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Model Predictive Local Motion Planning With
Boundary State Constrained Primitives

Shupeng Lai , Menglu Lan, and Ben M. Chen

Abstract—Motion primitives are frequently used to find valid
local trajectories for mobile robots, especially in cases where fast
replanning is required, but the onboard computational power is
limited. In this letter, we present a practical framework for con-
structing motion primitives from boundary state constraints, and
then using them for online planning. The primitives are offline
constructed with either a boundary value problem solver or a
controller. They are then approximated with a neural network
for fast evaluation during online optimization. The references and
nominal inputs are generated in a receding horizon fashion by
solving a model predictive control problem in the continuous do-
main with either gradient-based or gradient-free techniques. The
proposed approach is computationally efficient and has been tested
on quadrotors in real flight experiments, including sensor-based
navigation, flying through a complex three-dimensional environ-
ment, dynamic obstacle avoidance, and tracking moving references.

Index Terms—Motion and path planning, collision avoidance,
motion primitives.

I. INTRODUCTION

MOTION planning for mobile robots can be typically de-
coupled into global planning and local planning phases.

The global planning is responsible for finding the connectivity
information of the environment with the simplified dynamics
model and providing guidance, such as heuristics, to the lower-
level local planner. Local planning is responsible for the real-
time reaction to environmental changes with a detailed dynamics
model. Due to environmental uncertainties, the planning process
is typically repeated in a receding horizon fashion, similar to
the one used in the model predictive control (MPC). In this
letter, we focus on the local planning problem which is solved
by searching in the parameterized space of the robot’s inputs
and producing a dynamically feasible and collision-free local
trajectory according to a predefined cost function.
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Motion primitives (MPs) are frequently used for local motion
planning by spanning a local search tree to abstract a continuous
state space [1]. The best local trajectory can then be found
efficiently via tree searching techniques. According to [2], the
process resembles a localized version of the sampling-based
planning process [3]. To achieve a fast reaction to environmental
changes, the local search tree can often be limited to a single
layer [2], [4]–[7]. Compared to the traditional gradient-based
optimization approaches, it neither requires the environmental
gradient information [8] nor restricts the trajectory in convex
subsets of the free space [6]. However, the sparsity of the
search tree limits the resolution of the solution, restricting its
quality and availability, especially in applications that require
precise maneuvers such as walking over cinder blocks [9] or
tracking a moving reference. The two most common approaches
of generating MPs are 1) sampling in the vehicle’s input space
and then performing a forward simulation, and 2) sampling on
the vehicles’ boundary state constraints, and then generating the
actual motion by solving a boundary value problem (BVP) [1].
With input sampling, though dynamic constraints are inherently
satisfied by forward simulation, it is difficult to ensure a well-
separated coverage in the search space because the state space
response of the sampled input can vary as a non-linear function.
Therefore, we adopt the latter approach and refer to the generated
MPs as the boundary state constrained primitives (BSCPs) which
have been successfully applied to various platforms, including
unicycles [10], autonomous cars [11], [12], rotorcrafts [5], [13],
fixed wings [2], [14] and field robots [15]. With the BSCPs,
a long and feasible trajectory can usually be encoded in a
few parameters, thus effectively reducing the dimension of the
optimization problem and boosting computational efficiency.
However, solving the BVP remains a non-trivial problem and
could potentially be time-consuming.

In this letter, we adopt a neural network (NN) to approximate
the BVP solutions (i.e. the BSCPs) and present an innovative
framework combining BSCPs and MPC for real-time applica-
tions. The main contributions of the letter can be summarized as
follows:
� We formulate the problem of finding the best BSCP as an

optimization problem over the continuous domain. Com-
pared with the traditional tree searching based method, our
method generates a solution of better quality for tasks like
tracking a moving reference.

� We propose two methods to solve the optimization prob-
lem. The first one is gradient-based, where the gradient
is obtained through the backpropagation of the NN. The
second one is a gradient-free method using the NN and the
particle swarm optimization (PSO) to construct a dynami-
cally evolving single layer tree that gradually converges to
the optimal local motion. The PSO inherits the advantages
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of the tree searching techniques while addressing the issue
of the limited resolution of the solution.

� We implement the proposed approach on a real quadrotor
which is capable of navigating in 3D complex environ-
ments, tracking moving references and avoiding dynamic
obstacles.

In our framework, the NN is used to learn the BSCPs offline
and approximate them during online optimization. Therefore,
the BSCPs can be evaluated efficiently by avoiding the time
consuming numerical optimization [16], while not compromis-
ing on motion constraints [13], [17] and optimization targets [5],
[18]. Although a similar effect can be achieved with a look-up
table, a densely constructed look-up table can be prohibitively
large for high-dimensional systems, while a sparse one restricts
the BSCPs’ initial condition to certain selected states [19].

The rest of the letter is organized as follows. In Section II,
the related works are reviewed. The overview of the proposed
approach is given in Section III. Section IV discusses the gener-
ation of the BSCP and its corresponding NN with both quadrotor
and unicycle models. In Section V, we discuss how to solve the
resulting optimization problem with two different methods. The
real flight experiments with quadrotors are given in Section VI.
Finally, concluding remarks are provided in Section VII. All
values presented are in SI units unless otherwise stated.

II. RELATED WORKS

The successful application of MPs in local motion planning
can be traced back to earlier works such as [10], in which the
author uses the current state of the vehicle and the desired head-
ing to encode the MPs. A similar approach can be found more
recently in [5], where each MP is generated from the current state
to the desired end velocity by solving a time-optimal BVP in
closed-form. The best motion is then selected from a collection
of uniformly sampled MPs. However, the trajectory could be
unnecessarily aggressive due to the time-optimal formulation. A
similar method that accepts the desired end position can be found
in [18]. In order to achieve a smooth trajectory, works in [13],
[17] use BVP solvers that minimize the integration of the square
of the trajectory’s high order derivatives. For efficiency, the state
constraints are ignored in the BVP, and an extra checking process
is needed to select the valid motions. In applications such as
on-road driving, biased sampling can be adopted to reduce the
search space. In [12], the MPs are regulated onto a carefully
chosen set of terminal states aligned with the reference path and
inside the lane. For applications where such biased sampling
is not possible, a fixed or randomly generated set of MPs is
usually used to construct the search tree [1], [2], [4], [5]. In [7],
a densely sampled motion primitive library is adopted. During
the online execution, the library that is sufficiently close to the
initial condition is chosen to provide the motions. To improve the
resolution of the solution, [11] selects the best matching motions
from a look-up table and uses them to construct the initial guess
for online optimization. However, the size of the look-up table
grows exponentially with its dimension. Similar approaches can
also be found in [6].

On the other hand, the encoding of complex motions requires
an extra set of latent parameters, such as the dynamic movement
primitive (DMP) [20] which is generated with a predefined
linear system and inputs that are parameterized with Gaussian
basis functions. With the increased number of parameters, it
becomes exponentially expensive to find the best motion by

constructing a search tree. Gradient-based methods, like the
sequential quadratic programming, are then adopted [21]. In
[6], [22], a quadrotor and a model car have been successfully
guided through obstacles by performing such optimization at
each control cycle. However, they require the obstacles to be
considered as well-defined geometric shapes. In sensor-based
navigation, constructing these shapes directly from sensor infor-
mation remains a non-trivial task for a general environment. In
[8], obstacles are modeled with a cost map instead of geometric
shapes. A gradient-based method is then applied to the resulting
non-convex problem. Due to the nature of such problem for-
mulations, failure cases are often observed and require random
restarts of the optimization process. Recently, the use of NNs
for local motion planning has been gaining popularity. It can
either be used to model the complex system dynamics and make
predictions on future states given an input sequence [23], [24],
or substitute the local planner entirely through reinforcement
learning [25]. Complex and long-range motions can then be
generated by combining the local motion with a sampling-based
global planner [25], [26].

III. PRELIMINARY

In this section, the proposed framework is presented with a
general mobile robot model.

A. Problem Formulation

Let x ∈ X denote the robot’s state and u ∈ U represent its
input. Assume it has the dynamics

ẋ = f(x,u), (1)

with invariant constraints

h(x,u) = 0, h̃(x,u) ≤ 0 (2)

which are the collection of state and input constraints that
are invariant to the environment. In contrast, the collision free
constraints

x /∈ O (3)

are environment-dependent with O being the obstacle set. As-
sume the initial condition at time instance t0 is

x(t0) = x0. (4)

Let u(t),x(t), t ∈ [t0, t0 + T ] represent the input and the state
trajectories respectively with T being the planning horizon. The
local motion planning is then formulated as an MPC problem
which minimizes

J = ζ(x(t0 + T )) +

∫ t0+T

t0

L(x(t),u(t))dt (5)

subject to constraints in Equations (1)–(4). The functions ζ, L
are user-defined terminal and running costs. The optimization is
done every τ seconds with the updated robot and environmental
information. Instead of solving the optimization problem di-
rectly, we use BSCPs to reduce its dimension. The BSCP is the
solution of the BVP:

min
u(t),x(t),tf

G(x(t),u(t), tf ) (6)
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subject to constraints in Equations (1), (2), (4) and an additional
end state constraint

g(x(tf ),θ) = 0 (7)

where G is a user-defined cost function, tf is the final time and
θ denotes parameters of g. If x(tf ) happens to be on the trim
manifold [19], it is possible to find a controller that regulates the
system to

‖g(x(tf ),θ)‖ < ε, ∀t ≥ tf , (8)

with ε being a small positive number. We formulate the BVP
such that its solutions û(t), x̂(t), t̂f are uniquely dependent on
θ and x0, which can be represented by the mapping:

S : 〈x0,θ〉 →
〈
û(t), x̂(t), t̂f

〉
. (9)

If x0 is fixed through the measurement process, û(t), x̂(t) are
then determined byθ only. The problem of minimizing Equation
(5) can then be rewritten as

min
θ

J =

∫ t0+T

t0

L̄(θ)dt+ C̄(θ) (10)

with L̄, C̄ being the running and the terminal costs respectively.

B. Method Overview

The optimization problem in Equation (10) is usually solved
sparsely by sampling a set of discrete θ, generating a new trajec-
tory for each θ sample, evaluating all trajectories and finding the
best trajectory among them [2], [4], [5], [13], [27]. In this man-
ner, the optimization space is reduced to sparse discrete samples,
and the solution could be highly suboptimal therefore unsuitable
for tasks requiring precise maneuvers. Another challenge is to
evaluate the mapping S efficiently for real-time applications.
Although efficient closed-form solutions are available for some
vehicles, they often ignore certain state constraints [13], [17]
or require specific cost functions [5], [18]. On the other hand,
numerical methods are usually much slower, therefore limited
to a small number of discrete samples [16].

In the proposed method, we approximate S with a neural
network SNN. With modern hardware, the propagation of SNN

can be evaluated very efficiently, which allows the PSO to be
executed in real-time. The gradient dJ

dθ can also be found through
backpropagation, so that J can be minimized with gradient-
based methods. Although look-up tables can be used for a similar
effect, it could become prohibitively large for high dimensional
systems. In [26], an NN is trained to approximate the solution
of the BVP of a nine degrees-of-freedom (DOF) system. The
corresponding look-up table would have entries on the level of
1018, which is challenging to construct and store.

Our approach consists of an offline training stage and an
online MPC stage.
� Offline: Randomly sample the initial state x0 and the end

state constraint θ. Generate trajectories for these sampled
pairs using adequate BVP solvers or controllers. Finally,
train an NN with x0,θ as inputs and the desired trajectory
information, such as the discrete time samples of x̂(t), as
outputs.

� Online: Each online MPC cycle further consists of three
phases.
1) Update the current state of the vehicle x0 and the

environmental information.

2) With x0 fixed, we search for θ∗ that minimizes J (see
Equation (10)). Given an arbitraryθ, the NN can be used
to approximate the trajectory defined by x0 and θ, or
to find the derivative dJ

dθ . Then, gradient-free (see Sec-
tion V-B) or gradient-based (see Section V-A) methods
can be used to find θ∗ in the continuous domain.

3) With θ∗, the reference trajectory is reconstructed with
the original BVP solver or the controller used in the
offline stage. The reference is rechecked against the
constraints. If the checking fails, we try the trajectory
from the previous MPC cycle. In cases where the con-
straints are still violated, an emergency stop command
is issued.

In this manner, the BVPs are solved at most 2 times (when
constructing the final reference) in the MPC cycle. Furthermore,
because the final reference is obtained through the original BVP
solver or controller, it is kept free from the numerical noise
of the NN. The checking on the final reference guarantees the
soundness of the method.

IV. CONSTRUCTION OF BSCP

In this section, we discuss the construction of the BSCP
and its corresponding NN approximation through a quadrotor
model (Section IV-A) and a second order unicycle model
(Section IV-B).

A. Quadrotor

Following [18], the quadrotor is modeled as a 9 DOF system
with a triple integrator on each of its x, y, z axis. In our previous
work [26], we construct the BSCP by solving a 9 DOF BVP
numerically. Here, we show how to construct the BSCP from
a controller designed through dynamic programming (DP). On
each axis, the 3 DOF discrete-time dynamics of a triple integrator
can be expressed as

xq[n+ 1] = Aqxq[n] + bquq[n] (11)

where

Aq =

⎡
⎢⎣
1 Δt Δt2

2

0 1 Δt

0 0 1

⎤
⎥⎦, bq =

⎡
⎢⎣

Δt3

6
Δt2

2

Δt

⎤
⎥⎦.

with state xq = [p, v, a]ᵀ being its position, velocity, accelera-
tion and input uq = j being its jerk. The invariant constraints
are:

v ∈ [vmin, vmax] , a ∈ [amin, amax] , j ∈ [jmin, jmax] (12)

where the limits might be different for each individual axis.
The controller regulates the triple integrator from an arbitrary
initial state to a desired set point xqd = [θq, 0, 0]

ᵀ. The end state
constraint is

gq(xq, θq) = xq − xqd = [p− θq, v, a]
ᵀ = 0 (13)

We define the relative state x̄q and relative position p̄ as

x̄q = xq − xqd, p̄ = p− θq. (14)

Substituting Equation (14) into (11) gives

x̄q[n+ 1] = Aqx̄q[n] + bquq[n]. (15)
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TABLE I
DETAILS ON THE NEURAL NETWORKS

* MSE: Mean Squared Error. MLP: Multi-Layer Perceptron.

The target now is to regulate x̄q to zero. We use the value function
V (x̄q) to denote the remaining cost from x̄q to the origin, and
it follows

V (x̄q[n]) = C(x̄q[n], uq[n]) + V (x̄q[n+ 1]). (16)

where C(x̄q, uq) is the instantaneous cost. In our implemen-
tation, it is responsible for regulating the system to the origin
while satisfying Equation (12) as soft constraints. Therefore, it
is given as

C(x̄q, uq) = x̄ᵀ
qHx̄q + ru2

q +Hp(x̄q, uq) (17)

where

Hp(x̄q, uq) = wvη
2(v, vmin, vmax) + waη

2(a, amin, amax)

+ wjη
2(j, jmin, jmax)

with η(k, k1, k2) = max (k1 − k, 0) + max (k − k2, 0), k, k1,
k2 ∈ R and wv, wa, wj being weighting factors. Here, Hp(x̄q)
acts as a soft constraint to penalize the violation of Equation
(12). As a necessary condition, the minimum value function for
each state is achieved when

V ∗(x̄q[n]) = min
uq [n]

C(x̄q[n], uq[n]) + V ∗(x̄q[n+ 1]) (18)

is satisfied for all x̄q of interest. Equation (18) is called the Bell-
man equation and can be solved by discretizing the state/input
space and performing value iteration. The resulting optimal
policy π(x̄q) is obtained as a lookup table. With the policy, a
unique state trajectory can be obtained by regulating the system
(given in Equation (11)) from a given initial state to the origin.
The process is represented through mapping

x̄q(t) = S̄(x̄q0), μq = R̄(x̄q0) (19)

where x̄q(t) is the relative state trajectory, μq =
∫
u2
q(t)dt is the

integration of the square of the input and x̄q0 is the relative initial
state. From Equation (14), there is x̄q0 = xq0 − xqd with xq0

being the real initial state. The real state trajectory is recovered
as xq(t) = x̄q(t) + xqd.

In order to limit the size of the NN so that it can be deployed
on devices without GPU, we learn the mapping from x̄q0 to
the relative position p̄(t) instead of the full relative state x̄q(t).
By discretizing p̄(t) at 2 Hz for 20 seconds into the future
and cascading the result with μq , the output of the NN is a
41× 1 vector, whereas its input is a 3× 1 vector (the size
of x̄q0). The training data is collected by randomly sampling
x̄q0 and generating trajectories through forward simulation with
the optimal policy π(x̄q). The sampling volume shall be large
enough such that the generated trajectories cover the state limits
in Equation (12). The NN is trained using PyTorch with the
Adam optimizer and more of its details can be found in Table I.
Although a more complex NN can be used to further reduce
the training error, the four-layer rectifier (ReLU) multi-layer
perceptron (MLP) is adopted for its efficiency on CPU-only

platforms. In this letter, no emergency stop command is issued
through all simulations and experiments with the trained NN.

B. Second Order Unicycle

By reusing some of the symbols in Section IV-A, the model
of the second order unicycle can be expressed as

ẋ = v cos(φ), φ̇ = ω

ẏ = v sin(φ), ω̇ = β

v̇ = a
(20)

where xc = [x, y, v, φ, ω]ᵀ is the state of the vehicle. Here, x, y
are its positions on the 2D plane, v, φ, ω are its speed, heading
angle and angular speed, the input uc = [a, β] includes the
translational and angular acceleration. The invariant constraints
are:

v ∈ [vmin, vmax] , a ∈ [amin, amax]

ω ∈ [ωmin, ωmax] , β ∈ [βmin, βmax]
(21)

The end state constraints are enforced on the heading and the
velocity as:

gc(xc,θc) =

[
0 0 1 0 0

0 0 0 1 0

]
xc −

[
θv
θφ

]

︸ ︷︷ ︸
θc

= 0, (22)

with θv being the end velocity and θφ being the end head-
ing. To solve the BVP, the velocity v is varied linearly with
a = {amin, amax, 0} towards θv. On the other hand, the heading
trajectory is solved as a non-linear optimization problem using
the time-bisection method presented in [26] for a smoother
response. With the velocity and the heading generated, the
overall system trajectory is then constructed through forward
simulation. Other trajectory generation methods can also be used
as long as the solved trajectory xc(t) is uniquely dependent on
the initial condition xc0 and the end state constraint θc. The
mapping from xc0,θc to the trajectory is denoted as

xc(t) = Sc(xc0,θc) (23)

Similar to Section IV-A, the mapping can be learned with a neu-
ral network ScNN. Since the trajectory can be easily translated
and rotated, we assume it always starts from x = 0, y = 0, φ =
0. The NN has an input size of 4× 1 including the desired speed,
the desired heading, and the remaining initial states ω0, v0.
By sampling the resulting position trajectory at 10 Hz for the
future 4 seconds and cascading the result with the total energy
consumption, the output of the NN is an 81× 1 vector. More
details of the network can be seen in Table I. The NN can be
evaluated in 50 μs, while solving the BVP numerically takes
107 ms, both computed in the Matlab with an I7 CPU.
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V. MODEL PREDICTIVE MOTION PLANNING WITH BSCP

In this Section, the BSCP is applied to solve the MPC problem
in Equation (5) for local motion planning applications. Unlike
previous methods, the optimization problem is solved in the con-
tinuous domain in this work. In Section V-A, the gradient-based
method is adopted to find the optimal motion. The cost gradient
is obtained through backpropagation of the NN. In Section V-B,
the PSO is adopted for solving the optimization problem. The
commonly used single layer local search tree is, in fact, a PSO
with only one iteration.

A. Gradient Based Method

Gradient-based methods are widely used in solving optimiza-
tion problems. Given a cost function J(x(t),u(t)) and a fixed
initial state x0, the best BSCP can be found by descending θ

in the direction of dJ(x(t),u(t))
dθ , where θ is the parameter of the

end state constraints defined in Equation (7). With the chain rule,
there is

dJ(x(t),u(t))

dθ
=

∂J

∂x(t)

∂x(t)

∂θ
+

∂J

∂u(t)

∂u(t)

∂θ
. (24)

Usually, the ∂J
∂x(t) and ∂J

∂u(t) can be evaluated analytically as long
as the cost function is smooth and directly defined on x(t) and
u(t). On the other hand, the analytical evaluation of the ∂x(t)

∂θ

and ∂u(t)
∂θ requires a closed-form solution to the BVP problem.

For BSCP generated with numerical solvers and controllers, the
gradient needs to be found through numerical differentiation. It
is time consuming as solving the BVP or performing forward
simulation could both be expensive. With the NN approximated
mapping, ∂x(t)

∂θ and ∂u(t)
∂θ can be efficiently evaluated through

backpropagation following the work in [23].
We illustrate the process of finding the dJ

dθ using the quadro-
tor’s model. We first consider a flying-through problem where
the vehicle is tasked to pass a waypoint at a specific time ts. It
can be achieved by minimizing the following cost function

J =
1

2
(p(ts)− pw)

ᵀ(p(ts)− pw) (25)

where p(ts) is the position of the quadrotor at time ts and pw is
the position of the waypoint. Combining Equation (14), there is

J =
1

2
(p̄(ts) + θq − pw)

ᵀ(p̄(ts) + θq − pw). (26)

Taking the derivative to θq gives

dJ

dθq
= (p̄(ts) + θq − pw)

(
dp̄(ts)

dθq
+ 1

)
. (27)

With the mapping in Equation (19) and its NN approximation
S̄NN, there are

p̄(t) = S̄NN(x̄q0) (28)

and

dp̄(t)

dθq
=

dS̄NN

dx̄q0

dx̄q0

dθq
. (29)

Here, the dS̄NN

dx̄q0
can be evaluated through the backpropagation

of the S̄NN [23]. Moreover, there is x̄q0 = xq0 − [θq, 0, 0]
ᵀ

with xq0 being a constant. Therefore, dx̄q0

dθq
can be calculated

Fig. 1. Predicted vs actual trajectory of the quadrotor in gradient descent.

Fig. 2. Single axis trajectory tracking with the quadrotor.

analytically. Substituting Equation (29) into (27), the gradient
dJ
dθq

is acquired, and methods like [28] can be used to minimize
the cost J . In Figure 1, we use the gradient descent method
to find a trajectory that guides the quadrotor on a 2D plane to
pass through a waypoint at pw = [−1, 5] at ts = 3. The initial
states are p0 = [0, 0], v0 = [2, 1] and a0 = [−1,−1]. The same
optimization procedure can also be used for the MPC problem
in Equation (6). For example, given a reference signal pref(t),
trajectory tracking can be achieved by minimizing the cost
function:

J =

∫ t0+T

t0

(p(t)− pref(t))
ᵀ(p(t)− pref(t))dt (30)

in the MPC’s receding horizon fashion. For the ease of visual-
ization, we track a reference signal on a single axis in Figure 2.
The reference signal is a combination of step, cosine and ramp
signals. It is not always smooth and dynamically feasible to the
quadrotor. However, thanks to the underlying MPs, the invariant
constraints are always satisfied with an average tracking error
of 0.64.

B. Particle Swarm Optimization
In this section, we combine the BSCP with the PSO for local

motion planning. Methods based on single layer search trees
are a special case of the PSO algorithm, and they can be easily
adapted into the PSO scheme for optimization in the continuous
domain. PSO is a gradient-free technique, and it is capable of
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Fig. 3. Comparison of the tracking performance between using PSO and the
uniform sampling applied on a second order unicycle.

Algorithm 1: Particle Swarm Optimization.
Input: xini,M(map)
Output: θ∗ (best end state constraint)

1: Θ← Particle_Initialization();
2: c∗i ←∞, θ∗i ← θi, δi ← rand, ∀i ∈ [1, size(Θ)]
3: for m = 1 to MAX_ITERS do
4: for each θi ∈ Θ do
5: [x(t), u(t)] = SNN(xini,θi)
6: ci = J(x(t), u(t),M)
7: if ci < c∗i then
8: c∗i = ci
9: θ∗i = θi

10: i∗ = argmin
i

(c∗i )

11: θ∗ = θi∗

12: for each θi ∈ Θ do
13: δi = δi + k1 · rand · (θ∗i − θi) + k2 · rand ·

(θ∗ − θi)
14: θi = θi + δi

finding the solution even the cost function is non-continuous.
The PSO process is given in Algorithm 1. First, a finite set of
particles Θ is initialized (line 1). Each particle represents an end
state constraint. For the ith particle θi, θ

∗
i denotes its best value

among all previous iterations with c∗i being the corresponding
cost value. The δi is its velocity in the parameter space. They are
initialized in line 2 either randomly or with a predefined pattern.
Within each iteration, we evaluate each particle with a cost
function J (line 5–6), and update c∗i , θ

∗
i (line 7–9). During the

evaluation process, the state trajectory is obtained with the NN
mappingSNN, and evaluated againstJ with current environment
mapM. Then the global best target θ∗ is found in line 10–11.
Finally, the particle velocity and its location are updated in line
12–14. It is worth noting if the PSO is limited to one iteration, it
becomes a local search tree based method. In line 1–9, a single
layer search tree is constructed. In line 10–11, the best trajectory
is selected from the tree. With multiple iterations, the search tree
is gradually modified and converged to the optimal value.

In Figure 3, a second order unicycle presented in Section IV-B
is tasked to track a moving reference. Its invariant constraints
are v ∈ [−0.5, 4], a ∈ [−2, 2], ω ∈ [−1, 1] and β ∈ [−2, 2]. The
cost function is

J =

∫ t=t0+T

t=t0

Qc(xc(t)) + wrRc(θc)dt

Qc(xc(t)) = (xc(t)− xcref(t))
ᵀ(xc(t)− xcref(t))

Rc(θc) =
∥∥θc − θc,previous

∥∥
2
. (31)

TABLE II
PERFORMANCE OF PSO AND UNIFORM SAMPLING

Fig. 4. Motion planning in the indoor environment.

The tracking is done using MPC with prediction horizon T = 4s
and the re-planning frequency of 2 Hz. In each MPC iteration,
we compare the PSO’s performance with the uniform sampling
strategy [5], [7], and the random sampling strategy [2]. In
the uniform/random sampling cases, 100 uniformly/randomly
sampled end state constraints are drawn from θv ∈ [−0.5, 4] and
θφ ∈ [−0.9π + φ0, 0.9π + φ0] with θv, θφ defined in Equation
(22) and φ0 being the initial heading. The PSO has 10 randomly
initialized particles and is iterated for 10 times. Here, we use
the unicycle BSCP presented in Section IV-B. All methods have
the same computational burden of evaluating 100 trajectories.
The result can be seen in Figure 3. Compared to the uniform
and random sampling, PSO gives a much smoother trajectory
by optimizing in the continuous domain. The smoothness is

measured by calculating ηφ =
∫
ω2(t)dt
Ttotal

, ηv =
∫
a2(t)dt
Ttotal

where
Ttotal is the total time of the trajectory. The comparison of
the smoothness and the average tracking error are given in
Table II. The values are acquired as average of 10 consecutive
runs. Besides tracking a moving reference, the PSO method
is also suitable for guiding the vehicle in an obstacle-strewn
environment. Here, we use it to guide a quadrotor in a simulated
indoor environment. Following Equation (11), where xq is the
vehicle’s state on a single axis, we use Xq = [xq

ᵀ
x,xq

ᵀ
y ,xq

ᵀ
z ]

ᵀ

to denote the vehicle’s state in the 3D space. The cost function
for indoor navigation is then

J =

∫ t=t0+T

t=t0

Hq(Xq(t)) +Oq(Xq(t))dt (32)

The local motion is encoded with the BSCP and the MPC is
executed at 4 Hz with a prediction horizon of 10 seconds. Here,
the heuristic Hq is the remaining distance to the target and is
estimated by a global planner. The ability of the vehicle to
handle non-convex obstacles depends on the accuracy of Hq .
Following [4], we use Dijkstra’s algorithm to calculate Hq for
each grid in the workspace. In practice, efficient methods like
[3], [29] can be used to estimate the heuristics partially. The
incomplete heuristics can then be updated with hierarchical
planning techniques [30]. The details on the integration of the
global and the local planner are out of the scope of this letter. The
obstacle cost Oq is defined upon a cost map (see Figure 4(a) and
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TABLE III
TIME CONSUMPTION BETWEEN NN AND FORWARD SIMULATION

Fig. 5. The real flight experiment of flying through complex environments
to reach a series of targets. The location of the next target is not known to the
quadrotor until it reaches the current target. (The obstacle plots are for illustration
purpose only, the planning is based on an EDT map.)

4(b)). Each grid in the map is given a cost value depending on its
distance γ to the nearest obstacle. The obstacle cost Oq(Xq(t))
is then evaluated as the sum of the cost of the grids that are
occupied by the robot while atXq(t). One possible way to assign
the grid cost is through the dilation. Specifically, a grid with
γ < rs can be identified and assigned with a high-cost value,
where rs is a design factor. However, the resulting cost function
jumps at the edge of the dilated obstacles. To get a smooth cost
map, techniques such as Euclidean distance transform (EDT)
are often used, but incurring a higher computational burden.
Unlike the gradient-based method [8], a smooth cost map is
not a necessity for the PSO algorithm. Figure 4(a) and 4(b)
demonstrate the PSO planning results on both non-smooth and
smooth cost maps. Furthermore, we compare our BSCP (from
Section IV-A) to the state-of-the-art one [18] by examining the
smoothness of the overall trajectory. A hundred consecutive sim-
ulations are conducted with randomly sampled initial and target
positions in the indoor environment (Figure 4(b)) using both
BSCPs, and the vehicle always safely reaches the target. The
smoothness is then evaluated with the time-averaged integration
of the square of the jerk (denoted as ηj) [13]. The one from [18]
gives ηj = 4.44× 105, while the proposed BSCP results in a
much smoother flight with ηj = 7.87× 103. The BSCP in [18]
is set to be time optimal for an efficient closed-form solution
but causes unnecessary aggressive maneuvers. In contrast, our
BSCP optimizes a multi-objective target that includes the square
of the jerk, therefore generates a smoother response. In terms
of computational efficiency, the two methods are close to each
other. The NN of our BSCP can be evaluated in 3 μs in PyTorch
with the TX2 GPU while the BSCP in [18] takes 2.5 μs in C++
with an I7 CPU.

VI. EXPERIMENT WITH QUADROTORS

In this Section, the performance of the proposed framework
is studied with real flight experiments on quadrotors (the ex-
periment video is in the attached file). The BSCP used here is
the one discussed in Section IV-A. The NNs used for the model
prediction can be seen from Table I. To solve the optimization
problem, we use the PSO algorithm presented in Section V-B.
The calculation within each iteration is implemented parallelly
to utilize the modern multicore hardware fully. In Table III, we

Fig. 6. Real flight experiments of trajectory following. In the case that an
obstacle blocks the desired trajectory, the quadrotor could avoid it by deviating
from the path and converge back to it afterward.

Fig. 7. Real flight experiments of sensor based navigation in an underground
car park. (The obstacle pillars are for illustration purpose only, the environment
is priorly unknown. The cost map is constructed with a ZED camera and an
RP-lidar.)

compare the time consumption between evaluating the NN and
forward simulation for 20 seconds. The NN helps to increase
the efficiency on both the CPU and the GPU.

In Figure 5, the quadrotor is tasked to fly in a 4 m× 4 m× 2 m
space containing 7 pillars and 13 strings. The online planning
is done wirelessly on a laptop equipped with an Intel I7 CPU.
The quadrotor has no prior knowledge about the locations of its
targets. It is given the next target only if it enters the reaching
radius (0.3 m) of the current one. The localization and obstacle
sensing are achieved with the VICON system. The environment
is represented as a 3D EDT map. For the PSO algorithm, 40 par-
ticles are iterated over 20 times, which averagely takes 14 ms on
the I7 CPU. The model predictive planning is executed at 10 Hz.
The experiment is repeated 4 times consecutively. The quadrotor
can reach every target safely in all trails. The maximum speed
reached is 1.39 m/s with an average speed of 0.74 m/s. With the
10 Hz replanning rate, the quadrotor is also capable of avoiding
dynamic obstacles (see the experiment video).

Moreover, our method also allows for obstacle avoidance
while following a reference trajectory. In Figure 6(a), the vehicle
follows a given trajectory with an average tracking error of
0.31 m. In Figure 6(b), a pillar is added to block the desired
trajectory with a forbidden radius of 1.2 m. The vehicle auto-
matically avoids the obstacle and converges back to the reference
trajectory afterward. The reference trajectory can also be given
online by another moving object such as a marker in the user’s
hand (see the experiment video). Finally, the proposed method
is tested with sensor-based navigation tasks in an underground
car-park which has approximately 0.02 pillars per m2. The vehi-
cle has no prior information of the environment; the localization
and mapping are achieved with a ZED stereo camera and an
RP-lidar laser scanner. All algorithms are running onboard with
a TX2 computer. The PSO uses 15 particles over 10 iterations
which consume 14 ms on the TX2 CPU averagely. In Figure 7(a),
the vehicle performs a zig-zag flight among 4 waypoints while
avoiding obstacles, the maximum speed reached is 3.25 m/s,
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and the average speed is 2.0 m/s. In Figure 7(b), the vehicle flys
forward for about 40 m, the maximum speed reached is 2.5 m/s,
and the average speed is 1.7 m/s. A total of 12 similar flight ex-
periments are conducted. The total length of the flight is 933.2 m,
and the quadrotor is always capable of reaching the targets safely.

VII. CONCLUSION

In this letter, we have presented a local motion planning frame-
work based on BSCPs and model predictive control. By approxi-
mating the BSCP with a neural network, it allows the fast evalua-
tion of local trajectory and its derivative against the cost function.
Furthermore, we formally express the local motion planning
with BSCPs as an optimization problem where the programming
variables uniquely define the end state constraints. With two dif-
ferent optimization techniques, we demonstrate that the resulting
optimization problem can be solved efficiently in the continuous
domain. It gives an increased performance for tasks that require
precise maneuver. It also allows the BSCPs without closed-form
solution to be used in online optimization with algorithms such
as the PSO. Finally, the proposed method is tested with real flight
experiments on quadrotors for various tasks.
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