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On the problem of robust and perfect tracking for linear systems with external disturbances

KEXIU LIUf, BEN M. CHENf* and ZONGLI LIN{i

We consider in this paper the robust and perfect tracking (RPT) problem for multivariable linear systems with external
disturbances. The problem is to design a proper controller such that the resulting overall closed-loop system is asymp-
totically stable and the controlled output almost perfectly tracks a given reference signal with an arbitrarily fast settling
time in the face of external disturbances and initial conditions. The contribution of this paper is two-fold: (1) We derive a
set of necessary and sufficient conditions under which the RPT problem is solvable; and (2) Under these solvability
conditions, we develop algorithms for constructing state and output feedback laws, explicitly parameterized in &, that
solve the RPT problem. In our construction of feedback laws, we propose a controller structure which enables us to
design a tracking controller without introducing additional integrators regardless of what type the system is.

1. Introduction to the Problem

The tracking problem is one of the most common
and important issues in designing a control system.
Most results in the literature focus on only issues associ-
ated with asymptotic tracking problems, in which track-
ing errors are made to tend to zero as time progresses
towards infinity. However, there are many cases, espe-
cially in many practical situations, for which one can
design a control system that would yield a much better
performance, e.g. faster settling time and smaller over-
shoot, without additional costs. Being motivated by
our experience in designing control systems for gyro-
stabilized mirror and hard disk drive systems (see,
Goh et al. 1999, Siew et al. 1999), we propose in this
paper a so-called robust and perfect tracking (RPT)
problem, which is to design a controller for a given
linear time-invariant system such that the resulting
closed-loop system is asymptotically stable and the con-
trolled output almost perfectly tracks a given reference
signal in the presence of any initial conditions and exter-
nal disturbances. By almost perfect tracking we mean
the ability of a controller to track a given reference sig-
nal with arbitrarily fast settling time in the face of exter-
nal disturbances and initial conditions. We also note
that the robustness referred to in this paper is with
respect to the external disturbance. More specifically,
we consider in this paper the following multivariable
linear time-invariant system

X=Ax+ Bu + Ew, x(0) = x,
2 y=0Cx +Dw (1)
h = sz =+ Dzu =+ D22W
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where x € R” is the state, u € R™ is the control input,
w € RY is the external disturbance, y € R” is the meas-
urement output, and he€ R’ is the output to be
controlled. We also assume that the pair (4, B) is stabi-
lizable and (4, C;) is detectable. For future references,
we define Xp and X, to be the subsystems characterized
by the matrix quadruples (4,B,C,,D,) and
(4,E, Cy,Dy), respectively. Given the external disturb-
ance w € L,, p € [1,00), and any reference signal vector,
reR' with r, 7, ..., 'V, k> 1, being available for
feedback, and r®) being either a vector of delta func-
tions or in L,, the robust and perfect tracking (RPT)
problem for the system (1) is to find a parameterized
dynamic measurement and reference feedback control
law of the

V =Amp (€)Y + Bop (€)Y + Go(e)r
+ o+ Gmfl(g)’ﬁ(mi1>

u :Ccmp(g)v + Dcmp(g)y + HO(g)r

+ee Hrefl(g)r(min
such that when (2) is applied to (1), we have:

(1) There exists an ¢* > 0 such that the resulting
closed-loop system with r=0 and w=0 is
asymptotically stable for all ¢ € (0,¢]; and

(2) Let A(t,e) be the closed-loop controlled output
response and let e(t, ) := h(t,e) — r(¢). Then, for
any initial condition of the state, x, € R"

Iy, w, 7€) 1= lell, < e (ol + wll, + 1791,) (3)

where « is a positive scalar independent of e.

Various aspects of the robust and perfect regulation
problem were heavily investigated by many researchers
in the 1970s and early 1980s. The perfect regulation
problem via state feedback was studied by
Kwakernaak and Sivan (1972), Francis (1979), Kimura

International Journal of Control ISSN 0020-7179 print/ISSN 1366-5820 online © 2001 Taylor & Francis Ltd
http://www.tandf.co.uk/journals


http://www.tandf.co.uk/journals

Problem of robust and perfect tracking 159

(1981) and Scherzinger and Davison (1985), and was
completely solved by Lin et al (1996) (see also Lin
1999). The solution to the problem of perfect regulation
via measurement output feedback for general linear
systems has only been reported recently by Chen et al
(2000). The problem of almost perfect tracking via state
feedback was formulated and solved for square inverti-
ble linear systems by Lawrence and Rugh (1991). The
robust servo mechanism problem with perfect control
was formulated by Davison and his co-workers (see,
e.g. Davison and Chow (1977), which mainly dealt
with state feedback case, and Davison and Scherzinger
(1987) and the references therein). A detailed description
of and comparison among these problems are omitted
due to the limitation of space.

More recently, Saberi et al. (1997) formulated the
problem of generalized output regulation, in which the
disturbance and command signal to be tracked are mod-
elled as the trajectories of a reference model. The refer-
ence model is driven by a reference input r (see, e.g. (4.1)
of Saberi et al., 1997). Under the condition that certain
linear matrix equalities are solvable, the problem can be
formulated and solved as a robust control problem, in
which certain operator norm of the transfer matrix from
the reference input to the tracking error is made small.
Although such a formulation leads to a straightforward
solution, it can guarantee the tracking error, e, to have a
small modified L,-norm only when r is in some L, func-
tional spaces. The modified L,-norm of e introduced in
Saberi et al. (1997) is defined as

00 1/p
el g = (j |e|Pdr) @

where 7T represents a certain waiting period which
should be long enough to ensure that the effect of initial
condition becomes small enough (less than some pre-set
level). In other words, the formulation of generalized
output regulation does not capture the transient per-
formance of the closed-loop system. We would like to
note that our formulation is capable of tracking refer-
ences with any initial condition with arbitrarily fast
settling time. It does not require such a waiting period
for the initial condition to die out. As it will be seen
shortly, our results do not involve solving linear matrix
equalities either.

In this paper, we derive a set of necessary and suffi-
cient conditions under which the proposed robust and
perfect tracking problem has a solution, and under these
conditions, develop algorithms for the construction of
parameterized feedback laws that solve the proposed
problem. Our algorithm for obtaining the state feedback
gain matrix F(e) utilizes the concept of asymptotic time-
scale and eigenstructure assignment (ATEA) procedure.
The concept of ATEA design procedure was originally

conceived in Saberi and Sannuti (1989) and was used to
solve many control problems, including H. optimal
control problems (Chen, 1998), loop transfer recovery
(Saberi et al. 1993) and H, optimal control problems
(Saberi et al. 1995). However, unlike the previous appli-
cations where the observer gain matrices are constructed
dually, our constructions of observer gain matrices, both
for full order and reduced order measurement feedback
cases, are totally different from the procedure for their
state feedback counterpart.

The outline of this paper is as follows. In §2, we
recall some background materials in linear system
theory, which would be instrumental to our current
development. Section 3 presents our main results, i.e.
the solvability conditions as well as solutions to the pro-
posed robust and perfect tracking problem. We will con-
struct three types of parameterized solutions: the state
feedback law, the full order measurement and reference
feedback controller, i.e. it has a dynamical order equal
to n, and the reduced order one whose dynamical order
is less than n. As a by-product, we will show in §4 that
the main results of the paper can be extended to track
more general type of references. Finally, conclusions are
drawn in §5.

Throughout this paper, the following notation will
be used: X' denotes the transpose of matrix X; X'
denotes the Moore—Penrose (pseudo) inverse of X; [
denotes an identity matrix with appropriate dimensions;
R is the set of all real numbers; C is the set of all com-
plex numbers; €, C° and C* are respectively the open
left-half complex plane, the imaginary axis and the open
right-half complex plane; r*)(z) is the x-th order deriva-
tive of r(¢); |x| denotes the Euclidean norm of the vector
x; || - ||, denotes the L,-norm with 1 < p < co; L, is the
set of all time domain functions whose L,-norms are
finite; Ker (X) is the kernel of X; Im (X) is the image
of X; C"Y&}:={x|Cxec X}, where X is a vector
space and C is a constant matrix. A(X) is the set of
eigenvalues of a real square matrix X; and finally
Omax(X) denotes the maximum singular value of matrix
X. We also introduce the following geometric subspaces:

(1) V*(X,) is the maximal subspace of R” for which
there exists an appropriate dimensional constant
matrix F such that V* is (4 + BF)-invariant and
is contained in Ker(C + DF), and the eigen-
values of (4 + BF)[V* are contained in C*.

(2) S*(x,) is the minimal subspace of R” for which
there exists an appropriate dimensional constant
matrix K such that S* is (4 + KC)-invariant and
contains Im(B + KD), and the eigenvalues of the
map which is induced by (4 + KC) on the factor
space R"/S* are contained in C™.
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We note that these geometric subspaces are related to
the L,-almost controlled invariant subspaces introduced
in Willems (1981).

2. Background materials

We recall in this section the special coordinate basis
of linear time-invariant systems introduced by Sannuti
and Saberi (1987) and Saberi and Sannuti (1990). Such a
special coordinate basis is instrumental to the develop-
ment of our results. Consider a linear time-invariant
system X, characterized by the quadruple (4, B,C,D)
or in the state space form

X = Ax+ Bu

(5)
y=Cx—+ Du

where x € R" u € R™ and y € R? are the state, the input
and the output of X,. It is simple to verify that there
exist non-singular transformations U and V such that

Imo 0
UDV = [ , 0} (6)

where m; is the rank of matrix D. Thus, without loss of
generality, it is assumed that the matrix D has the form
given on the right hand side of (6). One can now rewrite
the system of (5) as

Uy
A X + [BO Bl ]
U
Yo Co Im0 0 Uy
= x +
yl 0 0 ul

G

where the matrices By, B, C, and C, have appropriate
dimensions. For simplicity, we will focus in this sec-
tion the special coordinate basis for the case when
(4,B,C,D) is right invertible and has no invariant
zeros in C*, as this will be good enough for the devel-
opment of our results in this paper. We have the follow-
ing theorem.

(7)

Theorem 1: Given the linear system X, of (5), which is
right invertible and has no invariant zeros in C*, there
exist:

(1) Coordinate free non-negative integers n,, ng,
neng, mg <m—myand q;, i=1,..., my, and

(2) Non-singular state, output and input transforma-
tions Ty, T, and T'; which take the given X, into a
special coordinate basis that displays explicitly
both the finite and infinite zero structures of X..

The special coordinate basis is described by the set of
equations

x:[‘sféa y:Fayﬂ u:Flﬂ (8)

X1
Xq
X, X2
X= Xe y  Xa = < )a Xd = (9)
Xa
Xd
Xmy,
Y1 u
Uy
i Yo g i U
y= y Vd y U= | Uy |, Uy
Yd
u,
ymd uma
(10)
and
Xg = AwXa + Bouyo + Laala (11)
Xg = Agaxg + BgayO + Lgdyd (12)
xc = Aa,'xc + BOc'yO + Lcdyd + Bc’ [E;X; + E?axg]
+ B.u, (13)
Yo = COc'xc + Caax; + Cgaxg + Cded + Uy (14)

and for eachi=1,..., my
X; = Ayx; + Liyo + Ligyy

my
+ B, |u;+ Eyx, + Epx.+ Y Epx; | (15)
j=1
yi:C Xis yd:Cdxd (16)

qi

Here the states x,, X\, x, and x, are respectively of
dimensions n,, ny, n, and ng =" q; while x; is of
dimension q; for each i=1,..., my. The control vectors
ug, uy and u, are respectively of dimensions mg, m, and
m, = m — my — my while the output vectors y, and y, are
respectively of dimensions py, = my and p; =my. The
matrices A,, B, and C @ have the form

0 I _ 0
Aq,[o qbl}’ Bq,[l}’ Cq,:[]"oﬂ""o]
(17)
Moreover, we have \(Ay,) C € and MN(AY,) C C°. Also,
the pair (A,.,B.) is controllable.

We can rewrite the special coordinate basis of
(4,B,C,D) given by Theorem | in a more compact
form
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A=T;"(4—ByCy)I,

r
A ;u 0 0 L ;d Cd
0 A%, 0

Lgd Cd ( 18)

BC E;I BC E? a A

Lcd Cd

cc

BdE(;u BdEgu BdEdc Add

By, 0 o]
i B, 0 0
B=T'[By BI'i=
By, 0 B,
(19)
BOd Bd 0
~ Imo 0 0
D=r,'Dr; =
0 00
3 C Cou G Co. G,
C:FZI 0 = 0 0 0 0d (20)
| 0o 0 0 ¢

In what follows, we state some important properties
of the above special coordinate basis which are pertinent
to our present work and will be used throughout this
paper. The proofs of these properties can be found in
Chen (1998).

Property 1:

(1) X, is stabilizable if and only if the pair
(A%, [BY, L°,]) is controllable.

aa’

(2) Invariant zeros of X, are the eigenvalues of A,,,
which are the unions of the eigenvalues of A,, and
A%, %, is said to be minimum phase if all its
invariant zeros are in C~. Thus, for minimum
phase %, we have n = 0.

(3) Z, has my = rank (D) infinite zeros of order O.
The infinite zero structure (of order greater than
0) of X. is given by S%(2.) = {4143 - s, . e
each q; corresponds to an infinite zero of X, of
order q;.

3. Solvability conditions and solutions to RPT problem

We are now ready to present our main results. We
will first derive a set of necessary and sufficient con-
ditions under which the proposed robust and perfect
tracking (RPT) problem is solvable for the given plant
(1). In fact, we will show the sufficiency of these con-
ditions by explicitly constructing two types of pa-
rameterized control laws: one is of full order, i.e. its
dynamical order is equal to n, the order of the plant,

and the other is of reduced order, i.e., its dynamical
order is less than n.
We have the following theorem.

Theorem 2: Consider the given system (1) with its
external disturbance w € L, p € [1,00), and its initial
condition x(0) = xo. Then, for any reference signal
r(t), which has all its i-th order derivatives,
i=01,..,k—1, k>1, being available for feedback
and r'%)(t) being either a vector of delta functions or in
L,, the proposed robust and perfect tracking (RPT)
problem is solvable by the control law of (2) if and only
if the following conditions are satisfied:

(1) (4, B) is stabilizable and (A, C,) is detectable;

(2) Dy, + D,SD; =0, where S = —(D}D,) D3 Dy, x
D{(D,D})';

(3) Zp, ie, (A,B Cy,D,), is right invertible and of
minimum phase;

(4) Ker(C, 4+ D,SC)) > C;{Im(D))}.

Proof: We first show that Conditions 1 to 4 in the-
orem 2 are necessary. Let us consider the case when
xo = 0 and r(z) = 0, which of course has all its deriva-
tives of any order being available. It is simple to see
that the proposed robust and perfect tracking problem
is reduced to the well-known almost disturbance de-
coupling problem with measurement feedback for the
given system (1) with xo = 0 (see Willems 1981, 1982,
for the original formulation of this problem).

Next, let us consider the case when r(f) =0 and
w(t) = 0. Our proposed problem is then reduced to the
perfect regulation problem with measurement feedback.
Following the results of Chen et al. (2000) (see also Lin
1999 for the state feedback case), we can reformulate the
perfect regulation problem for the system of (1) with
w = 0 again as an almost disturbance decoupling prob-
lem for the following auxiliary system

X =Ax+ Bu+ D, x(0)=0

y=0Cx (21)

where W is a delta function. In order to solve the pro-
posed RPT problem for the given system (1) with r =0,
we will have to solve simultaneously the almost disturb-
ance decoupling problem for (1) with x, =0, and the
almost disturbance decoupling problem for (21), by
using a single and same control law. Clearly, this is
equivalent to solving the almost disturbance decoupling
problem for the system
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X=Ax +Bu +[E I)w, x(0)=0

y=Cx +[D; O]w (22)

h = sz =+ Dzu =+ [D22 O]W

which has the same control input u and the same meas-
urement output y as those of the original system X in (1).
For easy reference, we let EQ be the subsystem charac-
terized by (4,[E I],C,,[D; 0]). Following the re-
sults of the well-known almost disturbance decoupling
problem (see e.g. Chen 1998, Weiland and Willems 1989,
and references therein), we can show that if the almost
disturbance decoupling problem for the above system is
solvable, then the following conditions hold:

(1) (4, B) is stabilizable and (4, C;) is detectable;

(2) Dy, + DySD; = 0, where S = —(DyD,) DD,y x
D(D,D})f;

(3) Im([E+ BSD, 1I])C ST (Zp);
(4) Ker(C, + D,SCy) DV (Zq).

Clearly, item (3) above implies that S*(Xp) = R”, which
implies that X} is right invertible without invariant zeros
in C*. Due to the special form of EQ, it is simple to show
that V*(Zo) = C;'{Im(D,)}. Hence, items (3) and (4)
are respectively equivalent to: (i) Xp is right invertible
without  invariant zeros in C€%; and (i)
Ker(C, + D,SC,) D Cy'{Im(D;)}. Thus, it remains to
show that if the proposed RPT problem is solvable, the
subsystem Xp must be of minimum phase. In what fol-
lows, we proceed to show such a fact.

First, we note that second condition, i.e.
Dy, + D,SD; = 0, implies that if we apply a pre-output
feedback law u = Sy, to the system (1), the resulting new
system will have a direct feedthrough term from w to A
equal to 0. Hence, without loss of any generality, we
hereafter assume that matrix D,, = 0 throughout the
rest of the proof.

Next, we show that if the robust and perfect tracking
problem is solvable for general non-zero reference r(z),
2p must be of minimum phase, i.e. Xp cannot have any
invariant zeros on the imaginary axis. In fact, this con-
dition must hold even for the case when w =0 and
xg = 0, i.e. for the robust and perfect tracking of the
following system

X = Ax + Bu
y=Cx (23)
e=Cx+Du—r=h—r

Now, if we treat r as an external disturbance, then the
above problem is again equivalent to the well-known

almost disturbance decoupling problem with measure-
ment feedback and with internal stability for the system

X=Ax+ Bu
Clx

r

<
|
—
[\
=
S~—

r(mfl)

e=Cyx+Du—r

Without loss of generality, we assume that the quad-
ruple (4,B,C,,D,) has been transformed into the
form of the special coordinate basis of Theorem 1, i.e.
we have

x(l
xg hy Fo
X = , h= , r=
Xe hd Fq
Xd (25)
Uy
€9 hy — 1o
e = pry s u = ud
€4 hd —ryq
u,
X1 Xil h
X2 X2 hy
Xqg = ) X; = ) hd -
xmd xiq, hmd
(26)
r U
) U
Fg = . , Uy =
rmd umd
and
X; = A;ax; + BaahO + L;dhd (27)
Xg = Agg¥a + Boaho + Laghy (28)

ca - a ca-a

xc = Aar'xc + BOc'hO + Lcdhd + Bc [E7 X, + EO XO] + Bcuc
(29)

ey = CrpX, + Cg,Oaxg + CroeXe + Cogaxy +up — 19 (30)
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and for each i =1,...,my,

X; = Ay x; + Lighy + Lighy
my
+ B, |+ Eyx, + Epx.+ Y Egx;| - (31)
=1
hi = Cq,xi = Xi1, hd = Cdxd (32)
and finally,
ei:hifri:Cq,xifria ed:h(lfrdzcdxdfrd

(33)

Let us define a set of new state variables, i.e. for

i=1,2,...,my, we define
Xil ri
X 7
X; = - . (34)
Xig, rl(q"fn
if Kk > ¢, or
Xi1 r;
=1
sl |- i (35)
Xig+1 0
Xiy, 0
if k < g;. Then, we have
e, =C,%;, eq=Cyxy (36)
Xy = AgaXy + Boaeo + Logeq + [ Boy  Log I (37)
X = AaaXa + Bogeo + Logea + [ By, Lol (38)

X, = A.X. + Byeg + Logey + BJEx, + Eox)]

+ Bu.+[By, Lylr (39)
eg = CrogXy + C(Z),OaXS + CroeXe + CapaXy

+uy — 1o+ Cop47q (40)

for an appropriate dimensional matrix C5,, and for
1= l,2,...,md

X; = A, X+ Ligeg + Ligeq

my

+ qu u; + Eyx, + E;.x. + Z Eijxj + Eq,
j=1

r(mfl)

(41)

for an appropriate dimensional matrix E, . Note that the
disturbances r, and r; in (40) can be washed out by the
pre-output feedback

uy =ty + 1y — Cr047q (42)

Moreover, the subsystem from the controlled input, i.e.
(u uy ul)’,to the error output, i.e. (e e,)’,is now in
the standard form of the special coordinate basis of
Theorem 1. It then follows from the result of Chen
(1998) (i.e. Proposition 7.2.1) that if the almost disturb-
ance decoupling problem with measurement feedback
and with internal stability for the system (24) is solvable,
there must exist a non-zero vector v such that

WA —4),)=0 and W[B) L0]=0 (43)

which implies that (40, [BY, L% ]) is not completely
controllable. Following Property 1 of the special coor-
dinate basis, the uncontrollability of (4%, [BY), L, ])
implies the unstabilizability of the pair (4, B), which is
obviously a contradiction. Hence, x? must be non-exist-
ent. It then follows from Property 1 of the special coor-
dinate basis that Xp is of minimum phase. This
completes the proof of the necessary part of Theorem 2.

We note that for the case when D; =0, then D,,
must be a zero matrix as well, and the last condi-
tion, i.e. item (4), of Theorem 2 is reduced to
Ker(C,) D Ker(Cy).

We will show the sufficiency of those conditions in
Theorem 2 by explicitly constructing parameterized con-
trollers which solve the proposed robust and perfect
tracking problem under Conditions (1) to (4) of
Theorem 2. This will be done in the following sub-
sequent subsections. First, we have the following corol-
lary that deals with the state feedback case.

Corollary 1: Consider the given system (1) with its ex-
ternal disturbance w € L,, p € [1,00), its initial con-
dition x(0) = x¢. Assume that all its states are measured
for feedback, i.e. Cy =1 and Dy = 0. Then, for any re-
ference signal r(t), which has all its i-th order deriva-
tives, i=12,..,k—1, k>1, being available for
feedback and r\)(t) being either a vector of delta func-
tions or in L,, the proposed robust and perfect tracking
(RPT )problem is solvable by the control law of (2) if
and only if the following conditions are satisfied: (i)
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(A,B) is stabilizable; (i) Dy =0; and (iii)) Xp, ie.
(A,B,Cy,D,), is right invertible and of minimum phase.

3.1. Solutions to the state feedback case

When all states of the plant are measured for feed-
back, the problem can be solved by a static control law.
We construct in this subsection a parameterized state
and reference feedback control law

T+ Hrefl (5)”(*&71) (44)

which solves the robust and perfect tracking (RPT)
problem for (1) under the conditions given in
Corollary 1. It is simple to note that we can re-write
the given reference in the form

AT

da . _ : : Lo : + : r(m)

u=F(e)x+ Hyle)r + -

r(mfl) 00 .- 0 r(mfl) Ié
(45)

Combining (45) with the given system, we obtain the
augmented system

X= Ax+ Bu+ Ew

2aug Y= X (46)
e = Cyx+ Dyu
where
’
" :
W= , o x:i= | pr-2 (47)
(K
r(mfl)
X
[0 1, 0 0] r0T r0 07
A=10 0 I, ol B=lo|. E=|0 o
0 0 0 0 0 0 I
10 0 0 4] LB LE O
(48)
and

C2 = [714 0 0 0 Cz], D2 = D2 (49)

It is then straightforward to show that the subsystem
from u to e in the augmented system (46), i.e. the quad-
ruple (A, B, C,, D,), is right invertible and has the same

infinite zero structure as that of Xp. Furthermore, its
invariant zeros contain those of Xp and ¢ x k extra
ones at s = 0. We are now ready to present a step-by-
step algorithm to construct the required control law of
the form (44).

Step S.1. This step is to transform the subsystem from u
to e of the augmented system (46) into the
special coordinate basis of Theorem 1, i.e. to
find non-singular state, input and outputtrans-
formations I';, I'; and I', to put it into the
structural form of Theorem 1 as well as in a
small variation of the compact form of (18) to
(20). It can be shown that the compact form of
(18) to (20) for the subsystem from u to e of
(46) can be written as

[ A% 0 0 0 ]
. 0 Aga 0 LGy
A=
BcE?a BcE;a Ac'(r Lcd Cd
LB/Eg, BiEy BiEa Aw
_ - (50)
o175 ... 0
A% =
0 0 I,
L0 0 0
and
ro 0 0
| B, 0 0
B =
By, 0 B,
—BOd Bd 0
_ (51)
~ Cga Caa COC COd
C =
| 0 0 0 oy
. [Ln, 0 0
D=
L0 0 O
Step S.2. Choose an appropriate dimensional matrix F,
such that
Ajc = Acc - Bch (52)

is asymptotically stable. The existence of such
an F. is guaranteed by the property that
(A, B.) is completely controllable.
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Step S.3. For each x; of x,, which is associated with the
infinite zero structure of Xp or the subsystem
from u to e of (46), we choose an F; such that

qi

pi(s) = H(S = Ay) ="+ Fus%'4...4+F,

igi1S + F;
Jj=1

i

(53)
with all \; being in €. Let
Fi:[Fi Fi Fil]) l.:l,...,md (54)

qi qi-1

Step S.4. Next, we construct
Cga Caa COC COd
F(e)=-T;| E% E; E,

da

E%, E, F. 0
where
Ey Elmd
Eg=1 ¢+ (56)
Emd1 - Emm

| F F Ey,
Fule) = blkding{ 2151 (6). Z2.5:6). ..., T2, (0)

) g
(57)
and where
Si(e) = diag{1,¢,%,...,e%7'}. (58)
Step S.5. Finally, we partition
F(e) = [Ho(e) H,_1(e) Fl&)]  (59)

where H;(¢) € R™*' and F(e) € R™". This
ends the constructive algorithm.

We have the following result.

Theorem 3: Consider the given system (1) with its ex-
ternal disturbance w € L,, p € [1,00), its initial con-
dition x(0) = x¢. Assume that all its states are measured
for feedback, i.e. Cy =1 and Dy = 0. If Conditions (1)
to (3) of Corollary 2 are satisfied, then, for any refer-
ence signal r(t), which has all its i-th order derivatives,
i=01,.,k—1, k>1, being available for feedback
and r'%)(t) being either a vector of delta functions or in
L,, the proposed robust and perfect tracking (RPT)
problem is solved by the control law of (44) with F(e)
and Hi(e), i=0,1,.. .5k — 1, as given in (59).

Proof: See Appendix A.1. O

3.2. Solutions to the measurement feedback case

Without loss of generality, we assume throughout
this subsection that D,, = 0. If it is non-zero, it can
always be washed out by the following pre-output feed-
back, u = Sy, with S as given in the second item of
Theorem 2.

3.2.1 Full order measurement and reference feed-
back. The following is a step-by-step algorithm for
constructing a parameterized full order measurement
and reference feedback controller, which solves the
robust and perfect tracking problem.

Step F.1. For the given reference r(¢f) and the given
system (1), we first assume that all the state
variables of (1) are measurable and follow the
procedures of the previous subsection to
define an auxiliary system,

X=Ax + Bu+ Ew
y=x (60)
e = Cyx+ Dyu

Then, we follow Steps S.1 to S.5 of the algor-
ithm of the previous subsectionto construct a
state feedback gain matrix

F(e) = [Hy(e) H,_(e) Fle)]  (61)

Step F.2. Let X, be characterized by a matrix quad-
ruple

(AQaaEQaaCQaaDQa) = (Aa[E In]ﬂclﬂ[Dl 0]) (62)

This step is to transform this X, into the spe-
cial coordinate basis of Theorem 1. Because of
the special structure of the matrix Eg,, it is
simple to show that X, is always right inver-
tible and is free of invariant zeros. Utilize the
results of Theorem 1 to find non-singular state,
input and output transformation I'y, I';q and
I',q such that

. AarQ Lc’d Q B 0cQ
Iy AFSQ = + [COCQ 0] (63)
| Eaq  Aaq Boag
[ BOCQ 0 Infk 0
I'qEqul'iq = (64)
L BOdQ Ik 0 0
and
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Cog O
I Cilg = ]
0 Ik
(65)
L, 000
—1
IyolDy 0]Ig =
0 0 0 O

where k = p-rank (D). It can be verified that
the pair (4, C)) is detectable if and only if the

pair
<A ccQ> ) ( 66 )

is detectable.
Step F.3. Let K, be an appropriate dimensional con-
stant matrix such that the eigenvalues of the
matrix

COCQ

E deQ

B COCQ
AarQ = AccQ - KcQ

E dcQ

COCQ

=A.q — [Kog  Keaq ] (67)

E deQ

are all in €. Next, we define a parameterized
observer gain matrix

Boq + Keoq  Leaq + Keaq/e ] |

K(e) = —TI'yq Iy (68)
Byaq Agaq + /e

Step F.4. Finally, we obtain the following full order
measurement and reference feedback control
law,

p=[A+ BF(s) + K()Cy]v — K(e)y

+ BHy(e)r+---+ BH,_(e)r"™ (69)

u=F(e)v+Hyle)r+ -+ H, () 1)

This completes the construction of the full
order measurement and reference feedback-
controller.

We have the following theorem.

Theorem 4: Consider the given system (1) with its ex-
ternal disturbance w € L,, p € [1,00), its initial con-
dition x(0) = xo. If Conditions (1) to (4) of Theorem 2
are satisfied, then, for any reference signal r(t), which
has all its i-th order derivatives, i =0,1,.. .k —1, Kk > 1,
being available for feedback and r'")(t) being either a
vector of delta functions or in L,, then the proposed ro-
bust and perfect tracking (RPT )problem is solved by

the parameterized full order measurement and reference
feedback control laws as given in (69).

Proof: See Appendix A.2. O

3.2.2. Reduced order measurement and reference feed-
back. For simplicity of presentation, we assume that
matrices C; and D; have already been transformed
into the forms

0 Cp

C, =
: Ik

and D, = [D(;’O] (70)

where D, is of full row rank. Before we present a step-
by-step algorithm to construct a parameterized reduced
order measurement and reference feedback controller,
we first partition the system

X=Ax+Bu+[E IL)w
(71)
y=Cx +[D; 0w

in conformity with the structures of C; and D, in (70),

ie.
<x1> Ay Au](%) B,
= + u
Xy Ay Anl\x, B,
El Ik
Jr
E,
(72)
<yo> 0 CIOZ < )
1 Ik
Jr
0
where

W= v 73
<x0'5(f)> ")

Obviously, y; = x; is directly available and hence need
not to be estimated. Next, we define Xy to be charac-

terized by
D, 0 0
' (74)
E I, 0

K

(ARa ER; CR; DR)
CI,OZ

= <A22a[E2 0 Infk]a
A12

It is again straightforward to verify that Xqg is right
invertible with no finite and infinite zeros. Moreover,
(Ag, Cr) is detectable if and only if (4, C;) is detectable.
We are ready to present the following algorithm.
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Step R.1. For the given reference r(z) and the given
system (1), we again assume that all the
state variables of (1) are measurable and fol-
low the procedures of the previous subsection
to define an auxiliary system

x= Ax+ Bu+ Ew
y= x (75)
e = Cyx+ Dyu

Then, we follow Steps S.1 to S.5 of the algor-

ithm of the previous subsection to construct a
state feedback gain matrix

F(e) = [Ho(e) H,i(e) F(e)] (76)
Let us partition F(e) in conformity with x; and
x, of (72) as

F(e) = [Fi(e) Fy(e)] (77)

Step R.2. Let Ky be an appropriate dimensional con-
stant matrix such that the eigenvalues of

Ci,

AR + KrCr = Ax + [ Kgo KRI][ ] (78)

12

are all in €. This can be done because
(Agr, CRr) is detectable.

Step R.3. Let
Gr(e) = [—KRro, Ay + Kpi4y1 — (Ag + KR Cr) KR, ]
(79)
and

A (€) = A + ByF, () + Kg Cr + Kg B F5 (€)

Bop(€) = Gr(e) + (By + Kg 1 By)[0, Fi () — F>(e) KR ]

Ccmp (‘E) = F2 (‘E)

Dcmp(e) = [0’ Fl (‘E) - FZ(‘E)KRI]
(80)

Step R.4. Finally, we obtain the following reduced
order measurement and reference feedback
control law

V= Acmp(g) v+ chp(g)y + Go(g)” +-+ Gr;—l(g)r(ﬂ_l) (81)
U = Cenp(€) v+ Demp(€)y + Ho(e)r + - - + H,_(e)r"Y
where for i = 0,1, ..

Gi(e) = (By + Kr 1 B)) H,(¢) (82)

k=1

This ends the construction of the reduced
order measurement and reference feedback
controller.

Theorem 5: Consider the given system (1) with its ex-
ternal disturbance w € L,, p € [1,00), its initial con-
dition x(0) = xo. If Conditions (1) to (4) of Theorem 2
are satisfied, then, for any reference signal r(t), which
has all its i-th order derivatives, i =0,1,.. .k — 1, kK > 1,
being available for feedback and r\*)(t) being either a
vector of delta functions or in L,, then the proposed ro-
bust and perfect tracking (RPT) problem is solved by
the parameterized reduced order measurement and refer-
ence feedback control laws of (81).

Proof: See Appendix A.3. O

By now, the sufficiency of Theorem 2 is obvious in
view of the results of Theorems 4 and 5. The proof of
Theorem 2 is thus completed. O

4. Robust and perfect tracking for other references

It is very often in practical control system design to
track some references such as sinusoidal functions,
which are in L_ . It is obvious that we could not make
the L., norm of the tracking error arbitrarily small if
there is a mismatch in the initial value of the output to
be controlled and that of the reference signal. Another
very common situation could be that the references r(¢)
might have some entries belonging to one set, say L, ,
and some belonging to another set, say L, , for some
p1 € [1,00] and p, € [1,00]. Thus, for this class of refer-
ences, we will have to modify our original problem for-
mulation a little bit in order to obtain some meaningful
results. Again, we consider a linear system as given in (1)
with an external disturbance

Wi
Wy
w= ) (83)
Wq
where w; € L, , p, €[l,00], i=1,2,...,9q. We also
consider a reference
r
)
r=| (84)
Fy
which has the following properties: for i = 1,2,... ¢, we
have r;, iy, ..., rl(“"fl , k; > 1, being available for feed-
back, and r?“” being a delta function or in L, for some

Py, € [1,00]. Then, the general robust and peffect track-
ing (GRPT) problem for this type of references is to find
a parameterized dynamic measurement and reference
feedback control law of the form
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Ki—1

p(€)V + Bepp (€ y+ZGll r(1’>+...
i=0

V= Am

ry—1

+3 Gl
i=0

Ki—1 .
U = Canp()V + Demp()y + Y Hy () + -+
i=0

ry—1

+ ZHe,i(5)”e
i=0

such that when (85) is applied to (1), we have

(1) There exists an ¢* > 0 such that the resulting
closed-loop system with r=0 and w=0 is
asymptotically stable for all ¢ € (0,¢"]; and

(2) The resulting closed-loop error signal e, which is
obviously a function of ¢, can be decomposed as

e = e"l 4+ 4 erf + ewl + -+ ewq + €, (86)

and as e — 0

lee, Iy, +leew

J(xg, w,7,€) + [leoll, — 0

(87)

for all 1 < p < oo and for any x, € R". Roughly,
e, is the error due to mismatch in initial con-
ditions of the controlled output and reference,
while e,, i=1,2,...,¢, and e,, i=12,...,q,
are corresponding to the steady state error.

Theorem 6: Consider the given system (1) with its
initial condition x(0) = x. Also, consider the external
disturbance w with its entries w; € L, , p,, € [1,00],
i=12,...,q. Then, for any reference szgnal r(t) of the
form (84) with r,, r,, rl(r’ D, ki > 1, being available
for feedback, and r belng a delta function or in L, ,
pr, € [Loo), i =12,...,¢ the general robust and pe;ffect
tracking (GRPT) problem is solvable by the control law
of (85) if and only if all the same four conditions of
Theorem 3.1 hold.

Proof: The proof of this theorem follows from simi-
lar lines of reasoning as those of Theorem 2 with some
minor fine tuning. The constructive algorithms of the
previous section should be modified as follows:

(1) State feedback case. For the state feedback
case, one first needs to obtain an augmented
system

X= Ax+ Bu+ Ew

Davei Y= X (88)
e= Cox+ Dyu
with
r
w
e=h—r, w:= .k X:=
r(n I
X (89)
Fi
= ,i=1,....¢
r(m,vfl)

1
Then, follow the same procedures as in Steps S.1 to

S.4 of the previous section to obtain a gain matrix
F(¢), and partition it as

F(e) = [Hyg(e) -+ Hy, () -+ Hpyle) Hy,,_1(e) F(e)]
(90)
The state and reference feedback controller is

given by

K1—1 Ke—1

= Fe)x+ Y Hy @ o+ Y Hy o)) (o)
i=0 i=0

(2) Full order measurement and reference feedback
case. One only needs to replace Step F.1 of
the algorithm in the previous section with item
(1) above to obtain the desired F(¢). Steps F.2
and F.3 remain unchanged, and the full order
measure and reference feedback controller is
given by

Ki—1 )
V= Aanpy — K(€)y + Y BH () + -+
i=0

rke—1

+3° BH, (e)r) (92)
i=0

K1—1 Ke—1

V+ZH11 + +ZH€Z

anp = A+ BF(e) + K(e)Cy.

(3) Reduced order measurement and reference feed-
back case. Similarly, one again needs only to
replace Step R.1 in the algorithm of the previous
section with item (1) above. Steps R.2 and R.3
remain the same, and the reduced order measure
and reference feedback control is given in the

where A4
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form of (85) with Aupy(e), Bemp(e): Comp(e),
Dy (e), being given as in (80), H,;(e), j=
1,2,...,¢ and i=0,1,...,k; — 1, being given
as in (90), and

G;i(e) = (B, + KpBy)Hj(e),
(93)
J=12,...6i=0,1,... /5 —1
This completes the proof of Theorem 6 O

5. Concluding Remarks

We have proposed in this paper the robust and per-
fect tracking (RPT) problem for general linear time-
invariant multivariable systems. A set of necessary and
sufficient conditions under which the proposed problem
is solvable are obtained and, under these conditions,
constructive algorithms are given that yield solutions,
which are explicitly parameterized in a tuning parameter
€.

Appendix A.1 Proof of Theorem 3

It was mentioned in the constructive algorithm of
§3.1 that, following the structural algorithms of
Sannuti and Saberi (1987) and Saberi and Sannuti
(1990), one can transform the system (46) into the spe-
cial coordinate basis as given in the compact form of
(50) and (51). That is there exist non-singular state,
input and output transformation I'y, I'; and I',, such that

r r
r X, Imxé 0 X,
=T, = B
X X, * I X,
Xd Xd (94)
Uy
€9
e=1T, , u=1T;| u,
€4
u,
r X1 Xi1
7 X X
r= y Xd = T
(k—1)
r xmd xiq,
(95)
h U
hy U
€q = , Ug =
h u

my my

and
[O I O-I 0
P= r+ r) (96)
0 0 . 0
0O 0 --- 0 1,

Xy = AgXy + Lygey + Bogeg + E;w+ Gy (97)

X =A..x +Lcded+BOceO

cerre

+ B, [u +E%r+ E x }+E¢,w+ G (98)

ca ca’ta
€y = C(())ar+ Caax; + Cchc + Cded + Uy (99)

and for each i =1,...,my,

u+Er+Ex+

ua warra

X; = A,x; + Lyey + Liyeq + B,

my

E. x, + ZEU x;| + Ew+ G (100)

e = Cq,xi = X1, €q= Cdxd (101)

Now, it is straightforward to see that if r(“> is a Vector
of delta functions, then the terms G,r (), G.r"” ) and
G r")can be treated as some additional 1n1t1al conditions
added to the original ones of the state variables, xJ, x,
and x,, respectively. If ") is in L,, p€ll,00), it can be
treated as an additional disturbance and can be merged
with the original disturbance w. Thus, in both cases, we
can write (97), (98) and (100) as

X; = A;ux; + L;ded + Baan + E;W (102)

xc = Ac'(rxc + Lcded + BOCeO

+ B, [u + ESr+ Eox }+E¢w (103)

ca carra

and

X; = Ay X; + Ligeg + Ligeq + B, |u; + Epr + Ejx, +

my

Eiex, +Z i

with w e L,, p € [1,00), and E,, E, and E; being some
appropriate constant matrices, and with a new but again
bounded initial condition, say X,.

Next, we note that the control law u = Fx with the
gain matrix F given in (55) can be rewritten as

+ Egw (104)
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Uy = 7C8ar7 Caax; - COc'xc - Cded (105)

u,=—F.x, — ESr— E_x, (106)

ca cava

and

my F
4y = —Eqr — EgxX, = Eoxe— Y By =1 Si(e),
=
(107)

Hence, the closed-loop system comprising the given
system and the above control law can be expressed as

eg=0 (108)
X, = Ayx; + Lye; + E;w (109)

X, = (Aa,' - Bch)xc + Lcded + Ecw

[&

= Ajcxc + Lcded + Ecw (110)

. F 2R
M:AMwJ%jﬁ@%+%w+Em e = Cyx;

(111)
Let us define a new state transformation as
X
X, 1 =x,, X.i=Xx, X;:=
(112)
Xm,
X:=Sie)x, i=1,...,my
Then, we have e, = 0, and
X, = Ag %y + Lyyéy + E;w (113)
X, = A%+ Lgé, + Ew (114)

exX; = (A, — B, F)X; +eLy(e)e, +eE(e)w (115)

éi =€ = qu-i'i, éd =€q = Cd)z-d
i’id(g) = Si(e)Lis, Ei(5) = Si(e)E; (116)
It is simple to show that, for € € (0, 1]

|l~’id(e)|§l~da |Ei(e)|§9ia i:la"'amd (117)

for some positive constant /; and 6;, which are indepen-
dent of ¢.

We next construct a Lyapunov function for the
closed loop system (113)-(115). We do this by compos-
ing Lyapunov functions for the subsystems. For the
subsystem of %,, we choose a Lyapunov function

Va (%0) = (%) ' Pa X4 (118)
where P, > 0 is the unique solution to the Lyapunov
equation, (4,,)'P, + P, A,, = —I, and for the subsys-

tem of X, we choose a Lyapunov function,
V.%x,) = x/P.X,, where P, >0 is the unique solution
to the Lyapunov equation, (A4%)'P, + P.AS. = —1I.
Finally, for the subsystem of X;, we choose a
Lyapunov function

my

Va(%q) = Zfz‘/Piff (119)
i=1

where P; is the unique solution to the Lyapunov
equation, (4, — B, F;)'P;+ Pi(A, — B, F;) = —I.
Since 4, — B, F; is asymptotically stable, the existence
of P; is guaranteed. We now choose a Lyapunov func-
tion for the closed-loop system (113)-(115) as

V(X-;a X-w X‘d) = Vz: (X;) + Vc(i’-c) + Qg I/d()zd) (120)

where the value of o is to be determined. The derivative
of V' along the trajectory of the closed-loop system
(113)—(115) can be evaluated as

V== (%)% + 2(%0) "PalLaga + Eq ) — X%,

my
+ 255¢/P¢ [Lcdad + Ec'w] + (%] Z

1.. / ~
7_xl‘ xl‘
- 9
i=1

+2%,'PiLiy(e)eq + 2%, P E(e)Ww (121)

It is straightforward to see now that there exist an
ayz >0 and " € (0,1] such that for all £ € (0,&7],

. 1
V<=
=72

for some positive constant «;, independent of . Thus,
the closed-loop system in the absence of disturbance w
and reference input r is asymptotically stable.

It remains to show that the resulting tracking error e,
which is a function of ¢, has the property

- 1 1 _
%al* =515l — 2_€|xd|2 +alpf (122)

Jy(xg,w, 1) = |le], — 0, as e — 0 (123)

We first assume that the disturbance w is non-existent. It
follows from (122) that

V< —aV, (124)

for some positive scalar «,, independent of . Noting the
transformation of (112), we have |%(0)| < ay|X|, for
some positive o > 0, independent of e, where X, is the
combination of the initial condition of the original
system, i.e. xj, and the additional ones introduced by
"), Thus

V(0)] < aslxo? (125)

where a3 > 0 and is independent of . By the standard
comparison theorem, it follows from (124) that

V< V(0) e (126)
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which together with (125) imply that ¥ < oy ™| %[,

and thus

24(1)] < as e[|
(127)

|%a(1)] < aq e'|xo| and

for some positive scalars «, and «s, independent of e.
Now viewing &, as an input to the subsystem %; of (115),
one can show that

[%4(D)] < (ag e + aze e™')[%| and
(128)
24(D)] < Bilag e 4 e[|

for some positive scalars «g, a7, ag and 3y, which are all
independent of . Noting that

era("’(’) (129)
€q
where ¢, = 0 and e; =%,, we then have

el <Ir e*agf/f Ye e*azf X

el <17, 131 ol )

= By(e™ ™/ 42 e,

Thus

00 1/p
—ogt/e —apt\|= 1P
el < ([ 1mate™ e e pmlrar) © )

< Be [xo| — 0

ase — 0, for all 1 < p < oo, where [ is a positive scalar
independent of e.

Next, we take into consideration the disturbance
we L, pe€[l,oco), but with ¥, = 0. Noting that &, in
(115) is a part of the state variables of the system and
eLy(e) is negligible compared to Ay, — B, F; for suffi-
ciently small ¢, the subsystem (115) can then be approxi-
mated as

— B, F)% + Ei(e)w (132)

where w € L,. Thus, we have
t
= el < |
0

< ﬁ3J e e (- 7)| dr
0

dr

C,exp [E(Aqi - Bq,Fi)T} Ei(e)w(t— )

(133)

for some positive scalars 3; and (3, independent of ¢.
Using the well-known Hélder Inequality, i.e.

/gl < 1A1, (134)

el 1p+1/p =1

we have

0o ) 1/p p 1/p*
el =l = 1 || (e27) Mt - o] (e ) s
0
S Up oo 1/p
B U e-*’“/ﬁ\w(z—f)v’df} U e-fdﬂ/ﬁdf}
0 0

e\ e 1/p
= 5, <—> U e_‘d”/f\ﬂ/(t —7) \pdT} (135)
0

IN

B4
Thus
3 NPl —BaT/e |t P
||el|| gl — e |w(t — 7)[Pdr|de
Ba o Lo
c p/p” poo ) oo
=3 _> e Ml U |W(t7')|Pdt}dT (136)
Ba 0 0
c p/p” poo ) o0
=& —> e /e U |w(t)|"dt}dr (137)
Ba 0 0
e p/p* ) 00 o)
a3 e e
\ 7 ([wll5 .
c 1+p/p*
2(=) " i (138)

Note that we have used the property w(t) =0, ¢ < 0, to
get (137) from (136). We would also like to note that the
above proof from (135) to (138) was inspired by similar
arguments reported in Desoer and Vidyasagar (1975). It
is now clear

c 1/p+1/p* ﬁ3 -
ledl, < 5 (ﬁ—4) ], = (E)enwn,, L0, ase 0

(139)

In view of (131) and (139), the robust and perfect track-
ing problem is then solved. This completes the proof of
Theorem 3. [

Appendix A.2. Proof of Theorem 4

First, let us define a new state variable, x, = x — v.
Then, it is straightforward to verify that the closed-loop
system comprising the given system (1) and the full
order measurement and reference feedback control law
of (69) can be re-written as

%, = [A+K(e)C\]x, + [E + K(e)Dy]w (140)
% = [A + BF(¢)|]x — BF(¢)x, + BHy(e)r +
+ BH,_(e)r" ™V + Ew (141)
h = [Cy + DyF(e)]x — DyF(e)x,
+ DyHy(e)r + -+ + DyH, ()" (142)
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It is simple to see now the eigenvalues of the closed-loop
system are given by A{A+ BF(e)},which have been
shown to be in €~ in Theorem 3, and M4 + K(¢)C, },
which are equivalent to

)\{ AccQ - KcOQ COCQ 7Kc'dQ/€ ] }
E dcQ -1, k / €

as ¢ — 0. Thus, the closed-loop system is asymptotically
stable for sufficiently small ¢, when the external disturb-
ance w = 0 and reference r = 0.

Next, we intend to investigate the properties of x, in
the subsystem (146). Let us transform the subsystem (62)
into the special coordinate basis of Theorem 1 with non-
singular state, input and output transformations Iy,
I'yg and 'y, as given in Step F.2 of §3.2 Also, let

x, =Ty ( TeQ ) (144)

XdQ

1 1

Y ;:CQ)U{-,...,_} (143

9 9

~—

Then, we can re-write (140) as

L Keaq

X = (Aecq — KeogCocq ) Xeq — — Yat Eqw (145)
. 1

Xgq = — gde + EjqXcq + EaW (146)

for some appropriate dimensional matrices E. and Eq,
independent of . Now, let X.q = X, — K.yqXaq. Thus,
(145) and (146) can be re-written as

Xeq = Abeq¥eq + AbqKuaXaq + (Ecq — KuaqEa)w
(147)

. 1 -
XqqQ = (gl + EchchQ>de + EgqXeq + Eqqw (148)

It is clear to see that as ¢ — 0, the poles of the above
system are asymptotically given by A(4gq) and k
repeated ones at —1/e. This confirms with what we
have claimed earlier in (143). Following similar argu-
ments as in (123)-(139), we can show that for any

bounded initial condition and for w € L,, p € [1,00)
1%eqll, < Belwll, and lxgqll, < Baelwl,  (149)

for some positive scalars 3, and [,;, independent of e.
Thus, there exists a scalar (3,, independent of , such that

xll, < Bylwll, (150)

Following (65), it is simple to verify that

Cr'{Im(D;)} = Ker <FUQ

Ker<
0 0 0 07/x, 0
(Lo )=l 2l ()= () 0=
0 I 0 L] \ x4 X4Q

Thus, the last condition of Theorem 2, i.e.
Ker(C,) D Cy'{Im(D;)}, implies that

1Cxll, < Brellwll, — (153)

0 o] 1)
ra
0 I

0 0
ry (151)
0 I,

szv = deQ and

for some appropriate constant matrix M and positive
scalar (3,,, independent of ¢. In fact, for any appropriate
matrix N with Ker(N) D Ker(C,), we have

[Nx,[l, < INT- B, -e-|Iwll, (154)

for some positive scalar 3, (independent of ¢).

We are now ready to show that the full order meas-
urement and reference feedback control law of (69)
solves the RPT problem. It is straightforward to verify
that (141) and (142) can be re-written as

x=(A+ BF)x— BF(¢)x, + Ew
(155)
e =(C, + D,F)x — D,F(¢)x,

where A, B, E, C, and D, are as defined in (48) and (49).
Without loss of any generality, we assume hereafter that
the quadruple(A, B, C,, D) is in the form of the special
coordinate. Following the same procedures as in (94)-
(111), we can transform (155) with some appropriate
transformations into the form

Xy = Agx, + Lé,+ E;w+ Ny x, (156)

X, = A X, + L. é;+ Ew+ N,x, (157)

cerre

. F -
Xp=Ayx; — qug_qll,Si(g)xi + Ligeq + Ew + Npx,

F.
~0 0 B,ZLsi(e) % (158)
€y = 7[C(7a COC COd]xva € = Cq,xi (159)

for some appropriate dimensional matrices N,, N, and
N;, which are all independent of e. First, it is simple to
see that Ker(—[Cy, Co. C,z]) D Ker(C,). In view of

(154), we have
leoll, = 0, as e—0 (160)

Next, let us define a new state transformation as in
(112), i.e.
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X1
56; = X;, X-c = X )Ed =
(161)
)zmc,
Xj:= Sl(g)xlﬂ 1= 1; y My
Then
. B w
Xg = AwXa + Logeq +[E; N,] (162)
Xy
. B w
X-c = Ajcxc + Lcdéd + [Ec Nc] (163)
Xy
X :_(Aq Bq Fz)fcz‘i’i’id(g)éd+ [El(g) Nl(g)]
W ~
x —[0 0 Mie)]x, (164)
Xy
él =€ = Cq,j&ia éd =€y = Cdid (165)
where
~ Fi
M;(e) = Si(e) By, Sile) (166)

(167)

It is clear that the 2-norms of Ly(¢), N;(¢) and E;(¢) are
all bounded, and in view of the special structure of B,
S;(¢) and F; of (54), we have

0 0 0
Mi(g) =
0 0 0
F.
—& Fy 1 et 2Fil
L € ! i
o]
F; : N F, . N
=l T M) =G, + Me) (168)
€ 0 €
_qu_

where |M;(e)| < ¢ for some positive scalar ¢;, indepen-
dent of e. Thus, (164) can be re-written as

P
~ w F, R
+ [El(g) Nl(g)] qu[o 0 qu ]x"
xV
(169)
for some bounded N,(e). It is clear that
Ker([0 0 C,]) D Ker(Cy) (170)
In view of (154), we have
Fiqv ~
—[0 0 Clx|| <mllwll, (171)
- i

p

for some positive scalar 7, (independent of ). Hence, we
can view

7 F, .
(W> and —L[0 0 C,]x, (172)
5 ,

as some L, signals, whose /, norms are bounded by some
¢ independent scalars. Then, following the similar pro-
cedures as in (118)—(139), it is straightforward to show
that

legll, =0, ase—0 (173)

In view of (160) and (173), it is clear that the RPT prob-
lem is solved by the full order measurement and refer-
ence feedback control law (69). O

Appendix A.3. Proof of Theorem 5

We first define a new state variable, x, = x,—
v+ Krix;. Again, it is straightforward to verify that
the closed-loop system comprising the given system
(1) and the control law of (81) can be re-written as

Dy )
w (174)

X = [A+ BF(e) ]x — BF,(e)x, + BHy(e)r + - - -

)'CS = (AR + KRCR)XS + <E2 + KR

E,

+ BH,_ ()" ™V 4+ Ew (175)
h =[Cy+ DyF(e)]x — DyF,y(e)x, + DyHy(e)r + - -
+D,H, ()r" (176)

Thus, it is simple to see that the closed-loop system is
asymptotically stable for sufficiently small ¢, as the
closed-loop poles are given by the eigenvalues of
A+ BF(¢) and Ap + Kz Cg.

Since Ax + Ky Cy is asymptotically stable, it follows
that for any initial condition, x,; € L, provided that
w € L,. Next, we re-write
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BF,(e) = BF(5)< 0 ) and D, F,(c) = DZF(5)< ’ )

X X

(177)
It follows from (65) that

0 0
cll{lm(Dl)}Kerq OD (178)

Ik
and
0 0 0
[zk on)‘) (179)
Thus, the last condition of Theorem 2, i.e.

Ker(C,) D Cy'{Im(D,)}, implies that

cz()g)o and N(fjo (180)

for any appropriate dimensional matrix N with
Ker(N) D Ker(C,). Following the same procedures as
in (155)-(173), we can show that

el, =0, ase—0 (181)

Hence, the RPT problem is solved by the reduced order
measurement feedback control law (81). O
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