 @ Ioa — y(UIn-1 @ R)f3(t) + In-1 ® Roy (i), (26)
where ¥, = [0],7, ... ,f)T]T,j_”3 = 111’3, 112’3, . 5’3]T. Since all eigenvalues of £s have positive real parts, there exists a

positive constant g such that (Iy_; ® S — uLs ® I) is Hurwitz.
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Define the Lyapunov function
Vs, = 0, Hiy,
where H is the solution of (12). Its derivative along the system (26) satisfies
Vs, = =KV, 0 — 270, HIn- ® Rf5(0) + 20, H (In-1 ® Roy(ilg)) — 2V, H(L4 & I5)Va. (27)

Since H is a block diagonal matrix, we have

N N
20 H (In-1 ® Roy(fig)) = Y 20! hiRo, (o) < ) 27[[5] AuR|l. (28)

i=l+1 i=l+1

Firstly, we define a auxiliary variable

RThy(w—0,) N
7= —”(W_ﬁx_‘;h‘:R”, ll(w —9)ThiR|| # 0,
i3\ = .
' 0, otherwise.

From the definition of f; 3(t) in (13) andj_”m(t), it satisfies

N
—2y W H(In- @ R)f3(t) = D =2V hiRfi5(t)
i=l+1
N — —
Y =210 R (fia(0) = f15(0) + f15(D)
i=l+1
N _ N _
Y =20 Rf (0 = Y 25 R (fis(0) = f5(1)
i=l+1 i=l+1
N N _
> =27l Rl = Y 25 iR(fia(0) — fi5(2), (29)

i=l+1 i=l+1

Taking (29) and (28) into (27) gives

N
Vi, < —K0,0p —2u0, H(L4 @ Iy)0a — ) 2y0] hiR(fia(t) — f15(0)).
b b b i R

i=l+1

Consider the definition of f;5(¢) in (13) and ]_‘m(t) defined above. Since lim,_, (W —7;) =0 fori € [1,2, ..., 1], we have

lim;_ <w - ﬁz:iﬂaik‘;k = 0. Therefore, we have lim;_,(fi3(t) —fm(t)) = 0. Moreover, because lim;_, ¥, =0,
then similar to the proof of state feedback-based output consensus problem, it can be concluded that lim,_., V3, = 0, that

is, lim; (W — v;) = 0, i € Fy,. Under the distributed observer (11b), the dynamics of X; satisfies
X =w—% = (A + LaiC)%i + Wiw — D), i € Fun.

Since A; + L4 ;C; is Hurwitz and lim;_,.,(W — 9;) = 0 for i € Fy,, we have lim;_, o (x; — X;) = 0.

Recall that & = x — ITw, the dynamics of & in (17) is also satisfied. Denote = [%], %}, ... ,Xy [T, ¥ =[], 7], ... .U\ ]T, D =
1,05, ... . 901", &2(D) = [812(DT, 2207, ... ,gn2(DT]T, then the controller (22) can be rewritten as the following compact
form:

u = —BTP(& — D) — yEg,(t) + I'D = —BTP(x — ITw) — yEg,(t) + ' + B'Px — BT PIID.
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Define the Lyapunov function
Ve =¢&"PE, (30)

where P = P(¢). Since lim;_,, ¥ = 0 and lim,_,, X = 0, there exists a time T, > T such that

ITw = Dlls, < 35, IBTPEI < pr < 36, IB"PIOI| < p2 < 56,

then under Assumption 6, the following inequality holds.

N A 1
IT¥lleo.r, < ITO = Wlleo.r, + [ITWleor, < A = [l7Ell = S

For any [xT(0), w'(0), %7 (0), 9" (0)]T € Xy X Wy x X x Py, &(T) is bounded by a compact set X, independent of ¢, since &
is determined by a linear differential equation with bounded inputs o4 (1) and o, (iiy). Let c; > 0 be a constant such that

sup V§ <c.
E(T,)EX,,e€(0,1]

c, exists because X, is bounded. Define ng(cz) :={& : Ve < ;). Then, there exists an ¢* € (0, 1] such that for any € €
(0, €*], the inequality

— 1
| = B'P(x — IIW) || .7, < 56— p1=p2.

Such an e* exists because lim,_,o P = 0 and &£ = x — [Tw is bounded. Thus, by Assumption 6, we have
lulleor, < Il = B'PGe — W) |loo,7, + [Il¥E2(0| + IT| + ||B'PX|| + ||B"PIID|| < A.

Therefore, we have o4 (1) = u.
Substituting the control protocol (22) into (17), we have

& = (A — BB"P)¢ — yBEg,(t) — TI(Iy ® R)o,(ily) — BI'D + B'P% — BT PIID.

The derivative of the Lyapunov function (30) satisfies

Ve = —e£'¢ — 2yETPBEg,(t) — 2E" PII(Iy ® R)o, () — 26" PBI' + 2¢T PBTPX — B PIIo. (31)

According to the definition of g; ,(¢) in (23), it gives
N
~2y&"PBEg,(t) = )| —2y&! PiBiEigiz

i=1
N N

= ) —2yE HE, + ), — 2rE Hi(gia(h) — 8,5(1)
i=1 i=1
N

= ) =27 |IE Hil - 27! Hilgia(0) — 8;,(0)), (32)

i=1

where g;,(t) is defined as

H;réi(t) T
g.,(t) = 4 HEoI’ IHTE® # 0,
1,

0, otherwise.
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Since lim;. (¢ —%;) =0 and lim;.,(w—9) =0, we have lim,,.(&(t) — wi()) =0, which implies lim;.(gi2(¢) —
8;,()) = 0. Since uy is subject to the standard saturation function, we have

N N N
—2&"PII(Iy ® Ry, (flg) = )’ —2& PiliRo, (uo) = ) —2£ PiBiEic, (uo) < Y 2y | & Hill. (33)

i=1 i=1 i=1

Taking (32) and (33) into (31) gives
Ve < —e£TE —2yETHi(gin — 8;,(1)) —2£"PBID + 26" PB"PX — BT PIID.

Since lim;_, »(gi2 — §i,2(t)) =0, lim;_ o X =0, and lim;_ ., ¥ = 0, it can be verified that lim,_ ., & = 0, that is, lim;_, (¢ —
IT;w) = 0. Then, it follows that

lim e = li Cifi =0.

t—o0 t—

This completes the proof. u

Remark 2. Ttisnoted that the two consensus protocols (14) and (22) solve the semi-global output consensus of multi-agent
systems, which implies that they rely on the initial state conditions. Different from the results that the initial errors need
to be sufficiently small, the semi-global results allow the initial values to be within any bounded sets.

4 | ILLUSTRATIVE EXAMPLES

In this section, we aim to achieve the output consensus of a nonholonomic robot and four quadrotors using the control
laws (14) and (22), respectively, where the nonholonomic robot acts as the leader, and the quadrotors are the followers.
According to Young and Beard,?® the nonholonomic robot can be feedback linearized to a double-integrator system

w= w+ Gy(u())
0, 0, I
Yo = [ 0z]w, (34)

where w = [pOT, pOT]T € R*. By comparing the systems (1) and (34), one can easy to get the matrices S, R, and Q. Follow-
ing Hehn and D’Andrea,*® the quadrotors can be modeled by a triple integrator. In the multi-agent system, we assume
the nonholonomic robot generates a disturbance W;w to the quadrotors. Thus, the dynamics of the quadrotors can be
expressed as

0, I, 0, 0, 0, I,
Xi=[0, 0y L|Xi+|0y|0ymo)+|0; —L|w
0z 0 0 I 0, -I
yvi=I[L 0, O], i=1,2,3,4, (35)

where x; = [pl.T, plT piT]T € RS. In this example, we assume that quadrotors fly at a fixed altitude. Similarly, one can easy to
obtain the matrices A;, B;, C;, and W; by comparing systems (3) and (35). It is easy to verify that Assumptions 3 and 4 are
satisfied. We can note that the outputs of agents are y; = p; € R?,i = 0, 1, 2, 3, 4. So the leader-following output consensus
problem can be viewed as the nonholonomic robot’s position tracking for quadrotors.

Solving the equations in Assumptions 2 and 4 gives

L, 0,
I; =10, 0|, Ii=[0, L], Ei=L, i=1,23,4
0, I,
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FIGURE 1 The communication graph

The communication graph G of the agents is shown in Figure 1. It is obvious that Assumption 1 is satisfied. Among the
followers, the first two are informed ones and the left two are uninformed ones. The corresponding matrix £ and L5 are

0 0 0O 0 O
-1 1 0O 0 O
2 0
L=|-1 o0 1 0 0], and Ls5= .
0 1
0O -1 -1 2 0
0 0 -1 0 1

It is easy to verify that all eigenvalues of £ and £ have positive real parts.

The bounds of the control input of the leader y and the followers A; are set as 2 and 5, respectively, fori =1, 2, 3, 4.
We have ||yEi|le = 1, i = 1,2, 3, 4. During the simulation, the control input of the leader is set as uy = [1 1]T - sin(—4t).
We have |[I'iw]|l, < 1,i=1,2,3,4, Vt > 0, So Assumption 6 is satisfied.

41 | Semi-global output consensus via state feedback

In this section, we show the effectiveness of Theorem 1, which holds under the state feedback control law (14). The initial
state of the leader, the followers, and the distributed observer in (6) are set as random values between [—2, 2]. One can easy
to solve the ARE in (7). As shown in Figure 2, the states w;, i = 1, 2, 3, 4, of the fully distributed observer (6) asymptotically
converge to the state of the leader.

We set the low gain parameter ¢ = 0.001. One can easy to solve the parametric ARE in (4) with the chosen €. The
outputs of agents and the output consensus errors are shown in Figure 3. It can be seen that the output tracking error
asymptotically converges to 0. Thus, Problem 1 is solved by the state feedback consensus control protocol (14) with € =
0.001.

4.2 | Semi-global output consensus via output feedback

In this section, we verify the effectiveness of Theorem 2, which solves the output consensus problem via the output
feedback consensus protocol (22).

In distributed observers 10 and (11), the matrix La; = —[3I, 31, L], i=1,2,3,4. We can verify that A; + L ;C; is
Hurwitz.

For the informed followers 1 and 2, the matrix in (10b) is set as Ls = [3]; 2I,]T. One can easy to solve the equation (9)
with F = I,. For the uninformed followers, we construct the distributed observer in (11b) and (11a) with x4 = 2, and

0.125 0 0.0156 0 0.25 0 0.0625 0
0 0.125 0 0.0156 0 0.25 0 0.0625
= > 4 = .
0.0156 0 0.1289 0 0.0625 0 0.2813 0

0 0.0156 0 0.1289 0 0.0625 0 0.2812



ZHOU AND CHEN

10 1 : : : 20 : : :
leader
_ follower 1 N 15 ]
S follower 2 S
Sﬂ 5r follower 3 1 3“ 1071 1
NS follower 4 =
’ L S st ]
0Ff ‘ ‘ ‘ ] 0 ‘ ‘ ‘ ]
0 10 20 30 40 0 10 20 30 40
2 r : : : 1 : : :
§ =
N VAAVALY VATV ATAAVATAVAVATAVATAVAVATAAVATAY : O ‘
NES <
= 0 &5
= S 05 ;
AL ! ! ! ] -1t A A A 1
0 10 20 30 40 0 10 20 30 40
time (s) time (s)
FIGURE 2 State of the leader and its estimations W;, i = 1,2, 3, 4 for every follower
10 T T T 6 - - :
follower 1
_ follower 2 | 4
5; follower 3
= 57 leader | follower 4| |
>
follower 1 e
follower 2 =
follower 3
0Of follower 4 |1
0 10 20 30 40 40
20 T T :
15+ 1 o |
(=}
a | | SN
10 ! ~
o .
0 1 1 1 _2 1 1 1
0 10 20 30 40 0 10 20 30 40
time (s) time (s)
FIGURE 3 Simulation result under the state feedback consensus control law (14) with ¢ = 0.001. (Left) Outputs of the leader and the

four followers. (Right) The output consensus errors between the four followers and the leader

In this example, the initial conditions of the states of the leader w(0) in (1), the states of the four followers x;(0),i = 1,2, 3,4
in (3), the states of the observers in (8), (10), and in (11) are set as random values between [0,5]. As shown in Figure 4,
the estimation errors ¥; — w and X;(¢) — x;(¢), i = 1, 2, 3,4, converge to zero.

The low gain parameter is chosen as e = 0.0001. Figure 5 shows that when ¢ = 0.0001, the outputs of the four followers
yi, i =1,2,3,4, are regulated to the output of the leader yj.

5 | CONCLUSIONS

In this paper, we have investigated the semi-global leader-following output consensus problem with both the
leader and the followers subject to input saturation over a directed graph. According to whether the followers
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have access to the information of the leader, they are divided into the informed ones and the uninformed ones.
Via the low gain feedback design technique and the output regulation theory, state feedback-based and output
feedback-based consensus protocols were constructed. Especially, the existence of the input of the leader raised dif-
ficulties in designing distributed observers and control laws. In view of this, auxiliary terms were designed to make
up for the influence of input of the leader. Finally, the constructed control protocols were verified by a practical
example.
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