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Abstract In this paper, we present a trajectory generation method of a quadrotor, based on the optimal

smoothing B-spline, for tracking a moving target with consideration of relative tracking pattern or limited

field of view of the onboard sensor in cluttered environments. Compared to existing methods, safe flying zone,

vehicle physical limits, and smoothness are fully considered to guarantee flight safety, kinodynamic feasibil-

ity, and tracking performance. To tackle the cluttered environments, a parallel particle swarm optimization

algorithm is applied to find the feasible waypoints that the generated trajectory should be as close to as pos-

sible, with consideration of the target’s future state as well as obstacles to trade off the tracking performance

and flight safety. Then, a sequential motion planning method, considering the above constraints, is applied

and embedded into a cost function for solving the problem of robust tracking trajectory generation for the

quadrotor via a convex optimization approach. The feasibility and effectiveness of the proposed method are

verified by numerical simulations.
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1 Introduction

Target tracking plays an important role for autonomous aerial robots in both military and civil applica-
tions. The past decades have witnessed a rapid growth of unmanned aerial vehicles [1,2], and the typical
applications of UAVs include drug enforcement, surveillance, and rescue in urban or wild environments,
just to name a few. In many application scenarios, as shown in Figure 1, it is necessary for a quadrotor
to track a target of interest with standoff or persistent pattern, especially in complex environments [3].
Besides, limited to the physical performance and sensor saturation, the dynamics of the vehicle must be
fully considered. Therefore, efficient trajectory generation is essential for the quadrotor to fulfill the task
by trading off the tracking performance, kinodynamic feasibility, and flight safety on those occasions.
There have been a variety of relevant studies on UAVs or other mobile robots to carry out dynamic
games [4] or tracking mission, but most of the relevant work just focused on target following in general
obstacle-free or obstacle-spare environments [5–8]. However, target tracking missions of the quadrotor
are always carried out in cluttered environments, and the presence of obstacles poses more challenges
including flight safety, kinodynamic feasibility, trajectory smoothness, and so forth.

Liu et al. [9] studied the problem of identifying and tracking a moving target using a quadrotor in forest
environments. State prediction and vehicle’s physical limits were not fully taken into account, which is
insufficient for fast-tracking flights. Some relevant researches [10, 11] were also carried out on target
pursuing of quadrotors in general complex environments. The work in [10] took advantage of quadratic
programming (QP) to generate the polynomial trajectory of a quadrotor while tracking a moving target
with many relative patterns. A contouring-control based method was adopted in [11] to calculate the
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Figure 1 (Color online) A scenario of target tracking.

coefficient of polynomial trajectory for a quadrotor while keeping a mobile target in the field of view in
3D dense environments without the consideration of physical limits. In [12], a chasing task was studied
for a quadrotor in image space. The control inputs were obtained to avoid occlusion from a single
polyhedral occluder, which is of limited use for quadrotors in the real application. A similar image-based
approach [13] was proposed to track an aggressive target while satisfying a set of actuation constraints
and avoiding a few spherical obstacles. In [14], given the motion information of the target, vision-based
moving ground target tracking by a quadrotor in obstacle-free environments was studied and simulations
were performed in a robot operating system.

Many trajectory generation studies have been carried out to find feasible trajectories for the quadrotor
in cluttered environments with the consideration of flight safety and physical limits to meet the real
application. In [15–18], the quadrotors were considered as differential-flat holonomic vehicles, and free
spaces in environments were represented by a series of convex shapes to formulate the problem of trajec-
tory generation as a typical convex optimization that can be solved efficiently. In the above researches,
the trajectories are formulated as polynomial curves or splines to satisfy the smoothness and kinody-
namic feasibility. Ref. [19] presented an efficient technique to generate jerk limited trajectories for the
quadrotor to travel inside the safe area. The work in [20] innovatively introduced a real-world challenging
demonstration in which a quadrotor autonomously tracked trails in forest scenes. However, the obstacles
avoidance issue is not investigated because the forest trail is wide enough for a quadrotor to navigate
around.

Typically in cluttered environments, tracking a maneuvering target puts forward the need for active
reactions to both target’s constantly changing motion and obstacle avoidance under the threats of possible
conflicts between flight safety and tracking performance [21]. In general scenarios, the motion information
of the moving target can be obtained only if the target is in the field of view. Therefore, it is necessary to
find the feasible flight trajectory for the quadrotor to keep the target detectable and improve robustness
to occlusion and potential failure when the target temporarily leaves the field of view [22]. In many special
scenarios, the quadrotor is also tasked to track a moving target with a relative pattern, and the efficient
trajectory generation method is essential for real application. In this work, we focus on the trajectory
generation for quadrotor based on the smooth B-spline [23–25], a generalized version of the Bézier curve,
to trade off the maneuverable target tracking and flight safety in cluttered environments. A geometrical
safe flight corridor (SFC), which is realistic on account of the lightweight but high-performance onboard
computer, is formed and applied to provide a feasible flight space where the tracking trajectories have to
be squeezed all the time to guarantee the flight safety of the task execution in our framework. For ease
of research on smooth trajectory generation for the quadrotor while persistently tracking a maneuverable
target, we assume that the quadrotor has full knowledge of obstacles and environment information, and
the target’s state can be observed or predicted. Meanwhile, the effects on the field of view from the
coupling between translational and rotational dynamics are ignored.

Compared to the point-to-point planning work in [17, 26], in this paper, we propose a smooth trajec-
tory generation method for the quadrotor to execute target tracking task with consideration of relative
pattern or visibility in cluttered environments. In particular, the proposed method relaxes the waypoint
constraints as an approximation problem instead of the hard equality constraint, which significantly
improves flight efficiency. The main contributions of this work can be summarized as follows:
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• We proposed a two-step method to find feasible trajectories of the quadrotor for target tracking in
two usual patterns in cluttered environments. First, the feasible waypoints for the quadrotor are found
by trading off the tracking performance and flight safety in a short moving horizon. Then, a sequential
motion planning (SMP) method, which efficiently minimizes the control costs of the quadrotor and the
deviation from trajectory to desired waypoints in a convex QP, is applied to guarantee the smoothness
and tracking performance with consideration of safe flight zone and feasibility constraints.

• We represent the trajectory as axes-couple smoothing B-spline. Compared to axes-decoupled piece-
wise polynomials [10], B-spline addresses issues of axes-coupled and interval-wise constraints, guaranteeing
the flight safety and kinodynamic feasibility with the constructed volume constraints, and increasing the
solution quality. Moreover, different from the position contouring systems, we relax the hard waypoint
constraints as an approximation problem, which makes a positive impact on flight efficiency.

The rest of the paper is organized as follows. In Section 2, the discussion on the method overview
and trajectory’s mathematical representation is covered. Whereas in Section 3, we present the proposed
trajectory generation method of target tracking for the quadrotor in detail. In Section 4, results and
analysis of simulations are emphatically provided. Finally, the conclusion and further work are drawn in
Section 5.

2 Preliminaries

2.1 Differential flatness

A quadrotor has a six-dimensional configuration space, and the states and inputs can be written as
algebraic functions of four carefully selected flat outputs and their derivatives [15, 26]. σ = [x, y, z, ψ] is
the proper choice of flat outputs where [x, y, z] is vehicle’s coordinates of the center of mass in the global
frame and ψ is the yaw angle. Therefore, the vehicle can be seen as a point mass model decoupled in
three degree-of-freedom (DOF) space with consideration of velocity, acceleration and jerk. On each axis
of quadrotor, the outer control loop can be simplified as a triple integrator





ṗ = v,

v̇ = a,

ȧ = j,

(1)

where p, v, a, j are its position, velocity, acceleration, and jerk, respectively [27]. The excellent robust
perfect tracking (RPT) approach proposed in [28] can make the linear system track the given reference
with arbitrarily fast enough settling time, thus accurately meet our requirements in this work.

2.2 Trajectory construction for quadrotor

To guarantee the smoothness and kinodynamic feasibility of the whole tracking process, a kth order
clamped uniform B-spline Sk is chosen to represent the tracking trajectory where Sk is define as

Sk(s) =

M−1∑

i=0

ciN
k
i (s), ci, S ∈ χ, Nk

i ∈ R (2)

with Nk
i denoting the basis function and ci is the control point. C = [c0, c1, . . . , cM−1], C ∈ R

d×M repre-
sents the control point matrix. The basis functions are defined over a knot vector K = [s0, s1, . . . , sM+k]
and a path parameter s as

N0
i =

{
1, if si 6 s 6 si+1,

0, otherwise,
(3)

N j
i (s) = NA(s, i, j)N

j−1
i (s) +NB(s, i, j)N

j−1
i+1 (s), (4)

where

NA(s, i, j) =





0, if si = si+j ,

s− si
si+j − si

, otherwise,
(5)
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NB(s, i, j) =





0, if si+1 = si+j+1,

si+j+1 − s

si+j+1 − si+1
, otherwise.

(6)

For the spline to be clamped and uniform, there is

K = [s0, s1, . . . , sM+k]

= [0, . . . , 0︸ ︷︷ ︸
k+1 times

, 1, 2, . . . ,M − k, . . . ,M − k︸ ︷︷ ︸
k+1 times

]. (7)

From [23], there is a linear relation between the path parameter s and time t:

s

t
= α. (8)

And it gives Sk(s) = Sk(αt) where t ∈ [0, T ] and T = M−k
α . In this paper, two excellent properties of

B-splines are frequently used:

• Strong convex hull property. If all control points for a B-spline satisfy Aci 6 b, i ∈ 0, 1, . . . ,M − 1,
so does the entire trajectory.

• The nth order derivative B-spline S
(n)
k is the k − n order B-spline with a new set of control points.

2.3 Method overview

In this paper, we formulate the trajectory generation for target tracking as an optimization problem:

min

∫ +∞

−∞

∥∥∥∥
dnSk

dtn

∥∥∥∥
2

dt+ λ
N−1∑

i=0

‖Sk(αti)− di‖
2

s.t. Sk(αtini) = sini&Sk(αtend) = send,

Sk(αt) ∈ SFC,

‖S
(n)
k (αt)‖ 6 smax

n ,

(9)

where the first term of cost function penalizes the aggressiveness of flight by minimize the integration of the
square of nth (i = 1, 2, 3, 4) derivatives of trajectory, and the second penalizes the deviation from the desire
waypoints, calculated by moving target’s future state and obstacles information. To improve the tracking
efficiency, we relax the hard waypoint constraint with a weight λ. The first term of constraints represents
the boundary conditions on a set of initial and end states. The second and third terms respectively indicate
the safe constraints and kinodynamic feasibility conditions, which limit the trajectory and its derivatives
in multiple convex polytopes. SFC represents the safe flight corridor mentioned in Subsection 3.2, and
smax
n is the maximum value of kinodynamic constraint of nth (i = 1, 2, 3, 4) derivatives of trajectory. It
should be emphasized that the boundary conditions in this paper include the initial state at current time
and the nominal terminal state which is calculated by trading off the tracking performance and flight
safety in short moving horizon.

The framework of the proposed method is shown in Figure 2. First, the future state of moving target
and environment information are applied to find the feasible waypoints and generate a nominal path by
a geometrical path finding algorithm for the quadrotor. Then, an SFC is generated to supply the safe
geometrical constraints for the tracking trajectory generation module. Finally, the tracking trajectories
for the quadrotor are generated based on smooth B-spline with consideration of physical limits and flight
safety.

3 Generation of feasible trajectory

In this section, we give the detailed process of smooth trajectory generation of the quadrotor for tracking
a moving target in two different patterns.
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Figure 2 The framework of proposed method.

3.1 Feasible waypoint generation

To tackle the problem of robust target tracking in cluttered environments, it is crucial for the quadrotor to
efficiently find feasible waypoints to navigate. As follows, we introduce the waypoint generation methods
for the quadrotor in two target tracking patterns: (1) relative tracking pattern, to maintain a fixed
distance and angle between the UAV and the moving target; (2) visibility maintenance pattern, to ensure
that the moving target is in the field of view of the onboard sensor and there is no restriction on the
relative angle between the UAV and the target.

3.1.1 Relative tracking pattern

When the quadrotor carries out target tracking while maintaining a fixed distance with respect to the
moving target, the nominal terminal state at future time tf can be obtained by




Tx(tf )

Ty(tf )

Tz(tf )


 =




sin θ

cos θ

1







dh

dh

dv


+




Px(tf )

Py(tf )

Pz(tf )


 , (10)

where θ represents the relative planar angle between the target and quadrotor in global frame. P (tf ) =
[Px(tf ), Py(tf ), Pz(tf )] is the predicted future position of target at tf and T (tf) = [Tx(tf ), Ty(tf ), Tz(tf )]
is the nominal waypoint of quadrotor. dh is the desired planar distance between target and quadrotor,
and dv is the desired vertical height related to target. For common tracking applications, both dh and
dv are preset to constant values.

Due to the existent infeasible region, it is possible that the solution calculated by Eq. (10) falls into
the obstacles, which indicates that we have to find a feasible one in this case:

min ‖W (tf )− T (tf)‖
2

s.t. W (tf ) ∈ SFC,

W (tf ) ∈ Vf ,

(11)

where Vf is the bearing vector T (tf) − P (tf ). W (tf ) is the desired feasible waypoint satisfying the
constraints as illustrated in Figure 3.

3.1.2 Visibility maintenance pattern

In order to tackle the challenges with limited field of view of onboard sensor, we propose a novel and
efficient method for trajectory generation while keeping target visible. Considering occlusion by obstacles,
we obtain the waypoints through solving the following optimization problem:

min l1 + λ1e
−(l2+dm) + λ2‖l3 − dt‖

s.t. W (t) ∈ SFC.
(12)

The upper is divided into three parts: the first term, which directly affects flight trajectory length,
penalizes the Euclidean distance l1 from current positionW (tc) at tc to next desired waypointW (tc+∆t)
at tc+∆t with the predicting period ∆t. The second term maximizes the closest distance l2 from bearing
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Figure 3 (Color online) Finding feasible waypoints in relative

tracking pattern. tc is current time and ∆t is the predicting

period. T (tc +∆t) is the solution calculated by Eq. (10) based

on P (tc +∆t), dp and dv. W (tc +∆t) is the feasible waypoint

calculated by Eq. (11).

Figure 4 (Color online) Finding feasible waypoints in visibil-

ity maintenance pattern. The blue sector region represents the

field of view (FOV) of onboard sensor. The red dots represent

the moving target’s predicted positions in the future, and blue

dots are the desired waypoints of the quadrotor to navigate.
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Figure 5 (Color online) The illustration of an SFC. (a) The scene diagram of SFC; (b) closed convex polytopes SFCi. In (a),

The path found by the nominal path-finding algorithm is shown as green grids. The flight corridor is marked in yellow. The dash

black circle and solid red square respectively represent the sphere obtained by position from the node to nearest obstacle and the

cube inscribed the sphere.

vector P (tc +∆t) −W (tc + ∆t) to obstacles, and dm is a preset margin distance of map. Naturally, to
achieve persistent tracking, we can ensure higher visibility once l2 is no less than zero, and the larger the
better. The third term penalizes the error between the distance from the desired waypoint W (tc +∆t)
to target P (tc +∆t) and a preset distance threshold dt, which maintains the relative tracking distance.

By solving Eq. (12), the desired waypoints are found. The above process is illustrated in Figure 4.

3.2 Safe corridor constraint

To tackle flight safety, we have to find a safe flight zone where the trajectories of the vehicle should
be squeezed. There have been many representations of SFC [19, 29] to efficiently solve the problem of
trajectory generation for single vehicle and multi-agents in cluttered environments. First, the safe path
can be searched by a geometrical shortest path-finding algorithm in a 3D grid map. For each node of
the path, the distance from the node to the nearest obstacle can be efficiently obtained in a preprocessed
3D Euclidean distance transform (EDT) map. Then, an initial sphere of safe space against the nearest
obstacle and an inscribed cube are obtained respectively. Afterward, the initial SFC is formed by enlarging
each initial cube along the positive and negative directions of x, y, z axes of the coordinate system until
it hits an obstacle. Finally, the redundant cubes are eliminated to find the final SFC. The whole process
described above is shown in Figure 5(a) and Algorithm 1.

As shown in Figure 5(b), the final SFC consists of multiple closed convex polytopes SFCi, i ∈ 1, 2, . . . ,m
and for i = 1, 2, . . . ,m− 1:

SFCi ∩ SFCi+1 6= ∅. (13)

Each interior space of polytopes can be represented as a linear inequal constraint (Ac 6 b). According
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Algorithm 1 Safe flight corridor generation

Input: Map, waypoints.

Output: SFC.

1: Generate path from current position to waypoints;

2: for each node of path do

3: Find distance ds to the nearest obstacle;

4: Generate initial sphere and inscribed cube based on ds;

5: Enlarge cube until it hits an obstacle;

6: end for

7: Generate initial SFCinitial with enlarged cubes;

8: m = size(cubes);

9: for i = m : 2 do

10: for j = m− 1 : 1 do

11: if cubej is contained by cubei then

12: Eliminate cubej ;

13: else if cubei is contained by cubej then

14: Eliminate cubei;

15: end if

16: end for

17: end for

18: n = size(cubes);

19: for i = n : 3 do

20: for j = n− 2 : 1 do

21: if cubei overlap with cubej then

22: Eliminate cubej+1, . . . , cubei−1;

23: end if

24: end for

25: end for

to the excellent property mentioned in Subsection 2.2, we can confine the entire trajectory to the safe
corridor by restricting all control points to the same region.

3.3 Problem formulation

3.3.1 Cost function

As described in Subsection 2.3, our method penalizes the integration of square of nth derivatives along
the trajectory and deviation from the trajectory to desired waypoints, obtained by the predictive motion
of moving target, at the corresponding time. The above two items are applied to trade off the tracking
performance and smooth response from the quadrotor.

(1) Smooth response.

Esmooth =

∫ +∞

−∞

∥∥∥∥
dnSk

dtn

∥∥∥∥
2

dt =

d∑

i=1

∫ +∞

−∞

∥∥∥∥∥
dnS

(i)
k

dtn

∥∥∥∥∥

2

dt. (14)

Following [16, 23], Eq. (14) can be expressed as a quadratic form as

ĈT [Vn ⊗ Id] Ĉ, (15)

where

Vn,(i,j) = α2n−1

∫ +∞

−∞

dnNk
i (s)

dsn
dnNk

j (s)

dsn
ds, (16)

and Ĉ is the vectorized form of C. The symbol ⊗ represents the Kronecker product and Id is the identity
matrix of dimension R

d×d. Vn⊗ Id is positive semi-definite, which indicates it is the Hessian matrix. Due
to the linear relationship between the control input of quadrotor and the snap (the fourth derivative of
position) [15], we can minimize the snap cost to find the efficient trajectory and save control effort. In
this paper, the integration of square of snap along the whole trajectory, which is called the snap cost, is
used to evaluate the aggressiveness of trajectory. Furthermore, as described in [15], the higher the snap
cost, the more aggressive the trajectory is.

(2) Waypoint approximation.

Con(waypoints) =
N−1∑

i=0

‖Sk(αti)− di‖
2. (17)
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Figure 6 (Color online) The illustration of constraint volume. The gray cylinder represents the volume expressed by Eqs. (19)

and (20) while the red volume is the embedded cuboid of cylinder.

It indicates that the waypoints D = [d0, d1, . . . , dN−1]
T generated in Subsection 3.1 are to be reached or

approached at T = [t0, t1, . . . , tN − 1]T. Following [16], Eq. (17) can be expressed as

Con(waypoints) = (HC −D)T(HC −D)

= ĈT(HTH ⊗ Id)Ĉ − 2D̂T(H ⊗ Id)Ĉ + D̂TD̂, (18)

and HTH ⊗ Id is positive semi-definite. To exactly reach the waypoints, we can set HC −D = 0 for all
dimensions, thus generally resulting in an aggressive flight.

3.3.2 Feasibility constraints

Considering the sensor capability and state saturation, we must enforce a number of constraints to fit
the physical limits on the thrust, body rate and speed when performing the tracking task. The thrust
limits can be satisfied by

‖f‖ =
√
ẍ2 + ÿ2 + (z̈ + g)2 6

fmax

m
, (19)

z̈ > z̈min >
fmin

m
− g, (20)

where [x, y, z] denotes the position of quadrotor, f is the total thrust of vehicle, fmax and fmin respectively
represent the maximum and minimum values of thrust, m is the mass of quadrotor, g is gravity, and z̈min

is a pre-fixed design variable. The maximum body rate ωmax should be limited by
√...
x 2 +

...
y 2 +

...
z 2 6 (z̈min + g)ωmax. (21)

From [16], the axes-coupled dynamical limits are transformed into linear constraints by finding the
embedded convex polytopes. Meanwhile, the horizontal and vertical axes are assigned with different
limits in terms of their dynamical differences.

In practice, a cylinder (Figure 6) which satisfies Eqs. (19) and (20) is used to cover a larger volume
√
s2x + s2y 6 shmax,

svmin 6 sz 6 svmax,
(22)

where [sx, sy, sz] represents the vehicle’s state including the velocity, acceleration and jerk. shmax and svmax

are the maximum along horizontal and vertical direction respectively. In this paper, the embedded cuboid
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is selected as the constraint space to improve efficiency of calculation. Since the nth order derivative B-

spline S
(n)
k is another B-spline curve with a new set of control points, we can limit the velocity, acceleration

and jerk by the same method as safe corridor constraint does.

3.3.3 Sequential planning

Once the feasible waypoints are obtained, the whole target tracking process can be reformulated as a
sequential motion planning problem for the quadrotor with boundary state constraints:

min J = ĈT(Vn ⊗ Id +HTH ⊗ Id)Ĉ − 2D̂T(H ⊗ Id)Ĉ + D̂TD̂

s.t. AeqĈ = beq, AieqĈ 6 bieq,
(23)

where the cost function is formulated with consideration of the smooth response and the waypoint ap-
proximation. In constraint conditions, the equation term represents boundary state constraints while
the inequality includes dynamics and safety limits. Since the optimization problem is a typical con-
vex quadratic program under linear constraints, the presented tracking trajectory generation method
for quadrotor is numerically robust, which indicates that solution can be found efficiently by general
off-the-shelf optimization solver in Matlab. To cope with the exception of Hessian matrix H, an effi-
cient open-source C program, dynamically linked against Matlab using Mex file, is adopted. The whole
algorithm for tracking trajectory generation is described as Algorithm 2.

Algorithm 2 The sequential planning

Input: Cost function J, waypoints W (tf ).

Output: C, control point matrix of spline trajectory.

1: for each planning horizon do

2: Update the waypoints W (tf );

3: Generate SFC;

4: C ← iterateQP(J,C,W (tf ));

5: Return C;

6: end for

4 Simulations and analysis

This section presents the simulation results to demonstrate the feasibility and robustness of the proposed
framework for target tracking in cluttered space. The original target tracking problem, which is formu-
lated as the QP, is solved using a general convex solver Quadprog supplied by Matlab. In our simulations,
the order of the spline trajectory is set as k = 4 while the predicting period ∆t and planning frequency
are set as 2 s and 1 Hz respectively.

4.1 Smooth trajectory generation

In this subsection, resultant results of smooth trajectory generation for quadrotor, fully considering the
flight safety, physical limits, and boundary state, are studied. For comparison, an existing method [15]
which relies on high order polynomial curve is adopted. The SFC consisting of several convex polytopes is
generated by the method described in Subsection 3.2. The kinodynamic feasibility constraints, determined
by Subsection 3.3.2, are specified by the cylinder on the trajectory’s velocity, acceleration and jerk with
v = [3.0,−0.5, 2.0], a = [3.0,−0.5, 2.0], and j = [5.0,−5.0, 5.0]. In this simulation, the initial and terminal
positions are respectively set as pinit = [1.0 1.0 0] and pterm = [15.0 18.0 3.0], while velocity, acceleration
and jerk are all set as zero. Figure 7 shows the compared trajectories of two methods and the resultant
velocities and accelerations. As shown in Table 1, the above two methods, which have the same total time
of the whole planning process and time allocation for each corridor, are compared in terms of the average
snap cost and computational time. It is obvious that the generated B-spline trajectory gives a lower
cost with a slightly longer computational time. Compared to polynomial curves, B-spline guarantees the
entire safety and kinodynamic feasibility based on its excellent properties mentioned in Subsection 2.2
while polynomial curves may dissatisfy those constraints in many situations. To facilitate such situations,
extra safe waypoint constraints must be added to make it feasible along the entire trajectory, which will
additionally increase the computational cost.



Xi L L, et al. Sci China Inf Sci July 2021 Vol. 64 172209:10

y (m)

z 
(m

)

x (
m

)

B-spline
Polynomial

4

3

2

1

0

−1

V
el

o
ci

ty
 (

m
/s

)

A
cc

el
er

at
io

n
 (

m
/s

2
)

0 2 4 6 8 10 12

Time (s)

0 2 4 6 8 10 12

Time (s)

3

2

1

0

−1

−2

B-spline x

Polynomial x

B-spline x

Polynomial x

B-spline y

Polynomial y
B-spline y

Polynomial y

B-spline z

Polynomial z
B-spline z

Polynomial z

(a)

(b) (c)

Figure 7 (Color online) Trajectory generation results in complex environment. (a) Trajectory generation in complex environment;

(b) velocity; (c) acceleration.

Table 1 Time cost of trajectory generation in complex environment

Method Snap cost Time cost (ms)

B-spline 22.72 33.2

Polynomial 45.68 26.4
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Figure 8 (Color online) Trajectory generation results in narrow corridor. The green dots are the waypoints to approximate or

pass through. (a) 2D illustration; (b) Euclidean distance map illustration.

As shown in Figure 8, different from the general B-spline-based contouring planning methods, we relax
the waypoint constraints as an approximation problem instead of the hard equality constraint, which
significantly saves the control cost. The comparison of smoothness is given in Table 2 to demonstrate
the efficiency of the proposed method. Both two methods represent the trajectories as B-splines, and the
contouring planning should go through the waypoints while the proposed method approximates them. It
is clear that the relaxed method has a lower snap cost.
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Table 2 Snap cost of trajectory generation in narrow corridor

Method Snap cost

Proposed method 48.40

Contouring planning method 76.20
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Figure 9 (Color online) Results of finding feasible waypoints in two different tracking patterns.

4.2 Tracking trajectory generation

In this subsection, we present the tracking trajectory generation for the quadrotor in two patterns.
The quadrotor is tasked to track a moving target in 3D narrow corridor or complex environment. With
consideration of physical performance and constraints, the velocity, acceleration and jerk limits of horizon
are set as ±3 m/s, ±3 m/s2 and ± 8 m/s3, respectively while the vertical limits are set as [−0.5, 2] m/s,
[−0.5, 2] m/s2, and [−5, 5] m/s3.

4.2.1 Results of waypoint generation

To efficiently find feasible waypoints for safe tracking trajectory generation, a fast parallel particle swarm
optimization (PSO) algorithm is employed to efficiently derive a proper solution W (t) which satisfies
Eq. (11) or (12). PSO is almost intrinsically parallel, which means that it can be efficiently implemented
using parallel computing architecture. In this paper, compute unified device architecture (CUDA), a
parallel computing platform, is adopted to save computational cost. Every particle is associated to a
CUDA block while every dimension of the particle is associated to a thread of the corresponding block.
The whole process is described as follows: First, a random initial swarm is defined. Then, all particles
update their positions and velocities in parallel. Thereafter, every particle updates its local best position
through evaluating a Fitness function and the best global position is determined. Afterward, each particle
calculates its new velocity using Eq. (24) as well as new position using Eq. (25).

vj+1
i = w · vji + c1 · rand1 · (α

j
pi − αj

i ) + c2 · rand2 · (α
j
g − αj

i ), (24)

αj+1
i = αj

i + vj+1
i , (25)

where vji is the velocity of particle i while αj
i is its position at the jth iteration. αj

pi is the best position

of the particle and αj
g is the best position of the swarm at the jth iteration. Np is population size and

Nc is the maximum value of iteration (1 6 i 6 Np, 1 6 j 6 Nc). c1 and c2 are the social influence factors
while rand1 and rand2 are random values between 0 and 1. w is the inertia personal influence factor. In
this paper, the parameters are set as follows: Np = 20, Nc = 20, w = 0.4, c1 = c2 = 2.

As shown in Figure 9, in relative tracking pattern, the proper solution W (tc + ∆t) is obtained using
target’s predicted position P (tc + ∆t), dh = 2.8 m, and θ = π/4. Meanwhile, in visibility maintenance
pattern, the feasible waypointW (tc+∆t) is also found with dt = 2.0 m, dm = 0.02 m and target’s future
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Table 3 Parameter configurations

Parameter Value (narrow corridor) Value (complex environment)

dh 2.0 m 2.0 m

dv 3.0 m 2.0 m

θ π/4 π/3

λ 100 100
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Figure 10 (Color online) Trajectory generation results of tracking a moving target in relative tracking pattern in narrow corridor.

The red pluses represent waypoints of moving target while the blue stars are the corresponding waypoints of the quadrotor calculated

by Subsection 3.1.1. (a) t = 2.0 s; (b) t = 4.0 s; (c) t = 6.0 s; (d) t = 8.0 s; (e) t = 10.0 s.

position P (tc +∆t) with consideration of limited filed of view. In those simulations, λ1 and λ2 are given
as 0.8 and 104, respectively.

4.2.2 Results in relative tracking pattern

In this subsection, we present our simulation results of smooth trajectory generation for the quadrotor
when tracking a moving target in relative tracking pattern in a 3D narrow corridor or complex environ-
ment. Some relevant simulation parameters are given in Table 3.

The simulation results in narrow corridor are plotted in Figures 10 and 11. Meanwhile, the resultant
trajectory, as well as the planned velocity and acceleration in the complex environment are shown in Fig-
ure 12. First, as illustrated, the feasible waypoints are found by Subsection 3.1.1 with full consideration of
safety and tracking performance. Then, the tracking trajectory of the quadrotor is generated as expected,
and guaranteeing flight safety, physical limits, and smoothness.

4.2.3 Results in visibility maintenance pattern

In this subsection, we present the simulation results of safe trajectory generation for the quadrotor when
tracking a moving target with consideration of the limited physical properties and field of view of the
onboard sensor in two different environments. The desired distance dt is set as 2 m. The quadrotor
is tasked to execute target tracking in cluttered environments while keeping the target unobstructed as
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Figure 11 (Color online) The planned velocities and accelerations when the quadrotor tracks a moving target in relative tracking

pattern in narrow corridor. (a) Velocity; (b) acceleration.
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Figure 12 (Color online) Trajectory generation results of tracking a moving target in relative tracking pattern in complex

environment. (a) Trajectory; (b) velocity; (c) acceleration.

Table 4 Average time cost

Process Time cost (ms)

Path planning 8.2

Waypoint found 1.8

SFC generation 18.6

Trajectory generation 6.8

expected. The simulation results in narrow corridor are shown in Figures 13 and 14. Meanwhile, the re-
sultant trajectory, planned velocity, and acceleration in the complex environment are shown in Figure 15.
We see some exciting results. First, feasible waypoints for tracking trajectory generation are found by the
method described in Subsection 3.1.2. Then, safe and dynamically feasible trajectories of the quadrotor
are generated to fulfill the tracking task and keep the sight unobstructed.

The target-tracking trajectory generation method proposed in this work has efficient performance
using a parallel PSO algorithm and convex optimization solver. The average time costs in each planning
horizon of the above tracking simulations are shown in Table 4. It is clear that the proposed method
makes it feasible to efficiently generate the tracking trajectory for the quadrotor in cluttered environments.
Benefiting from the excellent properties of B-splines and proper convex polytopes, the quadrotor is always
capable of tracking target and maintaining flight safety and smoothness.
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Figure 14 (Color online) The planned velocities and accelerations when the quadrotor tracks a moving target in visibility

maintenance pattern in narrow corridor. (a) Velocity; (b) acceleration.

5 Conclusion

In this paper, we present a real-time smooth B-spline-based trajectory generation strategy for the quadro-
tor when tracking a moving target in two different patterns with consideration of physical limits and safety
in complex environments. The dynamic and safe constraints are linearized by respectively forming geo-
metrical cuboids where the entire flight trajectory should be squeezed. A parallel PSO method is applied
to find feasible waypoints which the generated splines should be as close to as possible. Then, the whole
problem is formulated as a general convex QP which can be solved efficiently. Simulation results demon-
strate that the proposed method successfully tracks a moving target in different complex environments
while guaranteeing flight safety, kinodynamic feasibility, and tracking performance. In the future, we will
conduct further research on maneuvering target-tracking trajectory generation for quadrotors in dynamic
complex environments.
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