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Abstract. This paper presents an optimal track-following con-
trol design procedure that can find the theoretical highest tracks
per inch (TPI) achievable in hard disk drives. By formulation
of the hard disk drive servo system into an Hg optimal control
problem, achieving the highest achievable TPI is equivalent to
minimizing the corresponding Hp norm from the disturbances
and noise to the true PES. Thus, the standard output feedback
Hy optimization procedure can be used. The design method is
applied to a single-stage actuator system and a dual-stage actu-
ator system, and the corresponding output feedback controllers
have been found. Compared with other design approaches, a
higher TPI rate can be achieved by the proposed method. The
resultant TPI rate can be a criterion of evaluation of any other
linear design work toward TPI budget improvement.

Keywords. Hard disk drive; track misregistration (TMR);
H, norm; H, optimal control.

1. Introduction

In recent years, the areal density of magnetic hard disk
drives has been growing at 100% every year. The record-
ing bit aspect ratio is expected to decrease from 20:1 to
4:1 and even further for the rotating magnetic recording
systems of 100 Gbits/in.2 and above, as a result of the
advantage of a better signal-to-noise ratio when the track
density increases faster than the linear density. This rapid
trend requires a significant improvement of the actuator
positioning servo system. The 3opgs ., that is, the standard
deviation of the true position error signal or true PES (de-
noted as PES 1), is often used as a measure of the tracking
accuracy during the reading and writing operation. For a

Presented at the 11™ Annual Symposium on Information Storage and
Processing Systems, Santa Clara, California, USA, 21-23 June 2000
Correspondence to: Zhongming Li

given mechanical system, improving the performance of
the track-following controller to achieve a higher tracking
accuracy is one of the cost-effective ways to increase the
rate of tracks per inch (TPI).

Many control methods have been used to minimize the
3opgs, which determines read—write tracking misregistra-
tion (TMR). These include LQG/LTR (Chang et al., 1997),
optimal control (Iwashiro et al., 1999; Yamaguchi et al.,
1999; Lin et al., 2000), robust control (Goh et al., 1999),
multirate control (Chen et al., 1999; Fujimoto et al., 1999;
Hara and Tomizuka, 1999), dual-stage actuator control
(Aggarwaletal., 1997; Evansetal., 1999; Hernandezetal.,
1999; Horsley et al., 1999; Semba et al., 1999), and so on.
However, the highest achievable rate of TPI has not yet
been fully investigated. If the highest achievable rate of
TPI can be found, the control design effort toward a higher
TPI by any other linear method can be evaluated.

This paper presents an optimal track-following control
design approach that could minimize the 3opgs , of the hard
disk drive servo system for given disturbance and noise
models. This paper is arranged as follows. In Section 2 the
relationship between the TMR and H, norm is established.
After the corresponding H, output feedback problem of
the hard disk drive (HDD) servo system is formulated,
the algorithm is given. Section 4 presents the simulation
results, using the proposed design method. Both the single-
stage actuator servo system and the dual-stage actuator
servo system are examined here. Finally, the concluding
remarks are drawn in Section 5.

2. TMR and the H, Optimal
Control Problem

In this section, the relationship between the TMR and
the H, optimal control problem is first established. Then a
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Fig. 1. Typical HDD servo system.

general description of an H, optimal output feedback con-
trol problem is given, followed by the algorithm to obtain
the optimal controller. This algorithm allows us to design
an optimal or suboptimal output feedback controller that
can achieve the highest TPI rate in the HDD servo systems.

The structure of the typical HDD servo system is shown
in Fig. 1. The actuator can be either a single-stage one or a
dual-stage one. For simplicity of analysis, we assume that
the repeatable runouts (RROs) are eliminated by some ef-
fective methods, such as feed-forward methods, without
affecting the closed-loop stability. In this case, the nonre-
peatable runout (NRRO), which can be classified into three
categories; that is, input disturbance, output disturbance
and measurement noise, is the key component that de-
cides the read—write TMR (Abramovitch et al., 1997; Guo,
1997: Ho, 1997; Ehrlich and Curran, 1999; Yamaguchi
et al., 1999).

The input disturbance refers to all the disturbances that
act as torque disturbance, such as disturbances caused
by the digital-to-analog (D/A) quantization noise, power
driver noise, and the air-turbulence upon the actuator. The
output disturbance refers to all the disturbances that are
caused by nonrepeatable motions of the disk, which are di-
rectly added to the relative position of the read—write head
and the servo track. Other noise sources such as media
noise, servo demodulator noise, and the like can be consid-
ered as measurement noise (Ho, 1997; Hurst et al., 1997;
McAllister, 1997; Ehrlich and Curran, 1999).

In order to achieve the highest TPI rate, one would have
to minimize TMR subject to all the NRRO sources de-
scribed above. For simplicity, we only considered opes . as
the source of TMR, where opgs , in Eq. (1) is the standard
deviation of the true PES signal, ypgs , (Changetal., 1997),

1 : )
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Here n in Eq. (1) is the number of the true PES samples.
To associate opgs , With a control design problem, con-

sider the H, norm and H, optimal control. The H, norm
of a system can be interpreted as the rms value of the out-
put when the system is driven by independent zero mean
white noise with unit power spectral densities. To asso-
ciate TMR with the H, norm, in the typical HDD shown
in Fig. 1, all the NRRO sources are all considered colored
noise, which are generated by the white noises passing
through their individual filters. Let the disturbance vector
be the NRRO sources and the true PES be the output; the
transfer function from these noises to the true PES, ypes ,,
is defined as T,,. Thus in the HDD systems, when the
number of the collected true PES samples, n in Eq. (2),
is large enough, the limit of the H, norm of the transfer
function T, is expressed as (Saberi et al., 1995)

1 n
ITull2 = \/ —— > yees Q) 2)
=1 i=1 ‘

It is easy to see that the H, norm of T,,, can be approx-
imated proportional to the standard deviation of the true
PES. Therefore, the control design problem to minimize
TMR can be treated as an H, optimal control problem.
Thus, the optimal control problem can be formulated from
this illustrated HDD servo system, as shown in Fig. 3 be-
low, and the standard algorithm of H, optimal control can
be applied.

3. H, Output Feedback Optimal Problem
and Controller Design

The general H, output feedback problem is described as
(Saberi et al., 1995)
x=Ax+ Bu+ Ew
pI y=C|x+Dlw (3)
z = Cx + Dyu
with x € 9" being the state, u € Rt" the control input, w € R’

the disturbance input, y € %” the measurement output, and
z € R the output to be controlled (or controlled output).
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3.1. Control Design for the Regular Case

According to the developed H, optimal control theory,
an optimal measurement feedback controller exists in a
regular H, optimal problem that satisfies the following
specific regularity conditions (Saberi et al., 1995).

1. D, is injective, that is, D, is of maximal column rank.

2. The subsystem (A, B, C,, D;) has no invariant zeros
on the imaginary axis.

3. D, is surjective, that is, D is of maximal row rank.

4. The subsystem (A, E, C,, D)) has no invariant zeros
on the imaginary axis.

In the case in which the above conditions are not satis-
fied, the H, output feedback problem is called singular.

When the problem is regular, the H, optimal output
feedback controller can be described by

“)

5 . = Av+ B,y
" lu=Cov+D.y

with v € R* being the dynamic order of ..

By solving the algebra Ricatti equations (AREs) di-
rectly (Saberi et al., 1995), we have

Ec:{z:$v+BF+KCl)v~Ky )
where

F = —(DID,) '(DIC, + B'P) (6)

K = —(QCT + EDT)(D,DT)™ %)

and where P >0 and Q = 0 are the solutions of the fol-
lowing AREs, respectively:

ATP +PA—(PB+CID,)(DID,)”

x (DIC, + BTP) +CIC, =0 8)
QA" +AQ — (QCT + ED])(D,D])”
x (D\ET +C,Q) + EET =0 9)

The H, norm minimized from the closed-loop transfer
matrix 7;,(X x X,) over all stabilizing proper controllers



30
is denoted by y,":

ya: = inf{[|IT.u(Z x Xl | ¥, internally
stabilizes T} (10)

For the regular problem described above, the minimal H,
norm, or infimum, of transfer function 7., associated with
the output feedback case is given by

IT.ll, = {trace(E" PE)
ttrace[(ATP + PA+CIC)Q])" AD

3.2. Control Design for the Singular Case

When the H, optimal problem is singular, the only re-
course is to seek a suboptimal controller that guarantees
the internal stability of the closed-loop system. Actually,
a family of suboptimal controllers can be found that could
attain an H, norm arbitrarily close to the infimum.

For a sequence of suboptimal controllers to be found,
the so-called perturbation method can be applied because
of its compactness and elegance. By adding some dummy
outputs to z, that is, defining a new control output (Saberi
et al., 1995), we have

¥4 C2 Dz
si=|lex|=|el|x+| 0 |u (12)
37 L0 el

Obviously, if € =0, we just add some zeros. Sequentially,
define another two new matrices:

E=[E el 0] and D,=[D, 0 el] (13)

Now let us consider the newly constructed perturbed
system,

% = Ax + Bu+ Ew
y=Cx  +Dw (14)
z=Cox + Dyu

M

where E, D, C,, and Dz are constructed by means of
the so-called perturbation approach given before. Obvi-
ously, D, is of maximal column rank and (4, B, C,, Dy)
is free of invariant zeros for any € > 0. Thus, X satisfies
the conditions of the regular output feedback problem, and
hence we can apply the previously stated procedures for
the regular problem to find appropriate controllers. The
controllers works for the original system for sufficiently
small €.

Lietal.

3.3. Optimal Control Design Procedure Summary

For the typical HDD system described in the previous
section, we can formulate the H, problem as follows.

x =(xgpop Xo Xop Xmn)

o= (wp wop ©mn)

App 0 0 0
0 Ap 0 0
0 0 Ao 0
0 0 0 Awn

B = (BHDD 0 0 0)’

A=

Bypp 0 0\’
[ Bo 0 0
E=1 "0 Byp 0

0 0 B

C = (Cupp Cp Cop Cwmn)

D, = (Dp Dop D)

C, = (CHDD CID Con 0)

D, =0 (15)

Here the state vector X, {Xupp, X, Xop, XMy}, are the
state variables from the actuator, input disturbance fil-
ter, output disturbance filter, and measurement filter
in Fig. 2. The disturbance vector , {@m, @op, @un)'s
includes the white noise sources that take effect be-
fore the process disturbance filter and the measure-
ment noise filter. Here EHDD(AHDDs BH.DD! CHDD7 DHDD):
Ein(Ap. B, Cip, Din), Zon(Aon, Bop, Con, Dop), and
T (A Baws Cons D) denote the disk drive actuator,
the input disturbance filter, the output disturbance filter,
and the measurement noise filter individually, and all these
plants are assumed strictly proper. In the problem formu-
lation, the input disturbance is considered as a lumped
disturbance on the plant output.

In many cases, because of the high gain property of
the voice coil motor (VCM) plant, the optimal solution
cannot easily be obtained by solving the AREs. It is quite
common to find a suboptimal output feedback controller
for a given HDD plant. For the ease of application, the
optimal control design procedure of both the regular and
singular systems can be summarized as follows.

Step 1: Establish the actuator model, disturbance model,
and measurement noise model.

Step 2: Formulate the standard H, optimal problem, as
described by Eq. (15).

Step 3: Check the regularity property of the resulting H,
optimal problem.

Step 4: If the H, optimal problem is regular, the resultant
output feedback controller is given in Eq. (5) by
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solving the related Riccati equations, Egs. (8) and
(9). Otherwise, for a singular H, problem, aug-
ment the plant output to make the problem regu-
lar. Solve the Riccati equations (8) and (9) to find
an /1, suboptimal controller. Reduce € by half and
solve Egs. (8) and (9) each time, until the result-
ing H, norm of the resultant controller converges
within the calculation precision.

Step 5: If the problem is ill conditioned, use the time-
scaling (substitute ¢ with T =w,¢ in a Laplace
transformation; see Franklin et al., 1994, p. 67)
method to reduce the ill numerical condition until
these Ricatti equations can be solved.

After the optimal or suboptimal controller is obtained,
time-domain and frequency-domain simulations can be
performed to check the performance of the controller be-
fore implementation.

Gyem(s)

systems, one with a single- stage actuator and the other
with a dual-stage actuator. With all the disturbance and
measurement noise filters included in the optimal prob-
lem, both the single-stage H, problem and dual-stage H,
problem were singular. Thus we can only find suboptimal
output feedback controllers. By tuning the parameter € in
Eqgs. (12) and (13) smaller, we find that the resulting TMR
decreases and approaches the minimum.

4.1. Single-Stage Actuator Case .

First, we formulate the H, problem in the single-stage
actuator system. In such a system, the VCM works as the
only actuator to drive the head assembly and the slider. The
structure of such a servo system is similar to the system
shown in Fig. 2, with the VCM as the HDD actuator.

The transfer function of the VCM (see Fig. 4) is as
follows:

_ 2.834x 107%5% 4 0.85295° — 3.742 x 10%s* + 2.423 x 10°s® — 0.627 x 10s? + 6.662 x 1075 4 2.851 x 10%

564+ 1.011 x 10%s% 4 4.214 x 10°s* + 3.35 x 10353 + 1.807 x 10852 + 9.128 x 10s + 2.851 x 102

4. Application Examples

In this section, we use the proposed algorithm to design the
output feedback controllers for two types of typical HDD

(16)

In the optimal control design described in this paper,
the filter models of the input disturbance, output distur-
bance, and measurement noise will play the vital roles.
Here the approximate filter models of the NRRO sources
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Fig. 5. H, and PID controllers in the single-stage case.

are obtained from the measured PES data in a commercial
HDD. They are denoted as Gp(s), Gon(s), and Guyn(s)
individually, as shown in Eq. (19).

7240052 + 4.4 x 10%s — 1.21 x 10"

GwlS) = 3775000052 + 8 x 10% +4.13 x 10°
(17
o) — 6250052 — 1.28 x 105 + 1.92 x 10"
2 + 3540052 + 1.68 x 10°s + 3.85 x 1012
(18)
s — 928052 — 4.08 x 10°s + 6.89 x 102

s34+ 621052 4+ 4.06 x 10%s + 1.21 x 10"
(19)

Then the proposed optimal control design in the previ-
ous section is applied. During the control design, to ap-
proach the limit of the suboptimal controller, we push the
€ until there is no solution to the Riccati equations (8) and
(9). Finally, the € at 5 x 107® returns a suboptimal H, out-
put feedback controller that is considered nearly optimal,
as shown in Fig. 5.

The bode plots of the open-loop compensated system,
and the sensitivity and complementary sensitivity func-
tions, are shown in Fig. 6 and Fig. 7, respectively. The
phase margin and gain margin of the open-loop compen-
sated system by this H, controller are 75° and 15 dB,

respectively. In Fig. 7, the difference of the slopes of the
sensitivity functions of H, and proportional, integral, and
differential (PID) control in the low frequency is due to
the different design methods. During the proposed H, op-
timal design, in order to obtain the minimized TMR, we
added no integrator to improve the system performance in
the low frequency. We then discretized it by using bilinear
transformation with the sampling frequency at 15 kHz.
A PID controller is used for comparison here. This PID
controller has a usual structure and was tuned to have a
fast time response and small overshoot. It is given by

Gpp(z)
1667 x 107°2» —3.202 x 1075z +1.536 x 10~°
. 4211 % 10722 —4.211 x 107z

(20)

with its bode plot shown in Fig. 5.

As a way to show the performance of H, controller
tracking, the time responses of a step reference of both the
H, controller and PID controller are shown in Fig 8. The
spectra and histogram of the true PES by the H, controller
is shown in Figs. 9 and 10.

To show that the obtained controller is close to the “op-
timal”’ one, we let the parameters in the estimator and the
controller randomly vary within +10% and £5%; the re-
sulting 30pgst , is shown in Fig. 11. Thus we found that
the obtained H, output feedback controller can give us
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the minimal TMR. This verifies the described theory that 4.2. Dual-Stage Actuator Case

we can obtain a nearly optimal controller by pushing the

tuning parameter € smaller; thus the obtained H, norm Consider the dual-stage actuator system as shown in
approaches the optimal value in a certain range. Fig. 12. In the dual-stage actuator, a piezoelectric micro
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actuator (MA) works in tandem with the VCM to do
the fine positioning, while VCM does the coarse po-
sitioning (Aggarwal et al,, 1997; Evans et al., 1999;
Hernandez et al., 1999; Horsley et al., 1999; Semba et al.,
1999).

Here the whole dual-stage actuator is considered as a
dual input, single output (DISO) system, where the two
inputs, uycy and wuya, are the control signals to con-
trol the VCM and the MA individually. Thus by fol-
lowing the guideline as in Eq. (15), we can formulate
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the H, problem in the dual-stage actuator. We use
TmalAmas Bua, Cuma, Dya) to denote the MA; the dual-
stage actuator, denoted by Zypp, is described by

A 0
Appp = ( :)CM A )
A

B 0
Bupp = ( \E)CM B’ )
MA

CH.DD = (CVCM CM.A)
Dypp = (0 0) (21)

For the dual-stage actuator system in the example, all
the models of the VCM, noise filter, and disturbance filter
are the same. The model of the MA Gy,(s) in Eq. (22) is
a fourth-order one, as shown in Fig. 13.

and MA into consideration during the design. Thus, to
find a more practical control for the implementation pur-
pose, we consider the H, optimal control by using the PQ
method (Schroeck and Messner, 1999) in the following
section.

4.3. Dual-Stage Case: H, Design by Using
the PQ Method

To make the H, optimal design work more implementable
in the dual-stage case, H, control by using the PQ method
is proposed. As shown in Fig. 16, the first step of the
control design is to simultaneously choose the C, and C;
to address the relative output contribution of the VCM
and MA. Then, we apply the proposed H, optimal design

—0.3352s* + 164005 + 1.052 x 10°s? 4 3.376 x 105 +3.472 x 10"

Guals) =

(22)

544246053 +2.99 x 10°52 +4.14 x 10'25 + 1.81 x 10"

Because of the high order of the H, problem in the dual-
stage actuator, we push the € until 1 x 1073 before there is
no solution to the Ricatti equations. The obtained H, out-
put feedback controllers for the VCM and MA are shown
in Fig. 14, together with the open-loop compensated
system.

The phase margin (95°) and gain margin (22 dB) are
even better than the single-stage system, showing a better
robustness performance. The histogram of the true PES is
shownin Fig. 15. It is found that during the track-following
mode, the MA does most of the positioning work while
the VCM actuator works less (Fig. 19). Compared with
the published control design work on the dual-stage ac-
tuator, the control design results appear different because
we have not taken any weighting functions of the VCM

to find a controller for the equivalent single input, single
output (SISO) system shown in Fig. 16.

Following the PQ method, we choose the transfer func-
tion of C,(s) as

105.45% + 1.211 x 10°s + 5.206 x 107
52 4+ 7613s + 1.449 x 107 ’
(23)

Ci(s) =

and we choose C;(s) as 1.

Then, the parallel structures of the VCM with C,(s) and
the MA with C,(s) are equivalent to a SISO system. The
proposed H, control illustrated in the single-stage case is
applied and the controller is found. The step response of
the compensated dual-stage actuator system is shown in
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Fig. 17. The bode plots of the controllers for the VCM and
the MA, together with the open-loop compensated system,
are shown in Fig. 18.

The summary of the controllers’ performance is shown
in Table 1 (where 1 pin. = 25.4 nm). The theoretical TMRs
in the second column of Table 1 are calculated from the
obtained H, norms by use of Eq. (11). From Table 1, it is
found that compared with PID control, the proposed H;
optimal control design could improve the TMR budget by
~10% in the single-stage case. Furthermore, it is found
that the dual-stage actuator HDD can achieve a higher
TPI rate than that of the single-stage actuator. Because the
suboptimal controller in the dual-stage case has not been

Table 1. Summary of controller performances

Measured Theoretical
Parameter TMR (pin.) TMR (uin.)
PID (single stage) 2.11 —
H, control (single stage) 1.93 1.81
H, control (dual stage) 1.79 1.73
H,, using PQ (dual stage) 1.98 1.96

tuned optimally enough as a result of the ill condition, the
compensated dual-stage actuator system has only approx-
imately <10% improvement in TMR than the single-stage
case. Last, the resulting TMR of the H, control by using
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Fig. 17. Step responses of H, using the PQ method compensated system.
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Fig. 19. Step response of the H, compensated system in the dual-stage case.

the PQ method is shown. In the system compensated by
H, control with the PQ method, we cannot establish the
direct relationship between the H, norm and TMR bud-
get. Thus it is not surprising that the TMR improvement
by H, by using the PQ method is even less than that in the
single-stage case.

5. Summary and Discussion

In this paper we consider the problem of finding the
highest achievable TPI rate or equivalently the lowest
TMR rate, by means of H, optimal control. We showed
that finding the highest achievable TPI rate can be for-
mulated and solved as an H, optimal control problem
when we consider the track-following problem caused
by HDD internal disturbance and noise sources. For our
case, the optimal control problem is singular and thus
a family of suboptimal H, controllers can be found. By
proper tuning, the resulting H, norms are very close to the
minimum.

Two application examples, of both the single-stage case
and the dual-stage case, are given to find the limit of the
TPl rate, although the resultant controller may not be prac-
tical because the design procedure did not consider factors
other than track-following accuracy. The proposed algo-
rithm can be used to find a benchmark for the evaluation
of other linear design work toward higher TPI rates in the
HDD servo.
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