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Abstract

The problem of assigning structural properties of a linear system through sensor selection is, for a given pair (A, B), to find an output pair
(C, D) such that the resulting system (A, B, C, D) has the pre-specified structural properties, such as the finite and infinite zero structures and
the invertibility properties. In this paper, by introducing the notion of infinite zero assignable sets for the pair (A, B), we establish necessary
and sufficient conditions for the assignability of a given set of infinite zeros and a set of structural properties which includes the left invertibility
property. In establishing these conditions, we develop a numerical algorithm for the construction of the required (C, D).
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1. Introduction

Structural properties of linear systems, such as the finite and
infinite zero structures and the invertibility properties, have
played a very important role in many linear systems and con-
trol areas, including robust and H, control (see, e.g., Chen,
2000; Lin, 1998), H> optimal control (e.g., Saberi, Sannuti, &
Chen, 1995), and control with saturation (e.g., Lin, 1998). One
of the major obstacles to successful applications of multivari-
able control synthesis techniques to practical control problems
is the lack of adequate understanding of the linkage between
achievable control performances and hardware implementation
such as the selection and location of sensors and actuators.
Indeed, this linkage provides a foundation upon which trade-
offs can be incorporated in the preliminary design stage of an
engineering system. For example, it is well understood in the
literature that nonminimum-phase zeros are troublesome to deal
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with. However, simple examples show that such zeros can be
removed by properly adding, removing or relocating sensors
and actuators. This is exactly what motivated the interest in the
problem of structural assignment. This problem is, for a linear
system, X = Ax + Bu, x € R", u € R™, to find an output
y = Cx + Du, such that the resulting system (A, B, C, D) has
the pre-specified structural properties, such as the finite and
infinite zero structures and the invertibility properties.

Most results on structural assignment in the literature pertain
to the assignment of finite zero (invariant zero or transmission
zero) structures (see, e.g., Emami-Naeini & Dooren, 1982;
Karcanias & Giannakopoulos, 1989; Karcanias, Laios, & Gin-
nakopoulos, 1988; Kouvariatkis & MacFarlane, 1976; Patel,
1978, Patel, Geniele, & Khorasani, 1994; Rosenbrock, 1970;
Smagina, 2002; Sorokin, 1998; Syrmos, 1993; Syrmos &
Lewis, 1993; Vardulakis, 1980). Chen and Zheng (1995) pro-
posed a technique which is capable of simultaneously assign-
ing finite and infinite zero structures. Recently, we successfully
attempted to deal with the assignment of complete system
structures, including finite and infinite zero structures and in-
vertibility structures in Liu, Chen, and Lin (2003). In particular,
in Liu et al. (2003), we identified a set of sufficient conditions,
and under these conditions, an algorithm that leads to the as-
signment of a set of complete structural properties is developed.
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By using the similar technique of Rosenbrock (1970) and
Amparan, Marcaida, and Zaballa (2004) presented the nec-
essary and sufficient conditions under which an infinite zero
structure can be assigned. Other structural properties, such
as finite zero structure and invertibility properties were not
considered. Moreover, the tool they used to establish these
necessary and sufficient conditions is the rational function ma-
trix, which, though mathematically elegant, does not lead to
computational algorithms to construct the required (C, D).

In this paper, we will first introduce the notion of infinite
zero assignable sets. With this notion, we establish necessary
and sufficient conditions for the assignability of a given set of
infinite zeros and a set of structural properties which includes
left invertibility property. These conditions indicate the conser-
vativeness of the existing conditions. In establishing these con-
ditions, we develop a numerical algorithm for the construction
of (C, D).

Throughout the paper, * denotes a submatrix of less interest
in the context. For an integer k, ¢, =[1 0] € RIX]‘, Y= [?] €

R we=[) ' | e K.

2. Background materials

Consider a linear system X

xX=Ax+ Bu, y=Cx+ Du, (D

where x € R", u € R™ and y € R”. Without loss of gener-
ality, we assume that both [B’ D’] and [C D] are of full row
rank. In what follows, we give a compact form of the special
coordinate basis, which was introduced in Sannuti and Saberi
(1987) and Saberi and Sannuti (1990). A toolkit (Lin, Chen,
& Liu, 2004) in the Matlab environment is available online at
http://linearsystemskit.net. This canonical form, implemented
in the toolkit, is based on a numerically stable algorithm re-
cently reported in Chu, Liu, and Tan (2002), together with
an enhanced procedure reported in Chen, Lin, and Shamash
(2004).

Theorem 2.1. Given (1), there exist state, output and input
transformations I's, I'o and I'1, such that

A=Tg'ATs
= Ay + BoCy
Aa LGy 0 L.aCq
0 Abb 0 LpaCyq
" | BeEa LGy Ac  LoaCa
BiEga BdaEay BaEde  Add
Boa
2 en con Coe ol )
Boc

Bog

Bopa O O
5 i Boy O O
B=TIg'BI=[By Bj]l= : 3)
Boe 0 B
Bya Ba O

c Coa Cop Coc Coq

. 0

C=F51CFS=[ ]= 0 0 0 Cq |, 4)
0 Cy 0 0

Iny 0 0
D=rIy'DI=Ds=| 0 0 0], (5)
0 00

where (Acc, Be) is controllable, (Apy, Cp) is observable and
A= Ajd + BqE4q+ LaaCq with Ajd =blkdiag {8y, Ry, ...,
qud }, Bg=blkdiag {J,,, Vy,, .. ., ﬂqmd }, and Cq=blkdiag {g

QQZ’ ""Q(Imd}'

q1°

Proposition 1. The structural decomposition of (2)—(5) shows
explicitly the finite zero and infinite zero structures, as well as
left and right invertibility structures.

(1) The finite zero structure of X is characterized by the eigen-
structure of Aaa.

(2) Left invertibility structure Sf (X) is the observability in-
dices of (Avy, Cv), and right invertibility structure Sg(2)
is the controllability indices of (Acc, Be).

(3) 2 has my = rank(D) infinite zeros of order 0. The in-
finite zeros (of order greater than 0) of X is given by
S5 (X)) =1{q1,92, ..., gmy}- That is, each q; corresponds
to an infinite zero of X of order q;.

(4) The finite zero structure, Sy, S and S}, correspond to
Morse index lists 1, Sy, I3 and S4 (Morse, 1973),
respectively. Also, X is left invertible if Sy is empty, right
invertible if S{ is empty, invertible if both Sy and S{ are
empty, and degenerate if both Sy and S{ are present.

Lemma 2.1 (Chen et al., 2004). The pair (A, B) is controllable
if and only if (Acon, Beon) is controllable, where

Aaa Lap Cb Boa  Lag
Acon = ) Beon = .
0 Abb BOb Lbd

If (A, B) is uncontrollable, its uncontrollable eigenvalues are
included in 2(Acon).

3. Preliminary results

Consider a pair (A, B) with A € R"*" and B € R"*", and
a vector of positive integers 1= (11, 1, - - - , l;)- Let by be the
kth column of B. Define

O(A, B, i) = {b1Aby --- AT by |byAby - - - A7y

o |byAbg - - Ao b
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Definition 3.1. A set of positive integers 1 = (41, H, - . -, Nl)
is called an infinite zero assignable set of (A, B), if there exist
a state feedback K and an input transformation 71 such that
O(A — BT1K, BTy, n) is of full column rank.

Lemma 3.1. For A € R"*", B € R"™™ and a set of positive
integers n= =11, 1y, ..., Ng) with @(A, B, n) being of full col-
umn rank, there exists a Ts € R"*" such that (TS_1 ATs, TS_1 B)
is as follows:

Aip 010 0 |---]0 O 0---0 0
Asg Axo|lx 0 |--+|x O 0---0 By
* x|k Iy * 0 0---0 «x
* % |x 0 * 0 1---0 %

e Iy 0---0 =%

where A1; € R"*" contains the uncontrollable eigenvalues
of A, Ay € R™*"2 and Byy € R™X"D with ny =n —ny —

Z?:lﬂj-

Proof. Let Ts; such that

. An 0
A, = Ty, ATgs) = ., By
* Ay

I
o3
oo
I
| |
& o
[\
| I

where (A,2, By2) is controllable. Thus, @(A,, By, n) =
Ts_ll@(A, B, n). Since the first n; rows of @(Ay, By, n) are
zeros, there exists a Ty = blkdiag{/l,,, T2} € R (m+12)
such that [Ty O(Ax, By, n)] is nonsingular. Let Tg :=
[Ts1Ty O(A, B, n)], we have

B = [Ts€g2 Tsegy - - Tsen|bga1 -+ bl

=Tsleg, egs "’€n|TS_1bw+1 "'Ts_lbm]a (6)

ATs =[ATo|A"bTseg 11 - - - Tseg, |
o |AlbgTseg, 1+ Tsen—1]
=T5[Tg 'ATo|Tg ' AT breg, 11 - - eg, |

| Ty " Alobgeg 11 ent], 7

where g; =nj +ny + Z{;lni, j=1,2,..., @, and ¢; is the
ith column of I,,. Multiplying both sides of (6) and (7) from the
left by Ts_l, we obtain the result of the lemma. [

Lemma 3.2. Consider a triple (A, B, C) with A € R"*", B €
R™™ and C € R™*"

R T S T N L U
Y I S S 0
* % 0 e 0
A= B
Am  * 0 * g,
L * 0 * 0
0 --- 07
0o ... 0
1 0
B= ,
0o --- 0
L0 - 1]
0O 1 0 0 0
C= ,
L0 OO --- 1 0
where Ag € R"*" and v, € R', A; € R@—Dxno j —
1,2,...,m,withn,=n — sz:lfi' There exists a Ts such that
Bi=Tg'B=B, C;=CTs=C, (8)
Ao oy O ey, 00T
0 x Iy—1 - x 0
* 0 ek 0
A]:TS_IATSZ ) ) ] ) . . )
0 0 R A O
L x  * 0 - 0

which reveals that the system (A, B, C) is invertible with finite

zeros A(Ag) and infinite zeros {11,712, ..., Tm}.
Proof. Let
X1 Xi 1 uy
X0 X2 Xi,2 uz
x= . Xa= , Xi= ,ou=
Xd
Xm Xi,1; Um

Then the system (A, B, C) can be written as

m

o= Aoxo + ) yiXil,
k=1

m
Xij = Aijxo + Xi j+1 + Zai,j,kxi,l,
k=1
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m
Xig; = Aj X0 + E Qi 7 kXi1 + Ui,
k=1

j=12,...,7, i=1,2,...,m.
Define xi{z = A; 1x0 + x; 2, then,
m
. 1
Xil =X; + Zai,kai,l,
k=1
.1 . .
Xio = Ai1X0 + Xi2

m
= (A2 + AinAo)xo + Xi3 + ) _(@i2x + Ai1y)Xi
k=1

m
. 1 1
= Ai’zxo +xi3+ Zai,Z,kxivl'
k=1

. . . 1 1
Similarly, defining Xi3= Ai’zxo + x; 3, we have

m
: 1
Xi2 =X; 3+ Zai,z,kxz',l,
k=1

m
.1 I .. 1 1
Xi3= A,-,gxo + X3 = Ai’3xo + x4+ Zai,lkxi,l'
k=1

Proceeding recursively, we finally obtain

m

. 1

Xi1 = .xl-)z + Zai,l,k-xi,l’
k=1

m
S -
Xij =X T Zai,j,kxhl’
k=1

m
.1 1 1
Xig = Ai,fixo + Zai,fi,kxi*l +ui,
k=1

Thus, there exists a Ts,

rly O 0O - 0 0 7
01 0 -0 0
& 0 I 0 0

TS: . . . . . . ’
0 0 -1 0

L&, 0 0 0 I,

with some appropriate matrices ®; € RE=Dxm0 j —
1,2,...,m, such that A; = T 'ATs, By = Tg 'B = B and
C1 =CTg = C are in the form of (8)—(9), which in turn is in

the form of (2)—(5). O

The following is a simple algorithm that, for a given A, as-
signs B such that (A, B) has the prescribed controllability in-
dices.

Lemma 3.3. Given A € R™" with its eigenvalues A having
unity geometric multiplicities. Let k ={ky, ka, ..., kn} be a set
of nonnegative integers, and A1 be a set of n1 complex scalars.
Then, there exists a B € R such that the pair (A, B) has
controllability indices k and uncontrollable eigenvalues Ay if
and only if Ay C A is self-conjugated and ny + Y ;L ki =n.

Proof. Necessity: It is obvious since there exists a 7 such that
-1 _|1A 0 —1p_| O :
T 'AT = [A; Azz]’ T 'B= [Bzz]’ where (Ayy, Byy) is con-
trollable.
Sufficiency: Without loss generality, we assume that the ma-
trix A is already in Jordan form, and k; <k, < --- <k,,. There

exists a Tsuch that T~ AT =[ 4 0 ], where A(A 1) =4,
and A(App) have unity geometric multiplicities. Hence, there
exists b, € R"™" such that (A, by) is controllable. Let
B=[b A" ... A"nb],b=[0 b}, where w; = Y)" 'k,
j=2,3,...,m.Itcan be verified that (A, B) has the prescribed
controllability indices. [J

4. Main results

We first give necessary and sufficient conditions for the
assignability of a set of infinite zeros.

Lemma 4.1. Consider a pair (A, B) with A € R"*" and B €
R™™. Let As={q1. q2, - - ., gmy} be a set of positive integers.
Then, there exist the matrices C and D such that the infinite
zeros of order greater than 0 of the resulting system
(A, B, C, D) are given by A4 if and only if A4 is an infinite
zero assignable set of the pair (A, B).

Proof. Necessity: Let Ts € R"*" and T; € R™*"™ be such that
TS_IATS and TS_1 BTy are in the forms of (2)—(3). Define

Coa Cob Coc Cod
K=Ti| 0 0 0 Equ|T5",
0 0 0 0

0 Iy, O
TI] = Imd 0 0
0 0 I,
Then,
Aaa Labe 0 LadCd
0 A 0 LpgC
A—BK =T bb bd™d T
BcEca chcb Acc Lchd

ByEda BaEaw BaEac Ajy+ LaaCa

Therefore, @(A — BK, BT1Tj1, A4) = Ts[0 4], where Ag =
blkdiag {dy,, 0, ...,5qmd }, 0k € R¥* with the elements in
the inverse diagonal being 1s, and all the other elements being
0s. Thus, A4 is an infinite zero assignable set of (A, B).
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Sufficiency: We will give a constructive proof that would
yield the desired (C, D). By Lemma 3.1, there exist Ts; €
R Ty € R™*™ and K| € R™*" such that

Ay =Tg' (A — BT1K1)Ts

M Aqq 0 0 0 -0 0 7
Ay Axn o 0 Olmg 0
A A Iy -1 * 0
— * * * 0 e % 0 ,
Amdl Amd2 * 0 qmd_l
L * * * 0 e % (V.
(10)
0 0 07
0 0 Bx»
0 0
B =Tg/'BT =|1 -~ 0 » || (1n
0O --- 0 «
T

where A} € R™*"™ contains uncontrollable eigenvalues of
A, Ay € R™*"2 and By, € R"*™0 with mg =m — mq and
ny=n—n;—y ;4 gi. Thus, by Lemma 3.2, there exists a Ts;
such that

Ay = TS_21A1 Tso

A 0 0 0 0 0 7
Ay An o 0 g 0
0 0 * Ay - x 0
= | * * % 0 cee ok 0 , (12)
O * Iql‘l‘ld_l
L 0 * 0
0 0 0 7
0 0 By
0 0
B=Tg,'B =1 0 = . (13)
0 0
0 1 %

Clearly, A=Tgs TS2A2 TS_21 TS_ll +7s TszézKl , B=Tgs; Tszéz Tl_l .
Let us define

0 010 .- 00

= : e , 52:[0 0]7
0 000 --- 10 (U
Omogxn, 0 0 O --- 0 O

1635

which is in conformity with the structures of Az and 32. The
system (Az, Ez, C~’2, 52) is invertible with m infinite zeros
of order O and infinite zeros (of order greater than 0) Aj4.
Assign C = C~'2TS_21TS_11 + [)zKl, D = EZTI_I. The systems
(A, B,C, D) and (A~2, Ez, C~‘2, ﬁz) are equivalent under state
and input transformations and state feedback. Thus, they have
the same Morse index lists. [

Remark 4.1. Following the proof of Lemma 4.1, a set of
necessary conditions can be established under which a com-
plete structure can be assigned: consider a pair (A, B) with
A € R"™" and B € R"™™. Let n, be a nonnegative inte-
ger, Ao = {01, Lo, ..., Cp )}, A3 = {1y, o, . . ., '“pb} and A4 =
{q1,92, ..., qm,) be three sets of positive integers. If there
exist C € RU"TPo=MIX1 and D e RUMHPo=m) XM gych that the
system (A, B, C, D) has n, finite zeros, m — mq infinite zeros
of order 0, and the Morse index lists .y = A>, .#3 = A3 and
S 4 = Ag, then ny, A, A3 and A4 must satisfy

) {1, €, ..., 4., 91,92, - - qmy} 18 an infinite zero
assignable set of the pair (A, B);
() na+ 2P+ Y06+ Y g =n.

In what follows, we present the necessary and sufficiency
conditions for the assignability of a set of structural properties
which includes the left invertibility property. In the statement of
the theorem, repeated uncontrollable eigenvalues are counted
repeatedly.

Theorem 4.1. Let A € R"" and B € R"™™. Assume that
A has ni uncontrollable eigenvalues A, all of which have
unity geometric multiplicities. Let Ay be a set of n, self-
conjugated complex scalars, and A3 = {p, lo, ..., i, } and
As =1{q1,92, ..., qmy} be two sets of positive integers. Then,
there exist C and D such that the resulting system (A, B, C, D)
is left invertible (S5 = @), and has finite zeros A, m — mgq
infinite zeros of order 0, and the Morse index lists 93 = A3
and J4 = Ay if and only if

(1) A1 =01 U Ay, where Ay C A, and O is a set of ne self-
conjugated complex scalars, ne<n —ny — Z;":dlq,-;

(2) Ay is an infinite zero assignable set of (A, B);

() na+ X2+ X g =n.

Proof. Necessity: Condition (2) follows from Lemma4.1. Con-
dition (3) is obvious since A is an empty matrix. By Lemma
2.1, A(Aqay) contains n, — ne self-conjugated uncontrollable
eigenvalues, and A(App) contains Zfﬁ |1 — ny self-conjugated
uncontrollable eigenvalues, where n,>0. Thus, n, — ne +
P u; — ny =ny. Hence, we have Condition (1).
Sufficiency: We will give a constructive proof. Follow-
ing the proof of Lemma 4.1, there exist Tsy, Tsy € R™",
i € R™™ and Ky € R™", such that (A;, By) :=
(Tg;"(A — BT1K\)Ts1, Tg,' BT1) is in the form of (10)(11)
and (Az,l}z) = (TSEIAlTSZ,TSEIBl) is in the form of



1636 X. Liu et al. / Automatica 43 (2007) 1631—-1639

(12)—(13). Obviously, there exists K, € R™*" such that

FA;; O 0 0 - 0 0 7
A21 A22 o 0 s Olmyg 0
0 0 % Iy - * 0
Ay—BK,=| 0 0 x 0 - 0
0 0 * 0 e % It]md—l
L O 0 * 0 el % 0

Let Ly =[o; oo -+ oy Bo2]. By the PBH test, rank[A2) —
sI Lyl =ny, s € C, thus (Ayp, Ly) is controllable. Define
Ay = Axp — L“K/g = Ay — BpKy — Z?:dlaiﬁi’ where
Ky = By B> -+ ,B;nd Kéz]/ with ,Bl,ﬁz,...,ﬁmd e RIxm
and Ky € R™0*"2. 4(A,) can be freely relocated by K. We
select K [ such that 4(A,) includes @ and some other distinct
eigenvalues. Consider

A1 0
A*l = mq )
Ayl — BnKy — ) 4 wid; A,

where 01, 02, ..., 0my € R and Ky € R™0*™ Note that
01, 02, ..., Omy and Ko will not change A(Ay1), but can change
the Jordan form of A,;. Let Ty be such that

Mabi|

_1 Aga
A*2 = T*z A*IT*2 =
App

where A(Ag,) are given by A1, and A(App) have unity geomet-
ric multiplicities. Thus, by the proof of Lemma 3.3, we can
construct a Cy, such that (App, Cp) is observable and has ob-
servability indices A3. And thus, there exists an Ly such that
AM(App — LpCp) N A(Agy) =0. Consequently, the Sylvester equa-
tion —Aza N+ N (App — Ly Cp) = My, has a unique solution N €
R"X"2 Let Cyp = [Ca1 Co2] := [0 Cb]T*_zl, Cy1 € RPpXM
and

I N
T*:T*Z[ :|
0

1
We have
_ A NLyC
Denote
0 0 O
K2 — [ ] E [RH‘LXV!’
Ky K»n O

and let B, = By and

Ay =A| - B1K;

i Arl 0 0o 0 - 0 0
Azl — BnKyy Ay —BpKyp oy 0 oy O
Aqq A1n * Iy e * 0
_ * * * 0 * 0
Amdl Amd2 * * Iqmd—l
L * * * * 0o

We assign (Ca, D3) as follows:

- 01 pp 1.0 -+ 0 07
G = Smg Bmy 0 0 - 1 0]
Co Cpn O 0 --- 0 O
L Omgxny, O 0 0 --- 0 0O
o 0
D, = ]
LO L,

which are in conformity with the structures of A> and B. It
can be verified that A = TSlAZTS_ll + Ts1 B2 (K| + KZTS_ll),
B=Ts1 BTy " Let

C=CTg,' + DaKy + Ko T, D=DrT7 L

In what follows, we will show that the system (A, B, C, D) has
the desired structural properties. It is obvious that the systems
(A, B,C, D) and (A3, By, Cy, Dy) are equivalent under state

and input transformations and state feedback. We further define
Ts3 as

r I, 0 0 0 0 0
0 L, O 0 0 0
-6 =B 1 0 0 0
Tg=| O 0 0 I 0 0
~Omg  —Pmy O 0 e 0
L 0 0 0 0 e 00 I, 1
Consequently,
Ayl * 0 * 0 7
A * I4 -1 * 0
* % 0 e % 0
As=TssoTgs' =| b
Apy  * 0 * Idefl
L+ x 0 * (U
0 0 1 0 0 07
C3=Ts3C2 = 0 0 00 --- 1 0f-
Ch Co o o0 --- 00
_Omoxnl Omoxn2 00 --- 0 O_

B3 =Ts3B, =By, D3=D;.
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By Lemma 3.2, we can find a Ts4 such that

Ay * 0 ek 0 7
O > Iql_l * 0
*  * 0 e % 0
Ay = TS4A3TSZ] =1 . . . . ) ) ,
0 = 0 * g, -1
L« x 0 * 0
0 1 0 0 07
C4=TsaC3=] 0 0 0 --- 1 0>
Cq 0 O 0 0
L 0 0 O 0 0]
By =Ts4B3 = B3, Ds= Ds.

Define Tss = blkdiag {Ty, I} € R"™". The quadruple
(Tgs' AaTss, Tgs' B, C4Tss, Dg) is in the form of (2)—(5),
having finite zeros A1, m — mq infinite zeros of order 0, and
the Morse index lists .4, ={, .#3 = A3 and .4 = A4. And so
are the systems (A, Bz, C2, D>) and (A, B, C, D). In conclu-
sion, we have obtained a set of the desired (C, D) as given by
Q={(I'oC, I'oD)|I'o € RP>+m>potm) j¢ nonsingular}. [0

Remark 4.2. For the given (A, B), if the uncontrollable eigen-
values are not of unity geometric multiplicities, then the assign-
ment of #3 will be subject to more constraints and thus will
be slightly more complicated. We also note that the selection
of @ is free as long as it satisfies conditions in Theorem 4.1,
but the eigenstructure of finite zeros corresponding to @ are
not necessarily freely assignable.

Remark 4.3. In our earlier algorithm (Liu et al., 2003), in or-
der to be assignable, each desired order of infinite zeros must
be equal to or less than a corresponding element in the con-
trollability indices of (A, B). In our current algorithm, no such
a constraint is imposed. We, however, note that according to
Commault and Dion (1982) and Amparan et al. (2004), the ma-
jorization relation between the controllability indices and the
assignable infinite zero orders still need to be satisfied.

The following corollary deals with the assignment of struc-
tural properties of invertible systems.

Corollary 4.1. Consider the pair (A, B) with A € R"*", B €
R™™ and uncontrollable eigenvalues A. Let Ay be a set of n,
complex scalars, and As={q1, q2, . . ., qm,} be a set of positive
integers. Then, there exist C € R™*" and D € R™ " such
that (A, B, C, D) is invertible, and has finite zeros A1, m —mgq
infinite zeros of order 0, and infinite zeros (of order greater

than 0) A4 if and only if

(1) A1=01UA4, where O1 is a set of self-conjugated complex
scalars;

(2) Ag is an infinite zero assignable set of (A, B);

3) na + Z,r'n:dl%‘ =n.

5. An example

We consider a benchmark problem for robust control of a
flexible mechanical system in Wie and Bernstein (1990). The
problem is to control the displacement of the second mass by
applying a force to the first mass as shown in Fig. 1, where x|
and x; are, respectively, the positions of Mass 1 (m| = 1) and
Mass 2 (mp=1), k=1 is the spring constant, « is the input force,
and wi and wy are the frictions (disturbances). The output to
be controlled is z = x3, the dynamic model is given by

x=Ax+ Bu+ Ew

01 0O X1 0 00

-10 1 0 fCl 10 w1
= + u—+ ( )

0 0 0 1 X2 00 wy

1 0-10 X2 0 01
z=Cx=[0 0 1 O]x.

S =

It is simple to verify that the subsystem (A, B, C) is of
minimum-phase and invertible. Hence, the disturbance w can
be totally decoupled from z under the full state feedback. Our
objective is to identify sets of measurement output or the lo-
cations of sensors such that an output feedback could yield
the same performance as the state feedback. It follows from
Chen (2000) that this can be made possible by choosing a
measurement y = Cyx, such that (A, E, Cy) is left invertible
and of minimum-phase. It can be verified that (A, E) is in
the controllability canonical form, with controllability index
{2, 2}. Following the algorithm given in the previous section,
we obtain the measurement matrices,

100 0
w=rofy o ol)
0010

where I'g € szz, det(I'g) # 0, such that for any C| € Qy,
(A, E, Cy) is square invertible with two infinite zeros of order
2 and no finite zeros. Similarly, we assign

1100
w=frofy )
00 1 1

such that for any C| € Q», (A, E, C) is square invertible with
two infinite zeros of order 1 and two finite zeros at —1. We can
also assign

01 10
2=y g o o]l
1000

such that for any C| € Q3, (A, E, Cy) is square invertible with
two infinite zeros {1, 3} and no finite zeros. For the case of
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X1 X2
R —— R ——
k
u
—— Mass 1 /\M
Wi W, Mass 2

Fig. 1. A two-mass-spring flexible mechanical system.

Dp # 0, we assign

a{(rofy 1 o)l D

such that for (Cy, D1) € Q4, (A, E, C1, Dy) is square invert-
ible with two infinite zeros {0, 1} and three finite zeros at —2,
—1+jand —1—j.

For any C| € Q, (A, E, Cy) is of minimum-phase, but has
higher order infinite zeros. It is well known that higher orders
of infinite zeros would yield higher controller gains, which is in
general not desirable. Thus, the measurement output C; € Qo
is more desirable. It is straightforward to verify that the Hy
almost disturbance decoupling is achievable by measurement
feedback for any C; € Q; or C| € Q.

6. Conclusions

In this paper, we have revisited the problem of structural
assignment for linear systems. By introducing the notion of
infinite zero assignable set for a matrix pair, we established
necessary and sufficient conditions for the assignability of a
set of structural properties which includes the left invertibility
property. These results significantly improve the existing results
on the topic.
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