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Assignment of Complete Structural Properties
of Linear Systems via Sensor Selection
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Abstract—For © = Ax + Bu, the problem of structural assign-
ment via sensor selection is to find an output equation, y = Cx +
D, such that the resulting system (A, B, C, D) has the pre-spec-
ified structural properties, such as the finite and infinite zero struc-
tures as well as the invertibility properties. In this paper, we estab-
lish a set of necessary and sufficient conditions under which a com-
plete set of system structural properties can be assigned, and an ex-
plicit algorithm for constructing the required matrix pair (C, D).

Index Terms—A ctuator selection, finite zeros, infinite zeros, Kro-
necker invariants, linear systems, sensor selection, structural as-
signment.

I. INTRODUCTION

HE problem of assigning structural properties of a linear
system via sensor selection [1] is, for a linear system
T = Az + Bu,

zeR", uweR™ (D

to find a system output
y=Czx+ Du 2)

such that the resulting system (A, B, C, D) has all the pre-spec-
ified structural properties, such as the finite and infinite zero
structures and the invertibility properties [2]. Such a problem
is also referred to as the sensor selection problem. Another
problem that is dual to the sensor selection problem is the
actuator selection problem, which is, for a given matrix pair
(A,C), to find a matrix pair (B, D) such that the resulting
system (A, B, C, D) has the desired structural properties.

Recall that the system matrix pencil Ps(s) is defined
for the system X characterized by (1), (2) or the quadruple
(A7 B? C? D)

Pz(s) =

{A—s[ B] 3)

c D

The structural assignment problem can thus be viewed as a ma-
trix pencil completion problem. That is, for given A and B, find
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C and D such that Ps(s) has the pre-specified Kronecker in-
variants [3].

Solutions to the sensor and actuator selection problems would
build a linkage between achievable control performances and
hardware implementation, and provide a foundation upon
which trade-offs can be incorporated in an early stage of overall
engineering design process. Traditionally, control theory views
actuators and sensors as a part of system dynamics and focuses
only on analysis and control design for the system under a given
set of actuators and sensors located at their fixed locations. It
is now widely recognized that achievable control performances
hinge on the selection of sensors and actuators along with their
locations, which together with the plant dynamics, determine
the structural properties of the overall system. Indeed, very
often, significant performance improvement can be achieved
by simple relocation of some of the sensors and actuators. For
example, it is well understood that it is troublesome to deal with
systems with nonminimum-phase finite zeros in control system
design. However, the designer is fortunately able to remove the
troublesome nonminimum-phase finite zeros and obtain better
performance by appropriately adding or relocating sensors or
actuators.

The selection of sensors and actuators and their locations also
arises in a variety of other applications, such as flexible struc-
tures [4]-[7], distributed processes [8]-[10], wireless networks
[11], fault detection and isolation [12], and maneuvering targets
tracking [13].

The complete set of invariants of matrix pencils under nonsin-
gular transformations are captured by Kronecker invariants as
finite and infinite elementary divisors, and column and row min-
imal indices [3]. A numerically stable algorithm for computing
Kronecker invariants can be found in [14]. In 1973, by taking
a geometric approach, Morse [2] established that the structure
of a linear system is completely characterized by a set of in-
variant factors 7; and three sets of integers, 7, Z3 and 7y, all
of which are invariant under nonsingular state, input and output
transformations, state feedback and output injection. In partic-
ular, the invariant factors Z; represents the finite zero structure
of the system, 7, represents its infinite zero structure, and Z»
and 73 characterize its right and left invertibility properties re-
spectively. We note that Morse index lists Z7, 75, Z3 and 7,
coincide with the Kronecker invariants of system matrix pencil
(3). In particular, 7 is the finite elementary divisors, Z and 73
are respectively the column and row minimal indices, and Z is
related to the infinite elementary divisors.

The problem of structural assignment was first studied
by Rosenbrock in [1], in which finite zeros are assigned by
choosing the output matrices. Indeed, most results on the
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structural assignment have pertained to the assignment of finite
zero (invariant zero or transmission zero) structures (see, e.g.,
squaring down [15]-[19], feedforward [20], structured additive
transformations [21]). The finite zero assignment can be treated
as a pole assignment problem with state or output feedback
[22]-[24]. Boley and Dooren [25] studied the problem of zero
placement for an arbitrary matrix pencil by the addition of new
rows or columns and shown how additional rows or columns
can be appended to place as many zeros as possible.

In 1995, [26] proposed a technique which is capable of simul-
taneously assigning finite and infinite zero structures. Recently,
we made an attempt to deal with the assignment of a complete
set of system structures, including finite and infinite zero struc-
tures and invertibility structures [27]. In particular, in [27], we
identified a set of sufficient conditions, and under these condi-
tions developed an algorithm that leads to the assignment of a
complete set of structural properties.

The structural assignment problem was solved in [28] in
terms of homogeneous invariant factors when the underlying
field is infinite. However, as pointed out in [29], it is very
difficult to extract from the relations provided in [28] a set of
necessary and sufficient conditions that ensure the existence of
C and D such that the system (A, B, C, D) has the prescribed
infinite elementary divisors. Motivated by this observation,
[29] adopted a similar strategy as in [1] to present a set of
necessary and sufficient conditions under which an infinite zero
structure can be assigned. More recently in [30], we established
a set of necessary and sufficient conditions for the assignability
of a set of structural properties which includes finite zeros,
infinite zeros and row minimal indices, and provided an explicit
algorithm to construct the required matrices.

We also note that there are many results on a related matrix
pencil completion problem [31], [32]. This problem is, for
E,A € R"™P, to find matrix pencils Hi2(s), Ho1(s) and
Hos(s), such that

SE — A ng(s)
Hgl(s) H22(3)

has the pre-specified Kronecker invariants. Dodig in [33], [34]
gave a set of simple and explicit necessary and sufficient condi-
tions for the existence of a matrix pencil with prescribed Kro-
necker invariants and a regular subpencil. These results in gen-
eral do not apply to the structural property assignment problem
considered in this paper, in which only constant matrices C' and
D, rather than matrix pencils Hq2(s), Ho1(s) and Hao(s), can
be selected.

In this paper, we will establish a set of necessary and suffi-
cient conditions for the assignability of a complete set of struc-
tural properties, including the finite and infinite zeros properties
and the invertibility properties, and will develop a numerical al-
gorithm for the explicit construction of the required pair (C, D).
As a result, we give a complete solution to sensor and actuator
selection problems.

The remainder of this paper is organized as follows. Section II
includes some background materials. Section III presents some
preliminary results which will lead to our main results in
Section IV. Section V contains some examples that illustrate
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various aspects of the results of this paper. Section VI concludes

the paper.
Throughout the paper, we use = {1,223, +,2n} to de-
note a set and © = [z1,x9,- -, x,] an ordered set. Set minus

between two sets = and y is denoted as z \ y. For any z =
{£1,22, -, 2,} € R", :17[1] > :L'[Q] > o 2 Ty denotes
the elements of = in the non-increasing order. Similarly, =) <

T2y < -+ < Iy denotes the elements of z in the non-de-
creasing order. For two polynomials « and (3, |3 denotes “«
divides 3,” and d(«) denotes the degree of «.. For an integer k,
denote g, = [1 01y (k_1)] € RY*F

O, = [0(’“11)“] eRF, N, = [8 I’“’O_l] € RFk,

II. BACKGROUND MATERIALS

Definition 2.1:

k k
217[7:] < 211[1117 k=1,2,---,
i=1 i=1

or, equivalently
n

k n
L (4) Zzy<L)/ k=1,2,---,n—1, Zx(L):Zy(L)
=1 1=1 1=1

When z < 9, z is said to be majorized by y (or, y majorizes
x). This notation and terminology were originally introduced in
[36].

Definition 2.2: [35] For z,y € R™, x <% vy, if

k k
ZI ZZQ(L), k=1,2,---,n.
=1 =1

When x <" y, x is said to be weakly supermajorized by y.
Equivalently, we write y =" x.
Definition 2.3: Forz,y € R™, z < y, if

[35] For z,y € R™, z < vy, if

-1, sz = Z’lj[q

k

>

i=1

Next we recall the equivalence of matrix pencils [3]. For a
matrix pencil sM — N, there exist nonsingular matrices ) and
P such that

Q(sM — N)P =
[blkdlag {s1-7. 14,

T

'7Llpb7Rr17"'7R ,I—SH} 0
0 0
4

where J is in the Jordan canonical form, and s/ — J has the
following 3:2_, d; pencils as its diagonal blocks

S—ﬂi -1

SIm«j - me‘ (Bi) = [?) 1
S — Ui —

s — fi
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j=12---,d;,1 =1,2,---,6. Ly,, i = 1,2,---,py, is an
(I; + 1) x I; bidiagonal pencil, and R,.,, i = 1,2, - -, m,, is an
r; X (r; + 1) bidiagonal pencil, i.e.,
-1

. s —1
L), = 5 o , R, = .

K s -1

s

Finally, H is nilpotent and in Jordan canonical form, and I —sH
has the following mq pencils as its diagonal blocks

1 —s
Inj+1 — SJn].+1(O) = -
1 —s
1
7 =1,2,---,mq. Then, invariant factors of .J are finite elemen-
tary divisors. The sets {r1,72,--,7m_ } and {l1,l2,--- .1, }

are column and row minimal indices, respectively. Lastly,
{(1/s)™*L 5 = 1,2,--- mgq} are the infinite elementary
divisors. The form (4) is called the Kronecker canonical form.

In what follows, we recall the controllability indices and the
nice basis indices of a pair (A, B) with A € R"™*™ and B €
R™>*"™_ There exists only finite elementary divisors and row min-
imal indices in the matrix pencil [sI — A — B]. The zeros of
finite elementary divisors are the set of uncontrollable modes,
while row minimal indices are the controllability indices of the
pair (A, B). The controllability indices can also be computed
from

Z(A,B,j) = [biby - bp:Aby Aby - -« Ay, - -

AT AT by AT
where b; is the ith column of B, and j is a non-negative integer.
Search for linearly independent columns of =( A, B, n) from left
to right and rearrange them as
biAby -+ A¥ by by Aby - A2 Dy -

o by Aby, - AP,

The controllability indices of the pair (A, B) are defined as
k = {ki, ko, km}. If 22 k; = n, the system (A, B) is
controllable.

Consider an ordered set of non-negative integers 7 =
[T1, 72, , Tim], wWe define a function © as

O(A,B,7) = [byAby --- A" " byiby Aby - - A7 hy: - -
e iby Abpy - AT,

When 7; = 0, items related to b, are eliminated from
O(A, B, ).

Definition 2.4: [37] The ordered set of non-negative integers
r = [r1,72, -+, m] is called the indices of a nice basis asso-

ciated with a controllable pair (A, B) if ©(A, B, r) is nonsin-
gular.
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It is obvious that if 7 is the indices of a nice basis, then

S = n.
We next recall some properties of the controllability indices
k of the pair (A, B). Define

¢ =rank(2(4,B,j)), j=1,---,n
and let £, = 0. We have
fj — 51;1 :card{i S {172.,---7m} t k; ZJ}
26 — &1 — & =card {i € {1,2,--- ,m} 1 k; = j}.
It means that the controllability indices can be determined by &;,
7=0,1,---,n. It can be verified that the following equation:
rank (E(A, B, j)) =rank (£ (T5 " ATs, T5 ' BTh, §))
=rank (E(A — BK, B, 7))
j = 17 27 N
holds for nonsingular 7s € R™*™ and 11 € R™*™ and state
feedback K € R™*". Thus, the controllability indices of
(A, B) are invariant under state and input transformations and
state feedback.
Lemma 2.1: For A € R"*™ and B € R"*™, there exist

nonsingular Ts € R™*™ and 71 € R™*™, and state feedback
K € R™*"™ such that

= Ts 0| _[A O 0 0
TS [A|B]|:K TI - 0 Af/ 0 B»Y (5)
with
A% =blkdiag {Ne, .\, Re,, 00 Vi |
B, =blkdiag {Ir, ., Tkn,rar > Ve }

where A(Ag) is the set of uncontrollable modes, and
k= {ki,ko,---,ky} is the controllability indices with
O0=Fki=-=kny <knhgt1 <--- < kn. ]

The controllability indices and the nice basis indices of a ma-
trix pair have the following majorization relationship.

Lemma 2.2: [38] Consider a controllable pair (A, B) with
controllability indices k. Let r be the indices of a nice basis
associated with (A, B). Then, k < r. O

The following lemma gives the relationship between invariant
factors and the eigenvalue structure of a matrix.

Lemma 2.3: [3] Let A € C™*™ and its eigenvalues be \;,
1=1,2,---,¢, with the sizes of their Jordan blocks being 7, ;,
j = 1727"'77_isi = 1727"'7<s Whereni,l > n4.2 > 2
n;,r,. Then, the invariant factors of A are given by

a;=1, j=1,2,---,n —max{m, 70, -, 7 };
S

Qpojy1= H(s—)\i)ni*j, j=1,2, - max{m, 7o, -, 7c}

=1
where i j :Olf_j > T;. O
For an A € R™*™, its eigenvalues are self-conjugated. Thus
its invariant factors «;, 2 = 1,2, ---,n, have real coefficients,

and their factors are (s+1;) or (s+;)?+w?, where 1, w; € R.

Lemma 2.4: [39] Let A € R™*™ and a1]as|---|a, be its
invariant factors. Then, there exists a B € R™*™ such that
the pair (A, B) is controllable with controllability indices k =
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{0,---,0,k1, ko, -, k- }, where k1, ko, - - -, k- are positive, if
and only if

a =1, 1=1,2,---,n—r;
{kh ka ) k?“} =< {d(an*H»l)? d(an*T+2)7 ) d(an)} .

O
Indeed, the conditions in Lemma 2.4 are equivalent to

On—m Uk < {d(o1), d(2), -+, d(om) } .

Next, we recall the structural decomposition of the system
(A,B,C, D). Sannuti and Saberi [40], [41] developed an
algorithm to construct input, state and output transformations
that decompose the system into a normal form, which explicitly
displays all the structural properties as identified by Morse
[2]. A toolkit [42] in MATLAB environment containing such a
normal form is currently available online. The implemented
in the toolkit [42] is based on a numerically stable algorithm
recently reported in [43], together with an enhanced procedure
reported in [44].

By [2], [40], [41], we have the following result.

Lemma 2.5: Consider

T = Az + Bu
X {y:Cw+Du ©
where x € R™, v € R™ and y € RP. There exist nonsingular
transformations I's € R"*" ' € RP*P and I't € R™*™ and
feedback K € R™*" such that (See equation at bottom of page)

rst 0 1[A | BI[Ts 01 [A: | B]
G oelleTslle l=lE TR
[Aa L., Cy 0 L.aCq 0 Boa 0 07
0 Af+ LG, 0 LyaCa 0 Bo, 0 0
0 0 A2, L.aCq 0 Boe 0 B
0 0 0 AjtLasCa | 0 Boa Ba 0|
0 0 0 0 0 0 0 0
0 0 0 0 0 Iy, 0 0
0 0 0 Ca 0 0 0 0
L O Cy 0 0 0 0 0 0 |
where
A%, = blkdiag {Nh Ry, Ny }
Cb = blkdlag {Qll ;3 0lys ™" Ql?b }
A:c = blkdlag {N’H ) N1’27 T NTmC } (8)
B. =Dblkdiag {19T1 T ,19rmc } ©)]
Azd = blkdlag {qu ’ qu » T qud } (10)
Bq =blkdiag {9y, V0., 0y, } (11)
Ca =blkdiag {04, 043+ 04, } - (12)

O
Remark 2.1: The finite zero structure of ¥ (Morse index Z7)
is given by the invariant factors of A,,. The left invertibility
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structure (Z3) is given by {l1,l2,- - -, 1, }, and the right invert-
ibility structure (Z5) is given by {r1, 79, - -, 7m_}. The system
Y has mg = rank(D) infinite zeros of order 0. The infinite zeros
of orders greater than 0 (Z4) are given by {q1,q2," ", qmy, }-
That is, each g; corresponds to an infinite zero of order ¢;. Also,
Y is left invertible if 75 is empty, right invertible if Z5 is empty,
invertible if both 7, and 73 are empty, and degenerate if both 7,
and 73 are present.

Remark 2.2: Based on (7), the Kronecker canonical form of
the system matrix pencil can be computed easily. In particularly,
We first apply output injection F' € R™*? to the system, i.e. left
multiple both sides of (7) with

I F

o 1]
to remove the terms L,,Cy, LppCh, LaqCq, LpaCq,
LeaCq, LaaC4a, Boa, Bob, Boe and Bgg in (7), and then
use permute operations in columns and rows. In Kro-
necker canonical form, finite elementary divisors are given
by the invariant factors of A,,, row minimal indices are
given by {l1,l2,---,lp,}, column minimal indices given
by {ry,79,---,7m.}, and the infinite elementary divisors

mo

———
{1/87 ) 1/87 (1/s)q1+1> (1/8)(12—1_17 T (1/3)qmd+1} [44].

III. PRELIMINARY RESULTS

The problem of assigning controllability indices is, for a
given A, to find a B, such that the pair (A, B) has the prescribed
controllability indices and the uncontrollable mode structure.
Based on the invariant factors of a matrix, Zaballa [39] iden-
tified a set of necessary and sufficient conditions under which
the controllability indices are assignable. In what follows, we
establish a set of necessary and sufficient conditions for (A, B)
to have the prescribed controllability indices in term of the
eigenstructure of A. Such a new approach to establishing nec-
essary and sufficient conditions will facilitate our development
of an explicit algorithm for structural assignment in the next
section. By Lemmas 2.3 and 2.4, we have the following lemma.

Lemma 3.1: Let A € R™*™ and its eigenvalues be \;, i =
1,2,---,¢, with the sizes of their Jordan blocks being n; ;, j =
1,2,---,71,2=1,2,---,¢, where

Ny > N2 200 2 N (13)
and let k be a set with rn non-negative integers and > ., k; =
n. Then, there exists a B € R™*™ such that the pair (A4, B) has
controllability indices k if and only if

S S S
k< {Znu,Zm,wnZni,m} (14)
=1 =1 i=1
where undefined n; ;’s are set to be zero. O

Note that (14) implies that max{ry, 7o, -+, 7c} < m.

Consider an A € R"*™ as in Lemma 3.1, the algebraic mul-
tiplicity of its eigenvalue \; is m; = Y-, n; ;. Thus, the set of
eigenvalues of A, including repeated ones, is given by

MA) = {1, AL Ao Ao A, Ak
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Let A1 be a self-conjugated subset of A(A)

mq Mo me
Al :{/\17...7/\17)\2,...7)\2,...,)\§7...7/\<}

where 71; < m;. There exists a T € R”*™ such that

T1AT — [Al * ]

0 A, (15)

with )\(Al) = Al.
Now we consider a special decomposition in the form of (15).
There exists a 77 € C™*™ such that
T7 ATy = blkdiag{Jy, Jo, - -+, J.}
with
Ji =blkdiag {J; 7, Jir,—1,---, Ji1}
Jiyj = )\z’Inq-_j + Nni_j.

Rewrite
Z; 1 * 5 2
Ji=|"" s 2 craxm
) |: 0 Zi,? 3 7,1 S
There exists a permutation matrix 7% such that

(IVTo) L A(TI ) = [Zl * }

0 Z
where
7y =blkdiag{Z1 1, Zo1,- -, Zc1}
Z =blkdiag{Z1 2, Z22," -, Zc 2}

with \(Z1) = Ay. There exist ¢;, i = 1,2, - -, ¢, such that
Y ng s < g < T4
Thus, the eigenstructure of Z5 are given by A;, 7 = 1,2, -+ ¢,

with the sizes of their Jordan blocks being v; ;, 5 = 1,2,---,7;,
1 =1,2,--+,¢,as

i1 =1, 5 Di—1 = N —1
Lifl
Vi, =M — E N4t
t=1
Yiui+1 =" =Vir, =0.

Itis obvious that 0 < v, ,, < n;,,. Since Ay is self-conjugated,
there exists a 7' € R™*"™ such that

TLAT = [Al * ]

0 A, (16)

where the eigenstructure of A, is the same as that of Z>. We
denote the eigenstructure of As in (16) as
m(A7A1) = {UL,JL] = 1727 U 77-1'72' = 1727' : '7§}'

It is obvious that A5 in (16) contains Jordan blocks with larger
sizes, while A contains Jord_an blocks with smaller sizes. Sup-
pose the eigenstructure of Ao in (15) are given by A;, i =
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1,2,---,¢, with the sizes of their Jordan blocks being 7; ;, 7 =
1,2,---,7,%9 = 1,2,---,¢. Then we have the following rela-
tionship:

S S S
{Zni,h Zﬁm; T Zni,a}
i=1 i=1 i=1
< < <
=< {Z Vi1, Z Di2, -, Z Um} 17
i=1 i=1 i=1

where & = max{7, 72, -, 7.}, and the undefined y; ;’s and
f;,;’s are set to zero.

Theorem 3.1: Let A € R™ ™ and its eigenvalues be \;, i =
1,2,---,¢, with the sizes of their Jordan blocks being n; ;, 7 =
1,2,---,m,1=1,2,--- ¢. Let A; be a set of complex scalars
and [ be a set with 7 nonnegative integers. Then, there exists a
C € R™*"™ such that the pair (A, C') has the set of unobservable
modes Ay, and the observability indices /, if and only if Ay C
A(A) is self-conjugated, and

N S S
I=< {Z Ui,hz Di2, Z Ui,m}
i=1 i=1 i=1

where {9; ;} = DM(A, A1) and the undefined v, ;’s are set to be

(18)

ZEero. ]
Proof: Necessity: There exists a Ts € R™*™ such that
A *
-1 11
Tg ATs = { 0 AzJ , CTs=1[0 Cy]

where (Agq, C5) is observable. It is obvious that the set of un-
observable modes Ay = A(A;1) € A(A) is self-conjugated.

Denote the eigenvalues of Aso by A; with the sizes of their
Jordan blocks being 7; ;, j = 1,2,---,7;,¢ = 1,2,---,¢. By
Lemma 3.1, we have

< < <
< E ﬁi,hg ﬁi,Z;"'7§ Mim ¢ -
1=1 =1 =1

Therefore, (18) is obtained by (17).

Sufficiency: We will give a constructive proof. We decompose

A as in (16)

—1 All *
o =[]

where A(A11) = A1, and the eigenvalues of Ao are given by A;
with the sizes of their Jordan blocks being v; ;,7 = 1,2,-- -, 7;,
1 =1,2,---,¢. By Lemma 3.1, there exists a C'y such that the
pair (Asz, C5) is observable with [ as its observability indices.
Let C' = T3]0 Cs]. Then, the pair (A, C') has observability in-
dices [ and the set of unobservable modes Aj. O

Next, we extend the definition of the indices of nice basis to
a pair (A, B) that might not be controllable.

Definition 3.1: Consider a pair (A4, B) with A € R"*", B €
R™>™ and controllability indices k. An ordered set of non-neg-
ative integers » = [rq,r9,---,7,,] is called the indices of a
nice basis (of controllable subspace) associated with (A, B), if
rank(©(A4, B,r)) = Y ri = Sim ki

By decomposing the pair (A, B) into controllable and un-
controllable parts, and using Lemma 2.2, we have the following
lemma.
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Lemma 3.2: Consider the pair (A, B) with controllability in-
dices k. Let r be the indices of a nice basis (of controllable sub-
space) associated with (A, B). Then, k < r. O

In what follows, we show how to extend a full column rank
subspace ©(A, B, T) to a nice basis.

Lemma 3.3: Consider the pair (A, B). Let 7 be an ordered
set such that ©( A, B, 7) is of full column rank. Then there exist
the indices p of a nice basis of (A, B), such that 7 < p. O

Proof: We can extend O(A,B,7) to a nice basis
of (A,B) in the following way. For by, find the
smallest g1 such that A#'b; is linearly dependent on
[@(A7 B/T); A" by, ATI+1b1, s ,A’“_lbl]. Then, for bo,
find the smallest po such that A*2bs is linearly dependent on
[©(A, B,7); ATtby, ATt H by, - AP by AT2hy, AT2H 1Dy,

-+, AP2=1p,]. Continue in this way, until we find an m
element ordered set p. Obviously, 7 < . By the construction,
O(A, B,p) is of full column rank, and A*ib; is linearly
dependent on the columns of O(A, B, ), i.e

Alhbzzg(A,B,u)Kz Kz ERLP7 L:1727m (19)
where ¢ = Y " | ji;. By (19), it can be proven that
Ajbz = G(A, B7 N)Pz j
for P ; € R, 5 = py, i +1,---,mn—1,4=1,2,--- ,m. Thus,
Z“Z = rank (O(4, B, u)) = rank (£(A4, B,n)) = Zki.
=1

Therefore, 1 is the indices of a nice basis associated with

(A, B). O
Next lemma follows from Lemma 3.2 and Lemma 3.3 di-
rectly.

Lemma 3.4: Consider the pair (A, B) with controllability in-
dices k. Let 7 be an ordered set such that ©(A, B, 7) is of full
column rank. Then k& <" 7. O

The following definition will simplify the description of our
main results in the next section.

Definition 3.2: Let @ = {ag,a9,---,
{B1,P2,--+,8s} and k = {ky,ko, -+, k,} be three sets
of non-decreasing nonnegative integers. Define § = A(a, 3, k)
as a reordered set of o U [ relating to k as follows. First, s
elements in § are defined by the elements of 3 as

[ max{i: k; < Bs},
95 max{i:kigﬂj,i<oj+1},
oo, = By,

The remaining m — s elements of § are defined by the elements
of o as follows. Let

O‘mfs}’ /8 =

j=s
j=s—1,8s—2,---,1.
j=ss—1,---,1.

'r:{1.,2,---.,m}\{0'1;0'27"'708}

which is in the non-decreasing order, and let

oy, =, J=1,2,---,m—s.

O

In other words, the ordered set § are obtained by replacing
elements of k£ with those of « and . First, starting from the
largest to the smallest, replace each element of 3 for the last
original element in % that is not larger than itself. After that,
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Fig. 1. Relationship among m., ma, ho, v and m.

replace the elements of « for the remaining elements of k in the
non-decreasing order.

Remark 3.1: Note that 6 = A(«, 3, k) is well-defined if and

Only if {k17k27"'7ks} < ﬁ

Example 3.1: Let « = {1,1,7}, 8 = {2,4} a dk
{2,2,3,3,5}. We can define 6 = A(a,5,k) = [1,2,1,4,7
Slmllarly, fora = {1,2}, 8 = {4,4} and k = {2 2 3

Ala, B, k) = [1 4,4,2]. On the other hand, if « = {
= {2, 2} and k = {1 3,4}, it can be verified that é
(a B, k) is not well-defined.
The following lemma is crucial in developing our main results
in the next section.
Lemma 3.5: Consider A; € R"*" and B; € R*X™

7.
5},
1},

A 0 0 0

i | Ea Aw O L;raCq

A=170" 0 AL LGy (20)
L O 0 0 A}y + LaaCa
_0n0><h0 0 0 0

D 0 B*Oah 0 0

Bl o 0 B*Oc 0 Bc (21)
L O Bswa Ba 0

where Ay € R™0 %™ and A%, B, Aﬁd, By and Cy are in the
forms of (8)—(12) with7; < 7o < -+ <71, 1 S @2 < --- <
Gmy-Denoter = {ry,ro, -, rm.}, ¢ = {q1,q2, - 7qmd} Let
k:{kl,k27---,km}beasetofintegers with0 = k; = =
khy < khot1 < kpg2 < --- < k. Letv = m — me — myg.
Then, there exist A, Labd, Led, Lad, Bxoabs Bxoe and Bioqg,
such that (A1 Bl) has controllability indices % and the set of
uncontrollable modes A\(Ag) if
1) The ordered set & = A(0, U g, r, k) is well-defined and

(22)

..7m;

O

Proof: Inequality (22) implies that m, + mq < m —

hg. Thus, hg < v (see Fig. 1). The controllability indices of

(Al7 Bl) depend on the choice of Aap, Labds Led> Laa Bxoabs

Byoe and B,oq. If all these matrices are equal to zero, then the
controllability indices of (fll, él) are the set 0, UgqU .

The m element set ¢ are defined as follows. The m. elements

of § are first defined from r:

j:mc

oo max{i:k; <rm_},
P\ max{i:k;<rj,i<oji1}, j=me—1,me—2,---, 1

60j:Tj7 J=me,me—1,--- 1.
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The remaining m — mq(= v + mq) of § are defined as follows.
Let

T:{1,2,~-~,m}\{01,02,“-,07,%}.
By Fig. 1,
j:1727"'71/'

Tj = Js
Define

5. = {0’
J qj—v,

By the definition of o, we have

j:1727"'7l/
j=v+1,v+2,--- v+ mgq.

50]- Zkaj7 J=12,- mec. (23)

Define
1/}]' = 6] - k‘j,

If 6; is defined from 7, 9); will be said to be associated with 7.
Otherwise, if 0; is defined from ¢, +; will be said to be associ-
ated with q.

By the definition, we have

j=1,2,,m.

(Sj:kj:’l/Jj:O, j:1727---7h0

and

(5]':0, k; >0, ; <0,
The integers ¥;, 7 = Ty41, Tu+2, -+ Tu+mq, Which are associ-
ated with ¢, can be negative, zero or positive. However, due to
(23), the integers v, j = 01,02, - -, 0y, Which are associated
with 7, can only be zero or positive.

We partition Byoab, Bxocs Bxod Labd, Leca and Lgg as fol-

lows:

j:h0+1,h0+2,"',l/.

Baoabii ) ER,  i=1,2,- - noap, j=1,2,-+-,v—ho
Baoegijy ER™Y, i=1,2,-,me, j=1,2,--+,v— hg
B*Od{i’j}€RQiX1, i=1,2,---,mq, j=1,2,---,v— hy.
Lapagijy ER, i=1,2,-- ,ngan, j=1,2,-+-,ma
Leagijy ER™Y i=1,2,- - me,  j=1,2,---,mq
Laagijy RN, i=1,2,--- . ma, j=1,2,---,mq
where

m Me mq
TLoab = E ki — E T — E qi-
i=1 i=1 i=1

Under the conditions of Lemma 3.5, we assign B.gab, Bxocs
Byods Labd, Lea and Lgq by the following steps.

Algorithm 1

Initial Step: Let £ = 0; s = 0; 8 = 0; Buoab = 0; Buoec = 0;
Bioa = 0; Laba = 0; Lea = 0; Laa = 05 pyy = 0,

w = 17 27 T 7m7j = hU and ny = E}n:y+1_’1/;j>0 %

Step R: Find the next j such that ¢p; < 0. Lett = —);. If
O<ny—IL< —'L/;]-,letﬂ: —'L/;]-—n++€.

Case 1. If 5 < v,
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Sub-case 1.1. If £ > n,, assign

(Aab{s+1:s+t,s+1:s+t}7B*Oab{s—l—l:s-‘,—t,j—ho}) to
be controllable. Let £ = {4+t and s = s + t.

Sub-case 1.2. If / < n, find the smallest w > j with
Yy > puw- If 1y, 18 associated with r, find a z such that
0. = w, and let the (p., — 3 + t)-th element of B¢ j3
be nonzero. Otherwise, if v, is associated with ¢, find
an e such that 7,4, = w, and let the (p, — 5 + t)-th
element of B,oq{.,j; be nonzero. If ¢, — pyy < 2, let
pw = Y, L =L+1,t=1— 1y + pw, and go back to
Case 1. If ¥y, — puw > t,let pyy = p +tand £ = £ + ¢.

Case 2. If j > v, find an z such that 7,4, = 7.

Sub-case 2.1. If / > n, assign

(Aab{s+1:s+t,s+1:s+t}7 Labd{s—l—l:s—l—t,z}) to be
controllable. Let { = ¢+ tand s = s + t.

Sub-case 2.2. If / < n, find the smallest w > j with
Y > puw. If 1, is associated with r, find a z such that
0. = w, and let the (p,, — B + t)-th element of Lcqy. »}
be nonzero. Otherwise, if v, is associated with ¢, find
an e such that 7,1, = w, and let the (p,, — 8 + ¢)-th
element of Lqqye -} be nonzero. If 1, — puw < 2, let
pw = Y, L =L+ 1,t=1— 1y + puw, and go back to
Case 2. If ¢, — puy > t,let pyy = p +tand £ = £ + .

If £ < ngap + n4, go to Step R.
End.

We assign F,;, and the undefined elements in the lower trian-
gular partition of A,}, arbitrarily. It can be verified that, with the
resulting Aap, Labd, Led, Ldd Bxoab, Bxoc and Biyoq, the pair
(A1, By) has the controllability indices & and the set of uncon-
trollable modes given by Ajg.

This completes the proof of Lemma 3.5. ]

Example 3.2: Letn = 13,r = {5} and ¢ = {7}. We would
like to search for a pair (/il , Bl) in the form of (20) with the con-
trollability indices £ = {1, 3,3,6}. The conditions in Lemma
3.5 are satisfied. By Algorithm 1, we have

Aabzl
Laa=0
1 000 0]’

no :0,
Lana :07

Noab = 17
Leg = 07

0010 0
000000 0]
100000 O]°

Similarly, letn = 12, = {4} and ¢ = {1, 6}. By Algorithm
1, we have

B*Oab = [0 1]7 B*Oc = |:

Byoa =

o :0, noah—l, Aah:17 Labd:[l 0]
/
1 0 0 0 0 O
Lea =0, de_{o 00000 0]
Bioab =0, Bie=[1 0 0 0], Bua=0

such that the pair (Ay, By) has the controllability indices k =
{1,3,3,5).
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me + mq

ho m — hg

Fig. 2. Relationship among m ., mg, m., mq, ho, v and m.

IV. MAIN RESULTS

The following theorem deals with the assignment of infinite
zeros and the column minimal indices. It generalizes the result
of [29], where only the infinite zeros is considered.

Theorem 4.1: Consider a pair (A, B) with A € R"*", B €
R™*™_ and its controllability indices k, 0 = k1 =+ -+ = kp, <
kho+1 < --- < kpn,. Let mg be a nonnegative integer, and r =
{ri,r2, s "m.}>» ¢ = {q1,q2,** , Gm, } be two sets of non-
decreasing positive integers. Let v = m —m. —myq. Then, there
exist C' and D such that the system (A, B, C, D) has my infinite
zeros of order 0, and Morse index lists Zo = r and Z, = q if
and only if,

D) me+mq <m —hy < mo+me+mqg < m;

2) The ordered set 6 = A(0, U q,r, k) is well-defined and

EJ:(SLSZIQZ/ j:172,---7m.

i=1 i=1

(24)

Proof: Necessity: By Lemma 2.5, there exist nonsingular
I's, I'o and I'y, and feedback gain K such that (7) holds. It is
obvious that

mo +me+mag <m, me+mq <rank(B) =m — hy.

Also, we have

Bo, O 0
B Bo, 0 0

m — hg = rank Bo. 0 B. < mg + me +mq.
Boa Ba 0

Thus, the necessity of Condition 1) is proven. The necessity of
Condition 1) is depicted in Fig. 2 with m, = v — my. It is
obvious that rank([B’ D']) = m — m.

We will next show the necessity of Condition 2). Define ng =
Yo gi. Let b; be the ith column of B, i = 1,2, -+, m. Thus,
5,,_,_1-, 1 = 1,2,---,myg, are related to By, and Bm—mc+i, 7 =
1,2,---,m,, are related to B.. It can be verified that

(AZ)jl;m—mc+i =0,

[N *
Az ]bll i =
(A =

ng X1

jZTi7i:1727"'7mC
:|7 qui7i:1727"'7md' (25)
Let

52 [Ovvq]v CZ [01/7(177"]'
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It can be verified that

o 0 O
®(Az7 B7 <> = 0 Y. (26)
Ya O

where
Y. = blkdiag {c,, Sras v S
Ya = blkdiag {65, |

and ¢; is an ¢ X ¢ matrix with the elements in the inverse di-

agonal being 1 s, and all the other elements being 0 s. Clearly,
©(A., B, () is of full column rank. Thus, by Lemma 3.4
k<" C. (27)

Consequently, we have

3

(28)

m
Z 0; <
im1 i

From (25), we obtain k; <
{kl, kQ, s ,kmc} S T. Thus, 6 =

1

Il

r1. Similarly, we have
A(0, U q,r, k) is well-de-

fined.

Delete the repeated elements of & and rearrange the remaining
elements as k = {K1,k2, -, ks} With K1 < Ko < -+ < Ks.
Define

n; =card {i € {1,2,---,m} : k; < Kk;}
pj=card{i € {1,2,--- ., m} :r; < Kji1}

T =1 = P

for1 < j < s — 1. Obviously

ki=rj, o+ 1<i <. (29)
If we can show
n; nj
D6<Y ki G=1,20005-1 (30)
i=1 i=1

then we can prove (24) in the following way. Consider the subset
{6; : mj_1 +1 < i < n;}. Suppose that b elements in this
subset come from 7, then 6; > k;,forn; —b+1 < < 7;. The
remaining part of this subset, i.e., ;, 71 +1 <@ < n; —b
come from &, and are in the non-decreasing order. As a result,
there exists a ¢, nj—1 + 1 < ¢ < 7y, such that

0; < Kj,
51’ Zﬁjv

By (28), (29), (30) and (31), we obtain

Nj—1+1<i<n —c

m—c+1<i<n; GD

t t
257‘, SZ/%-, ni—1+1<t< ;.
i=1 i=1

And thus, we have (24).
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Now we only need to prove (30). We divide the proof into two
cases: {r, > 1y, and En, < 7T
In the case that &, > 7y,

nj i Pj
3= Se+Son=
i=1 i=1 i=1

Thus, by (27), we have

3

> oy
=1

nj 5
S8 <> ki
i=1 i=1

Next, we consider the case of &, < 7. The proof of (30)
for this case is a little involved. We define an m element ordered
set 30 as follows:

o_ |G G <hKjp1—1 L
ﬂi_{ﬁﬂ-l—l, G > kKj1 — 1, =12

Let B = f° and it [O(A.,B,3°), A%0,, AZ ',
-+, A%+ 7 1] is of full column rank, let B = Kjt1.Let % =

B, and if [O(A., B, [31) A% by, A%+ Ny o AT ] s
of full column rank, let 33 = ;1. Continue in this way for all
b; for i from 1 through m, we define 37,7 = 1,2,---,m. Let
p; be the number of elements in 4™ which are not blgger than
kj+1 — 1. Denote all rows of B with 8" < Kjy1 — 1 as Br.
Because of (25), all rows of B associated with ry < Kjipr — 1
are included in BI.

Similarly, we define an m element ordered set a? as follows:
search for linearly independent columns of E(/L, B, Kjt1—1)
from left to right and rearrange them as

JON S PO I
biAby -o AZ' by, boAby -0 AL by,

oAby, o AZ T Dy,
Denote
o’ = {a}, 03, o}
1 . e i “als “a%417
Let o' = af and if [O(A.,B,a’), A2 b, AZ' by,
-+, A% 7 b1 is of full column rank, let al = Kjt1.Leta? =

al, and if [O(AL, B, al), A%2hy, A2y, o AW 1) s
of full column rank, let @3 = ;1. Continue in this way for
all b; for 4 from 1 through m, we define a’, i = 1,2,---,m
It is obviously that there are 7); elements in ™ which are not
bigger than ;.1 — 1. By the above construction, we have the
following relation among subspaces:

O(4.,B,8")
CO(A.,B,a") =Z(A., B, kjy1 — 1) (32)

[%m B, G, A2 T, AR A ‘15”1}

c |:®(szévai) A b-l—l A " 1+1 1+17"'7
A§j+1_187‘,+1:|
=0(A;,B,x), i=01,---,m—1 (33)
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where x' is an m element ordered set with the first i + 1 ele-
ments being ;41 and the remaining elements being x4 — 1.
Therefore, by (32) and (33),

M 2 M-

Therefore, ﬂgf), t=1,2,---,n;,includes three parts:
1) pj — ¢; elements contained in the first 7; elements of

0, Ug;
2) nj — p; elements of K413
3) Tiy 1 = 1727"'790_7"
Thus

Hji—®;

735
D BE = (ny = wi)ri + Z £Z+Zn
=1

Consider fﬂj < Ty, < Kjp1, We obtain

i i ®j
S0t 3 6+ 3o
=1 =1 =1

We also have

nj
Z 5;.
=1

Bl = rjrr, i=mnj+1,---,m (34)

Since @(ﬁz, B, £B™) is of full column rank and consider (34),
by Lemma 3.4, we obtain

n; nj
> <>k
i=1 i=1
And thus
Uk 35
S sk
=1 =1
This complete the proof of (30).

Sufficiency: We will give an algorithm that would yield the
desired matrices C and D.

Algorithm 2

1) By Lemma 2.1, find nonsingular state and input
transformations Tg; and 77y, and feedback K4 such that
(5) holds. o

2) By Lemma 3.5, find (Ay, By) in the form of (20) with
the controllability indices & and the set of uncontrollable
modes given by A(A). Assign Cy € Rmotma)xn gpq
Dy € RUmotma)xm ag follows:

~ [0 0 0 0 A | Omexm.  Img 00
Cl_[ooocd]’ Dl_[ 0 0 00
(35)

where Cy is in the form of (12). The system
(A1 31 Cl, D1) has the desired structural properties.

3) By Lemma 2.1, find nonsingular state and input
transformations 7o and 7T7o, and feedback K5 such that
(Ay, By) is transformed into (5). Let

C = [C‘lTsz — D1 Tia(Ky — Kl)] T, (36)
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D =D T T (37)

End.

By Algorithm 2, we have

A =TT [AITSQ — BiTra (K> — K1)] TS
B =T 15, Bi T Ty

Thus, the system (A, B,C,D) can be transformed into
(A1, B1,C1, D1) by using state and input transformations and
state feedback. We finally obtain a set of the desired (C, D) as

Q :{(I‘OC, I',D)|l, € R(matmo)x (ma+mo) jq nonsingular}.

This completes the proof of Theorem 4.1. O

Remark 4.1: If r is an empty set, the conditions of Theorem
4.1 can be reduced to the condition of [29], in which only the
assignment of infinite zeros is considered.

The following theorem deals with the assignment of a com-
plete set of structural properties.

Theorem 4.2: Consider the pair (4, B) with A € R"*",
B € R™ ™ _its controllability indices k&, 0 = ky = --- =
khy, < kpg+1 < -+ < ki, and the set uncontrollable modes
given by Ay € R™ X" Let the eigenvalues of Ag be \;, i =
1,2, .-, ¢, with the sizes of their Jordan blocks being n; ;, j =
1,2,---,71,1=1,2,---,¢.Let n,, pn, me, mq and mg be non-
negative integers, A, be a set with n, self-conjugated complex
scalars, and r = {ry,72, -+, rm.}, I = {l1,l2,---,1,,} and
q={q1,q2, -, qm, } be three sets of non-decreasing positive
integers. Let v = m —m. —mgq. Then, there exist C and D such
that the system (A, B, C, D) has finite zeros A1, mg infinite
zeros of order 0, and the Morse index lists 7o = r, Z3 = [ and
I4 = q if and only if

1) me+mq <m — hy Smo-i-mc-i-md <m;

2 L=< A0+ 3D, iy Di2e s Do i o Where
f = Zi" l; + n¢ — ng, ng is the number of el-
ements in A1 N A(Ao), {vijl7 = 1,2,---,7,1 =
1,2,---,¢} =M(Ag, A1 N A(Ap)) and the undeﬁned
; ;s are set to be zero;

3) The ordered set § = A(0, U ¢, r, k) is well-defined and

(38)

4 na+ 300 L+ i+ 2 @ =
Proof: Necessny The necessity of Conditions 1) and 3)
follows directly from Theorem 4.1. Condition 4) is necessary
for dimensional compatibility.
The necessity of Condition 2) can be proven by using The-
orem 3.1. Consider (A., B) in the form of (7). The eigenvalues
of

A% LeaCy
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can be changed by using state feedback. This means that the
eigenstructure of uncontrollable modes Aj is entirely contained
in A.on with

ACOH =
' [ 0 Af,+ LbpCh

Suppose that the eigenvalues of A}, + L, C}, are given by A;,

Aa Lab Cvb :|

1 =1,2,---,7, with the sizes of their Jordan blocks being 7; ;,
3=12---,p,, e =1,2,--- 7. Then, by Lemma 3.1 and (17)
REPSLID SIS

i=1 i=1

< {0+Zl)i,l;zm,m“wz%pb} :
i=1 i=1 i=1

Sufficiency: We will establish the sufficiency by construction.
We first consider the pair (A1 Bl) in the form of (20). Denote

(A4 0
A'H_ |:Eab Aab:| '

Following Algorithm 1, we assign A,;, such that ng,, — ng
eigenvalues of A,, arein Ay \ (A; N A(Ap)), and the remaining
n¢ eigenvalues are distinct and not in A;. By Theorem 3.1, we
can assign C., such that (A, Cyp) has its the set of unobserv-
able modes contained in A1, and its observability indices is [,
which satisfies Condition 2). R A

Similar to Algorithm 2, instead of assigning Cy and D1 in the
forms of (35), we now assign

(39)

00 0 0 Om. xmg Img 0 O
Ci=|0 0 0 Cqf|, D= 0 0 0 0
Cab 0 0 0 0 00

(40)

To show that the system ([11,]_@1, C’l, f)l) has the desired
structural properties, we find nonsingular 7, such that

Aa Wab

T VAT, =
* ﬂ |: 0 Abb

:| ) Ciwp1y = [0 Cb]

where A(A.,.) = A;. Since (App, Cp) is observable, there exists
an L € R™>Pe g, = 3°P" [, such that

(Abb — LC},) n )\( ) 0.

Therefore, the Sylvester equation

_AaYI + Yl (Abb ch) ab
has a unique solution Y;. Let
- I Y
L= [0 1 }
We obtain
- - A, WM L)C
1 a 1 b
raytasrt = g P
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Thus, the system (Al, B1,Ch, 151) has finite zeros A; and my
infinite zeros of order 0. Its infinite zeros of order greater than 0
are ¢, the right invertibility indices are r, and the left invertibility
indices are /.

We thus obtain a set of the desired (C, D) as

0= {(FOC, I,D)|T, € R(mo+pb+ma) X (mo+pb+ma)

is nonsingular}

where C and D are in the forms of (36) and (37). This completes
the proof of Theorem 4.2. O

Remark 4.2: The most important step in the constructive al-
gorithm in the proof of Theorems 4.1 and 4.2 is the construc-
tion of (A, B1). The pair (A;, By) has a pre-specified set of
uncontrollable modes and controllability indices, and it also has
a form similar to (AZ, B) as in (7). Thus, it is easy to assign
(Cl7 Dl) such that the system (Al, Bl Cl, Dl) has the desired
Morse index lists. In other words, (A1, B1) plays a role that
links a matrix pair with certain controllability indices and a ma-
trix quadruple with a certain set of Morse index lists. The con-
struction of (Al, Bl) in Lemma 3.5 is not unique, and any ma-
trix pair provides such a linkage can serve as (Al, Bl). As will
be seen in Example 5.5, in some situations, (/11, El) could be
constructed by only small adjustments in the model of system
dynamics.

Remark 4.3: If the uncontrollable mode matrix Ay is cyclic,
which means that the Jordan form of Ay has one Jordan block
associated with each distinct eigenvalue, then Condition 2) in
Theorem 4.2 can be simplified. More specially, we can assign
A,y such that A is cyclic, thus the majorization constraint with
respect to [ can be removed. Therefore, Condition 2) in Theorem
4.2 simplifies to

2)* Ay = O U Aq, where Ay C A(Ap) and O is self-
conjugated.

Remark 4.4: In Theorem 4.2, we only consider the algebraic
multiplicity of finite zeros. We can also take into account the
geometric multiplicity of finite zeros. Suppose that the desired
eigenstructure of finite zeros is given by A,, € R" X" then
the assignment of this finite zero structure and the left invert-
ibility structure is a little more involved, as A, and E,}, in the
constructive algorithm in Lemma 3.5 can no longer be chosen
freely. In particular, for A, to be assignable, it is required that
there exist E,1, and A,p, such that A in (39) can be transformed

into
A 0 A
-1 0 _ aa
T* |:Eab Aab:| T* N |: 0

and | < {ZL 1 M, 172L 11,25 7Zf 1”z,pb} where n; ;,
73 =12 1,1 = 1,2,--- ¢, are the sizes of the Jordan

blocks assocnated with \; = A(Ayp,) and i1 > Mg > e >
Nir,t = 1,2,- -7< In this case, we can assign C*b in (40)
as Cyp, = [0 Cy]T 1, where (Apy, C,) is observable with ob-
servability indices . Following the algorithm in Theorem 4.2,
we obtain the desired (C, D).

Remark 4.5: In our earlier algorithm [27], in order to be as-
signable, the desired orders of infinite zeros must be equal to or
less than the elements in the controllability indices of (A, B),

Wab :|
Apy,
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Fig. 3. Graphical summary of the structural assignment.

and the desired right invertible indices must be equal to the el-
ements in controllability indices of (A, B). In our current algo-
rithm, no such constraints are imposed.

Note that in Theorems 4.1 and 4.2, the necessary and suffi-
cient conditions are given only in terms of the controllability
indices k£ and uncontrollable modes A. Fig. 3 summarizes in
a graphical form our assignment of a complete set of structural
properties. In Theorem 4.1, we focus only on the structural as-
signment of my, Z5 and Z,, while in Theorem 4.2, we consider
the assignment of a complete set of structural properties by as-
signing the additional properties Z; and Z3.

V. EXAMPLES

In this section, we will present several examples to illustrate
various scenarios of the structural assignment problem. These
examples also show how our results generalize the existing re-
sults in the literature.

We first consider an example where the required structural
properties are determined to be not assignable.

Example 5.1: Consider a pair (A, B) with controllability in-
dices k = {2,4}. Let r = {3} and ¢ = {1}, and define

= A(a, 3,k) = [3,1]. Condition 2) in Theorem 4.1 is not
satisfied, Thus, there do not exist (C, D) such that the resulting
(A,B,C;D)hasZy = rand Iy = q.

The following example considers the assignment of all four
structural properties.

Example 5.2: Consider the linear system (1) with

0

o= O =
—_ o = O
S = O =
—_— 0 = O
—_ O =

o= O O

We would like to choose C and D such that the resulting system
(A, B,C, D) has a finite zero at —1, Zo = {1}, Z3 = {1}, and
infinite zeros structure 7, = {1}.
Following the constructive algorithm in the proof of Theorem
4.2, we proceed as follows:
1) By Lemma 2.1, the pair (A, B) has an uncontrollable mode
0 and controllability indices {1, 2}, and can be transformed
into (5) by
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00 1 0
o |2 1 0 0
710 0 -1 1
o1 o0 0
10 0 -2 0 0
Tﬂ_{o 1}’ Kl_[o 0 0 —2}
2) By Lemma 3.5, find
0] o Jo]o 0] o0
A 0] -1 ]o]1 - 0o
A = Bi=|——
"ol o [o]o o |t
0 ol o 1 ]o
Assign
A 0 |

The resulting system (fil,Bl,C'l,ﬁl) has the desired
structural properties.
3) By Lemma 2.1, find

-1 0 0 0
0 0 1 0
Teo=14 1 ¢ 9
0 0 1 1

0 1 0 0 0 0
TIZ_L 0]’ Kz_[o 0 0 1}
to transform (/117 31) into the form of (5). By (36), (37),
0 0 0
] o= o0

Thus, the desired output matrices are given by

o={(n[5 Vo S0 o))

IT, € R?*?is nonsingular.}.

2 0 1
o=[3 &

The following example considers the assignment of Z, and
74, whose elements are bigger than the elements in k. The ex-
plicit algorithm in [27] cannot deal with this situation.

Example 5.3: Consider

Ry 0 0 Y9y 0 0
A = 0 Nz 0 ) B = 0 '192 0
0 0 Nz 0 0 792

It is controllable with controllability indices k = {2,2,2}. We
would like to assign output matrices C' and D such that the re-
sulting system (A, B, C, D) has 7o = {3} and Z, = {3}, but
no finite zeros.

Itis easy to verify that conditions in Theorem 4.2 are satisfied.
Assign (Al, Bl, él, IA)l)

2083

0101000 110710
001000 0] o010
. 000100 0| ¢ 001
A=l 0 o0 To1r ol 0 To 0
0001|001 110 o
0001000 ol 110
. 00000 0] = 11010
Cl_[ooolloo]’Dl_{o 0o

It can be verified that the pair (Ay, B1) has controllability in-
dices k = {2,2,2} and the system (fil,Bl,C'l,ﬁl) has the
desired structural properties. Following Algorithm 2, we obtain
the desired (C, D) as

000 -1 -1 0 1 00
¢= [1 00 0 0 0} » D= [0 0 0] '
The following example considers the assignment of finite

zeros with or without pre-specified eigenstructure.
Example 5.4: Consider a pair (A, B) with

(I3 0 Jo
e[ ) (2]

Obviously, the following (/117 Bl) has the same uncontrollable
eigenstructure and controllability indices as those of (4, B)

SO oI O =
oo OO0~ O
SO == OO
Ol =IO OO
o= OO0 O 0O
olIoRIO OO
>
=IO Ol © O

We can assign C' and D such that (A, B, C, D) has finite zeros
A ={1,1,1},Z3 =1 = {2} and Z, = q = {1} by letting

A 000001 - 0
Cl_[o 0010 0}’ Dl_{o]'

The resulting C' and D are given by

0O -1 0 1 -2 1 0
O‘[o 0 0 -1 1 0}’ D‘[o]'
But there do not exist C and D such that the system
(A, B, C, D) has the specific structure of the finite zeros

1 1 0
Apn=Is+R8s= |0 1 1
0 0 1
I3 =1={2} and 7, = ¢ = {1}. Indeed, after the assignment
of finite zeros, only identity matrix I in Ag is left to be assigned

as 7Z3. But, as observed in Remark 4.4, such an assignment re-
quires that ! < {1, 1}, which obviously cannot be satisfied here.
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We can however assign C' and D such that (A, B, C, D) has
finite zeros A,, = I3+ N3, and Z3 = 1 = {1,1},Z, = ¢ = {1}
by letting

. 000001 . 0
Ci=|1 0 0 0 0 O D;=1|0
01 00 0O 0

The desired C' and D are given by

0O -1 01 -2 1 0
cC=(1 0 00 0 0|, D=0
0O 0 1 0 0 O 0

Yet there do not exist C' and D, such that (A, B, C, D) has
the finite zeros A,, = Is and Z, = ¢ = {1}. Indeed, to as-
sign finite zeros /5, A, can only be chosen as I>. And for this
fixed A,y there does not exist La,q € R?*! such that the pair
(Aab, Laba) is controllable. Therefore, there do not exist the re-
quired (Ay, By).

Finally, we consider the problem of sensor selection for a
mechanical system.

Example 5.5: Consider a benchmark problem for robust con-
trol of a flexible mechanical system (see Fig. 4). The problem is
to control the displacement of the third mass by applying a force
to the first mass. The dynamic model of the system is given by

mlil = kl(ZEQ — ZEl) +u
maZe = ky(x1 — w2) + ka(w3 — 22) + wo
mgi‘g = ]Cg(f[)z - ."I,‘3) + w3

where x1, x2 and x3 are respectively the positions of Mass 1
(with a mass of m1), Mass 2 (with a mass of ms) and Mass
3 (with a mass of mg), k1 and k, are spring constants, u is
the input force, and wy and ws are the disturbances, such as
friction forces and unmeasured external forces. The output z to
be controlled is the position of the third mass. For simplicity,
we choose m1 = mo = mg = 1 and k1 = k9 = 1. Thus, the
system is represented by

T =Az + Bu+ Ew

0 1 0 0 0 07 /m
10 1 0 0 0/
o oo 0 1 0 o
11020 1 0of]
000 0 0 0 1|
000 1 0 -1 0] \y
0 0 0
1 0 0
0 0 0| (w
Tlol "t |1 o <w3>
0 0 0
0 0 1
t=Cur=[0 0 0 0 1 0Oz 1)

Although simple in nature, this problem provides an inter-
esting example on how sensor selection can affect the perfor-
mance of the resulting control system. It is simple to verify that
the subsystem (A, B, Cs) is of minimum-phase and invertible.
Hence, the disturbance w can be decoupled from the output to
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Fig. 4. Three-mass-two-spring flexible mechanical system.

ko

Mass 3

N\

be controlled, i.e., z, to an arbitrarily small degree by state feed-
back [44]. Our objective is to identify a measurement output, or
the sensor locations, such that a feedback of the measurement
output would yield the same performance as the state feedback.
This can be made possible by choosing a measurement output
y = Cyz such that the subsystem (A, E, Cy) is left invertible
and of minimum-phase [44]. Thus, at least two measurements
are needed.

The pair (A, E) is in (41) is controllable with controllability
indices k = {2,4}.

Suppose we are to assign Cy such that (A, E, Cy) is invertible
with infinite zeros {2, 4}. The (A4, E) is already in the form of
the required (A1, B;) in Theorem 4.2. C is simply given by

10 0 0 0O

G=10000 10

which means that the positions of Mass 1 and Mass 3 (z1,x3)
are measured. It can be verified that the almost disturbance de-
coupling is achievable by measurement feedback.

Next, we assign Cp such that (A4, F,C4) is invertible with
infinite zeros {2, 2}. Similarly, we assign

oo 1000

Ci=1lg 000 1 0|

In this case, the positions of Mass 2 and Mass 3 are measured,
and the finite zeros of the resulting system are £j. The sub-
system (A, E,Cy) is of weakly minimum phase. The almost
disturbance decoupling is achievable, but the controller is more
complicated, as the system is only weakly minimum phase. For
this reason, we would like to assign C; such that the system
(A, E, C1) has finite zeros with negative real parts. We assign

0 1 0 0 0 0
-1 « 1 0 0 0

. 0 0 0 1 0 0 .

A= 1 0 -2 0 1 0 Bi=E
0 0 0 0 0 1
0 0 1 0 -1 0

Note that fll i§ thg same as A, except that the (2,2) entry is now
«. The pair (A;, B1) has controllability indices {2, 4} and

0 1
Aab— |:_1 Ol:|

has eigenvalues at —(1/2)a £+ j(vV4 — a2/2) for a € (0,2).

Assign
A 001000
Cl_[o 0001 0}
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By Algorithm 2, we obtain

10 a1

C1=10 0 o

0 0
0 1

0
ol

The resulting system (A, F/, C1) is now invertible with infinite
zeros {2, 2} and stable finite zeros —(a/2)a + j(V4 — a?/2)
for any v € (0,2).

On the other hand, if the positions of Mass 1 and Mass 2 are
measured, i.e.,

1
0

0 0

00 0
Cr= 01 0 0 0

the subsystem (A, E, C1) is not invertible, and thus, the almost
disturbance decoupling cannot be achieved.

VI. CONCLUSION

In this paper, we have revisited and provided a complete solu-
tion to the classical problem of structural assignment for linear
systems. We considered a complete set of structural properties,
including the finite and infinite zero structures and the invert-
ibility structure. We established a set of necessary and sufficient
conditions under which these structural properties are assign-
able. An algorithm to construct the desired output matrices that
result in the prescribed structural properties was also given. Sev-
eral numerical examples were worked out in detail to illustrate
various scenarios in the assignment of structural properties.
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