PERGAMON

Automatica 36 (2000) 1103-1122

www.elsevier.com/locate/automatica

Solutions to general H,, almost disturbance decoupling problem with
measurement feedback and internal stability for discrete-time systems™

Zongli Lin**, B. M. Chen®

*Department of Electrical Engineering, University of Virginia, Charlottesville, VA 22903, USA
Department of Electrical Engineering, National University of Singapore, Singapore 117576, Singapore

Received 17 August 1998; revised 26 April 1999; received in final form 1 November 1999

State feedback and full order/reduced order measurement feedback controllers are explicitly con-
structed that solve the H ., almost disturbance decoupling problems for general linear discrete-time
systems. Keys to the explicit construction of these controllers are structural decompositions of the

systems and a low gain feedback design technique.

Abstract

In this paper, we construct feedback controllers, explicitly parameterized in a single parameter ¢, that solve the well-known
H _, almost disturbance decoupling problem with measurement feedback and with internal stability (H ,,-ADDPMS) for discrete-time
linear systems. In particular, we explicitly construct parameterized solutions for the following three cases: the full state feedback, the
full information feedback and the general measurement output feedback. The first two cases have static solutions while the last one
has only dynamic solutions. Both the full order and the reduced order measurement feedback controllers are presented for the latter
case. The problem considered in this paper is general and complete. © 2000 Elsevier Science Ltd. All rights reserved.
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1. Introduction

We consider the problem of H, almost disturbance
decoupling with measurement feedback and internal
stability for discrete-time linear systems. The problem of
almost disturbance decoupling has a vast history behind
it, occupying a central part of classical as well as modern
control theory. Several important problems, such as
robust control, decentralized control, non-interactive
control, model reference or tracking control, H, and
H_, suboptimal control problems can all be recast into
an almost disturbance decoupling problem. Roughly
speaking, the basic almost disturbance decoupling prob-
lem is to find an output feedback control law such that in
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the closed-loop system the disturbances are quenched,
say in an L, sense, up to any pre-specified degree of
accuracy while maintaining internal stability. Such
a problem was originally formulated by Willems (1981,
1982) for continuous-time systems and labeled as
ADDPMS (the almost disturbance decoupling problem
with measurement feedback and internal stability). The
prefix H,, in the acronym H_ -ADDPMS is used to
specify that the degree of accuracy in disturbance
quenching is measured in L, gain.

There is extensive literature on the almost disturbance
decoupling problem for continuous-time systems (see, for
example, Ozcetin, Saberi & Sannuti, 1992; Scherer, 1992;
Trentlman, 1986; Weiland & Willems, 1989, and the
references therein). Recently, we have proposed solutions,
which are explicitly parameterized in a single parameter
¢, to this well-known problem for continuous-time sys-
tems (Chen, Lin & Hang, 1998). The problem considered
in Chen et al. (1998) is general and complete in that the
system is allowed to have invariant zeros on the imagi-
nary axis. In contrast, the problem of almost disturbance
decoupling for general discrete-time systems is less
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studied. Only very recently has the necessary and suffi-
cient conditions under which the H_ -ADDPMS for gen-
eral discrete-time systems is solvable been derived by
Chen, He and Chen (1999). As in Chen et al. (1998), the
problem considered in Chen et al. (1999) is general in that
the system is allowed to have invariant zeros on the unit
circle. Under the solvability conditions of Chen et al.
(1999), the problem of constructing feedback laws that
solve the H, -ADDPMS for discrete-time linear systems,
however, remains unattempted. The objective of this pa-
per is to present algorithms for the explicit construction
of feedback laws that solve the H,,-ADDPMS for gen-
eral discrete-time systems whose subsystems are allowed
to have invariant zeros on the unit circle.

More specifically, we consider the H,,-ADDPMS for
the following discrete-time linear system:

0x = Ax + Bu + Ew,
2. y=Cix+Dyw, (1)
h = sz + D2u + D22W,

where x € R" is the state, u e R™ is the control input, ye R
is the measurement, w € R?is the disturbance and h € R” is
the output to be controlled, 4,B,E,C,,C,,D{,D,, and
D,, are constant matrices of appropriate dimensions,
and finally, here and elsewhere in this paper, we suppress
the running index k in x(k) and use dx to denote x(k + 1)
of the left-hand side of a difference equation.

For easy reference in future development, throughout
this paper, we define Xp to be the subsystem character-
ized by the matrix quadruple (4, B, C,, D,) and X, to be
the subsystem characterized by the matrix quadruple
(A, E,Cy,Dy). Dynamic feedback control laws of the fol-
lowing form are investigated:

ox. = A.x. + B.y,

el )
u=C.x, + D,.y.

The controller Z, of (2) is said to be internally stabilizing
when applied to the system X, if the following matrix is
asymptotically stable:

[A + BD,C, BCC]
Acl = >

3
B.C, A, ¢

i.e., all its eigenvalues lie on the open unit disc. Denote by
T, the corresponding closed-loop transfer matrix from
the disturbance w to be controlled output #, i.e.,

Th(z2) =[C; + D,D.C,y
< ; [A + BD.C, BCCD-I[E + BDch]
zl —
Bccl Ac Bch

+ D,D.D, + D,,. 4)

DZCc]

The H,, norm of the transfer matrix T, is given by

|| Thw”oo = SUp  Omax [Thw(ejw)]a (5)
w e [0,n]

where o,,.[ - ] denotes the maximal singular value. Then

the general H,-ADDPMS for the given discrete-time

system X of (1) can be formally defined as follows.

Definition 1.1. The general H,, almost disturbance de-
coupling problem with measurement feedback and with
internal stability (the general H,-ADDPMYS) for (1) is
said to be solvable if, for any given scalar y > 0, there
exists at least one controller of the form (2) such that,

1. in the absence of disturbance, the closed-loop system
comprising system (1) and the controller (2) is asymp-
totically stable, i.e., the matrix A, as given by (3) is
asymptotically stable;

2. the closed-loop system has an [,-gain, from the distur-
bance w to the controlled output A, that is less than or
equal to v, ie.,

IAll, < ylwll,, VYwel, and for (x(0), x.(0)) = (0,0).
(6)

Equivalently, the H . -norm of the closed-loop transfer
matrix from w to h, T}, is less than or equal to y, i.e.,

||Thw||oo < V-

We referred to such a problem as the general
H,-ADDPMS since our solution does not require the
subsystems of (1) to have no invariant zeros in the unit
circle.

The main objective of this paper is to explicitly con-
struct feedback control laws that solve the general H., -
ADDPMS for discrete-time systems. The outline of this
paper is as follows: Section 2 recalls the background
materials on the solvability conditions of the general
H_ -ADDPMS for discrete-time systems and the special
coordinate basis of linear systems. Section 3 deals with
the design of feedback control laws for the special case
that full state or full information is measured for feed-
back. Section 4 deals with the construction of both full
and reduced order measurement feedback controllers.
Concluding remarks are made in Section 5.

Throughout this paper, the following notation will
also be used: X' denotes the transpose of matrix X; | X]|
denotes the 2-norm of matrix X; I denotes an identity
matrix with appropriate dimensions; R is the set of all
real numbers; C is the set of all complex numbers;
C®, C° and C® are, respectively, the open unit disc,
the unit circle and the set of complex numbers outside the
unit circle; Ker(X) is the kernel of X; Im(X) is the image
of X; A(X) is the set of eigenvalues of a real square matrix
X; X' is the generalized inverse of X; and ,,,,(X) denotes
the maximal singular value of matrix X.
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2. Background materials and preliminary results

In this section, we recall the necessary and sufficient
conditions of Chen et al. (1999) under which the general
H_ -ADDPMS for a discrete-time system is solvable and
the special coordinate basis (SCB) of Sannuti and Saberi
(1987) and Saberi and Sannuti (1990). The latter serves
as a basic tool in our development of algorithms for
constructing control laws that solve the general
H_-ADDPMS.

2.1. Solvability conditions for discrete-time general
H_-ADDPMS

In order to state the necessary and sufficient conditions
for solving the general H,,-ADDPMS for discrete-time
systems, we need the following geometric subspaces.

Definition 2.1. Consider a linear time-invariant system
X, characterized by a matrix quadruple (4,,, B, C,., D).
The weakly unobservable subspaces of £, 7", and the
strongly controllable subspaces of X,, ¥, are defined
as follows:

1. ¥"9(£,) is the maximal subspace of R" which
is (A, + B,F,)-invariant and contained in
Ker(C,, + D,F,) such that the eigenvalues of
(A, + B,F,)|7© are contained in C®UCP for some
constant matrix F,.

2. #9(%,) is the minimal (4, + K, C,)-invariant sub-
space of R" containing Im(B,, + K, D,,) such that the
eigenvalues of the map which is induced by
(4, + K,C,) on the factor space R"/%® are con-
tained in C®UCP for some constant matrix K.

Definition 2.2. Consider a linear system X, characterized
by a quadruple (4,,, B,.,C,.,D,). For any /e C, we define

A, — Al B
JueC"t™ <x>:[ * *:|u}
0 c, D,

()

A, —2 B,]/x
JueC™ 0 = .
C, D, \u

t)

7 1(2,) and ¥,(X,,) are associated with the so-called
state zero directions of X, if 4 is an invariant zero of X, .

I X)) = {xe([)"

and

P aZ,) = {xe@"

The following results are mainly due to Chen et al.
(1999).

Theorem 2.1. Consider the discrete-time linear system X as
given by (1) with the measurement output being

X c 1 0 9
B

i.e., all state variables and disturbances (full information)
are measured and are available for feedback. The general
H . -ADDPMS is solvable if and only if the following condi-
tions are satisfied.

(a) (A, B) is stabilizable.

(b) Im(D,,) = Im(D5), i.e., Dy5 + D,S =0, where S =
— (D,D,)'D5D,,.

(c) Im(E + BS) < {7 °(Zp) + BXKer(D,)}n{MN =1
S, (Zp)}, where S = — (D3D,)'D,D,,.

The result for the general measurement feedback case
is given in the next.

Theorem 2.2. Consider the discrete-time linear system X as
given by (1). The H ,-ADDPMS for (1) is solvable by the
control law of (2) if and only if the following conditions are
satisfied:

(a) (A, B) is stabilizable.

(b) (4,C,) is detectable.

(C Dzz —+ DzSDl = 0, Where S = — (D/zDz)TDlzDzlel
(D1 Dy)".

(d) Im(E + BSDI) c {WG(ZP) + BKer(Dz)}m{mM|:1
y},(zl’)}a
where S = — (D>,D,)'D,D,,D’(D,D})".

(e) KCI(CZ + D2 SCl) oD {yO(ZQ)ﬁCf l{hn(Dl )}}U{U|A|: 1
HVZ.(ZQ)}s
where S = — (D/ZDz)TD,ZDzzD/l(DID/I)T

(f) S°(Zq) = 77°(Zp).

NRCIR

The following result deals with the case when only
strictly proper measurement feedback laws are used.

Theorem 2.3. Consider the discrete-time linear system X as
given by (1). The H,, almost disturbance decoupling prob-
lem with internally stability and with a strictly proper
measurement feedback law, i.e., the control law of the form
(2)with D, = 0, for (1) is solvable if and only if the following
conditions are satisfied:

(a) (A4, B) is stabilizable.

(b) (A4,C,) is detectable.

(€) Dy, =0.

(@) Im(E) = 7" °(Ep)n {11 S4(Ze)-
(e) Ker(Cy) 2 O(ZQ)uilUpy=173(Z0)}-
() 7°(Eq) = 7O(Zp)

(@ AF°(Zq) = ¥ °(Sy)

The following remark concerns the full state feedback
case.
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Remark 2.1. For special case when all the states of the
system (1) are measured and available for feedback,
ie, C; =1 and D; =0, it can be easily derived from
Theorem 2.2 that the H,,-ADDPMS is solvable if and
only if the following conditions are satisfied: (a) (4, B) is
stabilizable, (b) D,, =0, and (c) Im(E) < 7 °(Zp)n
{mm:lyl(zP)}-

2.2. Special coordinate basis of linear systems

Consider a discrete-time linear time-invariant system
X, characterized by the quadruple (4,,, B, C,,,D,,) orin

the state space form
ox =A,x + B, u,

* ¥ (10)
y=C.x+ Dgu,

where xeR", ue R™ and yeR? are the state, the input
and the output of X . It is simple to verify that there exist
non-singular transformations U and V such that

UbD,V [I’"" 0} (11)
Lo of

where my is the rank of matrix D,. In fact, U can be
chosen as an orthogonal matrix. Hence hereafter, with-
out loss of generality, it is assumed that the matrix
D, has the form given on the right-hand side of (11). One
can now rewrite the system of (10) as

Uo
5X == A*x + [B*() B*1]< >,
u

1

G=le bl ol

where the matrices B¢, B,.1, C,o and C,; have appro-
priate dimensions. We have the following theorem.

(12)

Theorem 2.4 (SCB). Given the linear system X, of (10),
there exist

1. coordinate-free non-negative integers n, , nd, n;, ny, n,,
ng, Mg <m—mg and q;, i = 1,...,my, and

2. non-singular state, output and input transformations
I's, Ty and I'; which take the given X, into a special
coordinate basis that explicitly displays various proper-
ties of Z,,.

The special coordinate basis is described by the following
set of equations:

X = FSX, y = roya u= riu: (13)
Xa _ X1
Xa
Xp X2
0
X = , Xa = | Xa Xg = . (14)
Xe .
+
Xa »
xd xmd

V1 U

Yo y Uo u

> 2
y = yd , Va = . , UW=]Uy |, Ug = . (15)

Vb . Ue '

ymd um

and

0Xg = AwXs + BoaVo + Laaya + Lap ¥y, (16)
0x0 = A% x0 + BYuyo + L&ya + Loy, (17)
Oxd = AfxS + Biavo + Liiva + Ly, (18)
0xy = ApwXy + BopYo + LyaVa, Vo = CpXy, (19)

0x, = AeeXe + BocYo + Lep Vo + Leaa

+ B[Eoxs + ESX° 4+ Efxt +u], (20)
Vo = CocXe + CouXy + CouXg + CouXy

+ Coaxq + Copxp + Ug (21)
and for eachi=1,...,my,

0x; = Ay, X; + Lioyo + Ligya
+ B, [“i + Eix, + Epxp, + Eiex, + Z Eijxj:|a
=1

(22)
Vi = quxi, Ya = Cdxd. (23)

Here the states x, , X0, Xo , Xy, X. and x, are, respectively,
of dimensions ny , ng, n,, ny, n. and ng =Y i, q;, while
X; is of dimension q; for each i =1,...,my. The control
vectors ug,u; and u, are, respectively, of dimensions
my, my and m, = m — my — my while the output vectors
Yo,Va and Yy, are, respectively, of dimensions py, = mg,
pa = my and py, = p — po — pa. The matrices A, ,B, and
C,. have the following form:

0 I, 0
Aq,:[o 40 ] B, =[1], C, =[1,0,....,0]. (24)

Assuming that x;, i = 1,2,...,my, are arranged such that
q; < qi+1, the matrix L;; has the particular form

Lid:[Lil Li2 Lii—l o - 0]~ (25)

Also, the last row of each L, is identically zero. More-
over, we have ANAg)c C®, I(A2) < C° AAL,) < CP.
Also, the pair (A, B.) is controllable and the pair (Ayy, Cy)
is observable.

Proof. See Sannuti and Saberi (1987) and Saberi and
Sannuti (1990). The software realizations of the above
decomposition in MATLAB can be found in Lin and
Chen (1998). O
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In what follows, we state some important properties of
the SCB which are pertinent to our present work. The
rigorous proofs of these properties can be found in Chen
(1998).

Property 2.1. The given system X, is observable (detect-
able) if and only if the pair (Agps, Cons) 1S Observable
(detectable), where

i Aau 0 Ladcd

Aobs:: BcEca Acc Lchd 5

_BdEda BdEdc Add

[Coa Co. C
Copsi=| 0 % (26)
| 0 0 C,
and where
An O 0 L.,
A= 0 A% 0 |  Lu:=|L%]| (27)
0 0 A La
COa = [C(;a Cga C(;ra]a Eda = [Ed; Et(i)a Edtl]a
Eca :: [E(:l E?a E;{;]' (28)
Also, define
By, Loy
BOa = Bgu 5 Lab = Ll(l)b 5 (29)
B, La
and
Aaa Lab Cb Ladcd
Acon = 0 Abb Lbdcd >
BdEda BdEdb Add
By, O
Beon:=|Bo, O | (30)
BOd Bd

Similarly, X, is controllable (stabilizable) if and only if
the pair (Acon, Beon) 18 controllable (stabilizable).

Property 2.2. Invariant zeros of X, are the eigenvalues of
A4, which are the unions of the eigenvalues of 4,,, A2,
and A],.

Clearly, the SCB decomposes the state-space Z into
the following several distinct parts:

X=X, OXIOX OX, DX DX 4. (1)

The following property shows interconnections between
the special coordinate basis and various invariant geo-
metric subspaces.

Property 2.3.

I, 0 0
0 I, O
79(2,) = Im(T, 0 00 ,
0 0 0
0o 0 I,
0 0 0
[0 0 0]
0 0 0
F°(=,) = Im(T, fi 00 (32)
0 0 0
L, 0
i 0 I,
Next,
M—A4m 0 0 0
F4(2,) = Im(T, Yoo O , (33)
0 0o I, 0
0 0o 0 I,
where
Im{Y,,} = Ker[Cy(Ap, + KyCy — A1)~ 1] (34)

and where K, is any matrix such that 4,, + K, C, has no
eigenvalues at 1. Such a K, always exists as (A, Cy) is
completely observable.

X O

) 0
v (Z,) = Im(T o x,|f (35)

0 0

where X ,; is a matrix whose columns form a basis for the
subspace

{Ca eC™ | (;“I - Aaa)Ca = 0} (36)
and
Xcﬂ = (Acc + BL‘FL‘ - )~I)_ IBC (37)

with F, being any matrix such that A, + B.F. has no
eigenvalues at 4. Again, the existence of such an F, is
guaranteed by the controllability of (4., B,).

3. The state and full information feedback cases

In this section, we consider feedback control law de-
sign for the general H_, -ADDPMS for the case that
either full state or full information feedback is measured
for feedback.
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We first consider the case that full state is measured for
feedback. We will present a design procedure that con-
structs a family of parameterized static state feedback
control laws

u = F(e)x, (38)

that solves the general H,,-ADDPMS for the following
system:

0x = Ax + Bu + Ew,
y=x (39)
h = sz + Dzu + D22W.

That is, under this family of state feedback control laws,
the resulting closed-loop system is asymptotically stable
for sufficiently small ¢ and the H_ -norm of the closed-
loop transfer matrix from w to h, T},,(z, ¢), tends to zero
as ¢ tends to zero, where

Tiw(z,6) = [C, + D> F(e)][z] — A — BF(e)] 'E + D,,.
(40)

Our algorithm for obtaining this F(e) utilizes the asymp-
totic time scale and eigenstructure assignment (ATEA)
procedure. The ATEA design procedure was originally
conceived in Saberi and Sannuti (1989) and was used to
solve many control problems (see for example, Chen,
1998; Saberi, Sannuti & Chen, 1995, to name a few). It
was further developed in Lin (1998) to include slow
time-scale assignment via low gain feedback. As will be
clear shortly, the low gain component is critical in hand-
ling the situation when the zero dynamics corresponding
to unit circle invariant zeros is affected by disturbances.
In comparison with its continuous-time counterparts
(Chen et al., 1998), where high gain feedback is an impor-
tant component of the feedback laws, here in discrete-
time setting, we do not have high gain feedback. It is
because of this lack of high gain feedback in discrete time
that the solvability conditions for the H_ -ADDPMS
exclude the presence of disturbance in the part of the
dynamics associated with the infinite zero structure of the
system whenever the disturbance is not available for
feedback.

Step S.1 (Decomposition of Zp): Transform the sub-
system Xp, i.e., the matrix quadruple (4, B, C,, D,), into
the SCB as given by Theorem 2.4. Denote the state,
output and input transformation matrices as I'gp, I'op
and T'jp, respectively.

Step S.2 (Gain matrix for the subsystem associated with
Z.). Let F. be any matrix such that

AZC = ACC + BCFC (41)

is an asymptotically stable matrix. The existence of such
an F, is guaranteed by the property of the SCB, ie.,
(A, B.) is controllable.

Step S.3 (Gain matrix for the subsystem associated with
%;, '%I‘b and ‘%ﬂd): Let

[0 0 Fj Fp Fao
Fapa:= - 0 + :|9 (42)
_Eda Eda ad de Fdd
where
_Fa+o Fyo  Fao
abd = 4 } (43)
| Faa Fpa Fuaa

is any matrix such that

[ A LaCy, LaCu| [Bi, O

Aga=| 0 Aw  LypCa|+|Bop O |Fapa (44)
_BdE;; BiEs A Boa By

is an asymptotically stable matrix. Again, the existence of
such an F;, is guaranteed by the property of the SCB.
Step S.4 (Gain matrix for the subsystem associated with
A2,): The construction of this gain matrix is carried out in
the following four substeps:
Step S.4.1 (Preliminary coordinate transformation):
Noting that

Awe  LipyCy, LyCy Bo. O
Acon := 0 Awy  LpaCyl, Beon:=|Bop, 0 |,
B,E;, BiEn A Bos Ba
we have
A 0 Ay
Acon + BeonFapa =| 0 Ay Agha |,
0 0 An
Bo. 0
Beon =| Boa 0 | (43)
Bgabd B;bd
where
Bg. 0
Boaa = | Bos |, Bapa =| 0 |, (46)
Boa B,
Agpa = [0 LgyCyp  LoaCal + [Boa  01F b (47)
and
Apa =[0 LyCy LyCyl + [Bow O01Faha- (48)

Clearly, the pair (Acon + Beon Faba» Beon) remains stabiliz-
able. Construct the following non-singular transforma-
tion matrix:

I, 0 0
rabd = 0 0 In: +n, +ny 5 (49)
0 I Tg
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where T¢ is the unique solution to the following
Lyapunov equation:

Az?a TS - TSA;LZ = A(?bd' (50)

Such a unique solution to the above Lyapunov equation
always exists since all the eigenvalues of A2, are on the
unit circle and all the eigenvalues of 4,5 are on the open
unit disc. It is now easy to verify that

Ay Apa O
rt;n%(Acon + BconFabd)rabd = 0 A(Z)Z 0 (51)
0 0 A°
and
B;, 0
l—‘a_}n}Bcon = Bgabd B;;)d . (52)
B + TaBouwa  TaBapa

Hence, the matrix pair (42,, BY) is controllable, where
B = [Bga + ToBouwa ToBapal: (53)

Step S.4.2 (Further coordinate transformation): Find the
non-singular transformation matrices I'2, and I'), such
that (42,, B%) can be transformed into the block diagonal
controllability canonical form

A, 0 - 0
oy tagre, = 0 A O (54)
0 0 o 4,
and
By By, -+ B; %
oy porg =| 0 P B (55)
6 0 - B %

where [ is an integer and fori = 1,2,...,1[,

) 1 0 e 0]
0 0 1
A= : : o)
0 0 0 S
|~ —dy —a, - —di
0
B =|:| (56)
0

We note that all the eigenvalues of 4; are on the unit
circle. Here, the %’s represent submatrices of less interest.
The existence of the above canonical form was shown in
Wonham (1979) while its software realization can be
found in Lin and Chen (1998).

Step S.4.3 (Subsystem design). For each (A;, B;), let
Fi(e)e R ™™ be the state feedback gain such that

AMA; + BiFi(e)) = (1 — e)A(A4y).

Clearly, all eigenvalues of 4; + B;F;(¢) are on the open
unit disc and F;(e) is unique.

Step S.4.4 (Composition of gain matrix for subsystem
associated with Z'°): Let

[Fi(e) 0 - 0 0
0 Fo() - 0 0
0( ) - 0 . . . . 0y—1
F{(e):= T, o R o [T
0 Fi(e)
(- : 0 0 -
(57)

where ¢€(0,1] is a design parameter whose value is to be
specified later.
Clearly, we have

[Fa(e)l < fae, e€(0.1], (58)

for some positive constant £, independent of &. For
future use, we partition

FO N F((l)()(‘o’) 59
oAe) = [Ff:d(s)} )
and

0 o _ Flo+ (e) F:?Ob(g) Fz?oa(ﬁ)
FaleTa = [FSH(S) Fou) Fsdd@)]' (0

Step S.5 (Composition of parameterized gain matrix F(g)):
Various gains calculated in Steps S.2-S.4 are now put
together to form a composite state feedback gain matrix
F(e), which is explicitly a polynomial matrix in ¢ and is
given by

F(e):=Tip[Fo + Fu(e)IT", (61)

where

FO =
C(;a Cga C(;ra - Fa+0 COb - FbO COC COd - FdO
Esq Ega — Fa —Fpa  Eg — Fu
E, E° E}, 0 F, 0

(62)
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and
0 Foole) Fooi(e) Faop(e) O Fioale)

Fu(e) = |0 Foule) Faasr(e) Foml(e) O Foule) | (63)
0 0 0 0 0 0

This completes the construction of the parameterized
state feedback gain matrix F(g). O

Theorem 3.1. Consider the given system (39) in which all
the states are measured and are available for feedback.
Assume that the general H ,,-ADDPMS for (39) is solvable,
i.e., the solvability conditions of Remark 2.1 are satisfied.
Then, the closed-loop system comprising (39) and the full
state feedback control law

u = F(e)x (64)

with F(g) given by (61), has the following properties: for any
given y > 0, there exists a positive scalar ¢* > 0 such that
forall 0 < ¢ < €%,

1. the closed-loop system is asymptotically stable, i.e.,
MA + BF(¢g)) are on the open unit disc; and,

2. the H ,-norm of the closed-loop transfer matrix from the
disturbance w to the controlled output h is less than or
equal to y, i.e., | Thy(2,8)l < 7.

Hence, by Definition 1.1, the family of control laws as given
by (64) solves the general H,,-ADDPMS for (39).

Proof. See Appendix A. [

Next, we proceed to design a family of parameterized
full information feedback control laws

u=F./(e)x + F,w, (65)

which solves the general H ,-ADDPMS for the following
system:

0x = Ax + Bu + Ew,

B I 0 66
(< “

h = sz + Dzu + D22W.

That is, under the above full information feedback con-
trol laws, the resulting closed-loop system is asymp-
totically stable for sufficiently small ¢ and the H,, -norm
of the closed-loop transfer matrix from w to h, T}, (z,¢),
tends to zero as ¢ tends to zero, where

Tho(z,6) = [C + Dy F(e)][z] — A — BF ()] "
x(E + BF,)) + (Dy, + D, F,). (67)

The following is a step-by-step algorithm for con-
structing F.(¢) and F,,.
Step F.1 (Computation of S): Compute

§S= - (DlzDz)TD/zDzz- (68)

Step F.2 (Computation of F.(¢)): Follow Steps S.1-S.5 of
the previous algorithm to yield a gain matrix F(g). Then,
let

F.(e) = F(e). (69)

Also, we need to retain the transformation matrices
I'p and T'jp, as well as the submatrix B, of the SCB of
Yp in order to compute F,, in the next step.

Step F.3 (Construction of gain matrix F,,): Let

T (E + BS) = [(E,) (EQ) (ES) (Ey) (E.Y (E))T. (70)
Then, the gain matrix F,, is given by

0
F, = —T'p|(BiBy) 'ByE, |+ S. (71)
0

It is informative to note that the first portion of matrix
F,, is used to cancel the disturbance associated with
E, and in the range space of B,, while the second portion
is used to reject disturbance entering into the system
through D,,.

Theorem 3.2. Consider the given system (66) in which all
the states and disturbances are measured and are available
for feedback. Assume that the general H ,-ADDPMS
for (66) is solvable, i.e., the solvability conditions of
Theorem 2.1 are satisfied. Then, the closed-loop system
comprising (66) and the full information feedback control
law

u=F.(e)x + F,w (72)

with F(¢) and F,, being given by (69) and (71), respectively,
has the following properties: for any given y > 0, there
exists a positive scalar €* > 0 such that for all 0 < & < ¥,

1. the closed-loop system is asymptotically stable, i.e.,
MA + BF,(¢)) are on the open unit disc; and,

2. the H , -norm of the closed-loop transfer matrix from the
disturbance w to the controlled output h is less than or
equal to v, i.e., || Tpo(z,8)|l0 < 7.

Hence, by Definition 1.1, the family of control laws as given
by (72) solves the general H ,,-ADDPMS for (66).

Proof. See Appendix B. [

Example 3.1. Consider a discrete-time system character-
ized by (1) with

1 1 1 1 0]
o 1 1 1 0
A=|0 0 01 1 0|
o 0 0 0 1
01 01 01 01 0.1]
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(73)

o
Il
- o o o o
=
Il
o o o o
o o o o =

Ue

where o, is a scalar, and

C_OOOIOD_[O]D_OO
2_001007 2 — LOds 22_00'

(74)

We will consider both the state feedback case and the full
information feedback case in this example. Using the
toolbox Lin and Chen (1998), we can verify that (4, B) is
controllable and X, i.e., (4, B, C,, D»), has two invariant
zeros at z = 1. Moreover,

10 0
0 1 0
7o) =Im({|0 0|), BKer(D,)=Im(|0
0 0 0
0 0] 1]
and
1 0 0]
00 0
N L) =Im{{0 0 0 ),
=t 01 0
0 0 17]

"VO(ZP)“{ m y;.(zp)} =Im

[4=1

S O O O =

and

(1°O(Zp) + BKer(DZ)}m{ N yl(zp)} =Im

12l=1

S O O O =
- o O O O

It 1s now clear that

e if the full state is measured for feedback, i.e., y = x,
then the general H,,-ADDPMS is solvable if and only
if o, = 0; and,

0.04 ' ! ! ' f ! !
0.035
0.03f-
0.025

0.02

Magnitude

0.015

0.01f-

0.005 epsilon=0.02 . ; e e

0 H : : FR

~0.005 ; ; ; . \ ; ; ; ;
0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Frequency (rad/sec)

Fig. 1. Max. singular values of T, — full information case.

e if the full information is measured for feedback, i.e.,
y =[x, w7, then the general H ,-ADDPMS is always
solvable for any «,.

Following the algorithms of this section, we obtain the
following parameterized gain matrices:

F.(e) =
[ —0.526316(c — 1) — 1.052632(¢ — 1) — 0.626316]
—0.775623(c — 1)> — 2.603878(c — 1) — 1.928255
—0.798061(c — 1)* — 2.763490( — 1) — 2.066429
— (e — 1) —42( — 1) — 3.31
e —1)—22

(75)

which places the eigenvalues of 4 + BF,(¢) at 0, 0, 0,
1—¢and 1 —¢, and

Fy,=[—a O] (76)

The maximum singular value plots of the corresponding
closed-loop transfer matrix T,,(z,¢) in Fig. 1 clearly
show that the general H_,,-ADDMPS is indeed solved for
both the full information case and the state feedback case
(i.e., when o, = 0).

4. The measurement feedback case
4.1. Full order output feedback controller design

In this subsection, we focus on the design of a family of
full order proper measurement feedback control laws,

which solves the H,,-ADDPMS for the given system (1)
under the solvability conditions of Theorem 2.2. For the
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case when the given system satisfies the conditions listed
in Theorem 2.3, slight modifications on the algorithm
below, i.e., letting S =0 and N =0 in Steps F.C.1 and
F.C.2, would yield a strictly proper solution. The follow-
ing is a step-by-step algorithm for constructing a para-
meterized full order output feedback controller that
solves the H.,-ADDPMS for (1):
Step F.C.1 (Computation of S): Compute

S=— (D/zDz)TD/zDzzD/1 (DID/l )T~ (77)

Step F.C.2 (Computation of N). Use the properties of
the special coordinate basis to compute two constant
matrices X and Y such that 7 ©(Zp) = Ker(X) and
S9(Zq) = Im(Y). Then, compute
N = —(BX'XB + D,D,)'[BX’ D}]

[X(A + BSC,)Y X(E + BSDI)}
X
(C, + D,SCy)Y 0
Y/ /1
X Y (C,YY'Cy + D,D})". (78)

1

Step F.C.3 (Construction of the gain matrix Fp(¢)): Define
an auxiliary system

3x=[A+ B(S + N)Cy]x + Bu + [E + B(S + N)D; Iw,
y=x (79)
h=[C2 +D2(S+N)C1]X+D2M+0W,

and then perform Steps S.1-S.5 of the previous section to
the above system to obtain a parameterized gain matrix
F(e). We let Fp(e) = F(e).

Step F.C.4 (Construction of the gain matrix Kq(e)):
Define another auxiliary system

Ox=[A+BES+N)C,Ix+Ciu+[C,+Ds5(S+N)C;]'w,
y=x (80)
h=[E + B(S + N)D,I'x + Dyu + Ow

and then perform Steps S.1-S.6 of the previous section to
the above system to get the parameterized gain matrix
F(e). We let Kq(e) = F(e).

Step F.C.5 (Construction of the full order controller
Y rc(¢)): Finally, the parameterized full order output feed-
back controller is given by

0x. = Apc(e)x, + Bgc(e)y,
= e e, ®
where
Apc(e):=A + B(S + N)C; + BFp(e) + Kq(g)Cy,
Brcle):= — Kole),
Crec(e):= Fp(e),
Dgc(e):=S + N. (82)

Theorem 4.1. Consider the given system X of (1). Assume
that the general H_,,-ADDPMS for (1) is solvable, i.e., the
solvability conditions of Theorem 2.2 are satisfied. Then, the
closed-loop system comprising (1) and the full order
measurement feedback controller (81) has the following
properties: For any given y > 0, there exists a positive
scalar ¢* > 0 such that for all 0 < ¢ < &*,

1. the closed-loop system is asymptotically stable; and,

2. the H ,-norm of the closed-loop transfer matrix from the
disturbance w to the controlled output h is less than or
equal to y, i.e., || Thw(2,6)l|0 < -

Hence, by Definition 1.1, the family of control laws as given
by (81) solves the general H ,.-ADDPMS for (1).

Proof. See Appendix C. [

Example 4.1. We now consider a discrete-time system
characterized by (1) with 4, B, E, C,, D, and D,, being
given as in Example 3.1, and

05 01 05 02 01 10
Cl = N Dl = . (83)
1 0 0 0 O 0 0

For simplicity, we let o, =1 in matrix E. Using the
toolbox Lin and Chen (1998), one can verify that (4, C)
is observable and Xq, i€, (4, E, Cy, D), has four invari-
ant zeros at — 0.6554, 0.3777 4+ j0.6726, and 1. More-
over,

1 1
0 0
FO(Zo)=Im(| 0|}, Ci'{Im(D;)} =Im¢(|0|),
0 0
_0_ _0_
o]
1
) 771(Zq) =Im¢|0
12=1 0
_0_
Hence,

{eW(zQ)mc;l{Im(Dl)}}u{lp wz(»}

=Im

S O O O =
S O O = O
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It is readily seen that all conditions in Theorem 2.2 are
satisfied. Hence, the general H ,-ADDPMS for the given
system is solvable. Following the algorithm of this sub-
section, we obtain a full order output feedback controller
of the form (81) with

S=[0 0],
Fp(e) =
[ —0.526316(c — 1) — 1.052632(c — 1) — 0.526316 |
— 0.775623(c — 1)> — 2.603878(¢ — 1) — 1.828255
— 0.798061(c — 1)> — 2.763490(c — 1) — 1.566429 |,
—(e— 1) —42( —1)—3.11
— 20 —1)—21

(84)

N=[—1 04],

which places the eigenvalues of 4 4+ BFp(e) at 0, 0,0,
1—¢and 1 —¢ and

[ —10 4]
— 10e 5S¢
Kole)=| 0 0], (85)
0
- O_

which places the eigenvalues of A + Kq(e)Cq  at
—0.6554, 0.3777 £ j0.6726, 0 and 1 — &. The maximum
singular value plots of the corresponding closed-loop
transfer matrix T),,(z,¢) in Fig. 2 show that the general
H_-ADDPMS is indeed solved.

4.2. Reduced order output feedback controller design

We will follow the procedure of Chen et al. (1998) to
design a reduced order output feedback controller, which

Magnitude

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
Frequency (rad/sec)

Fig. 2. Max. singular values of T, — full order output feedback.

also solves the general H,-ADDPMS for the discrete-
time system (1). First, without loss of generality, we
assume that the matrices C; and D, are already in the
form of

0 C D
C, =[ 1’02] and D, =[ 1’0], (86)
I, 0 0

where k = / — rank(D;) and D, , is of full rank. Next, we
follow Steps F.C.1 and F.C.2 of the previous subsection
to compute the constant matrices S and N and partition
the following system:

o0x=[A+B(S+N)C;]x+ Bu+[E+ B(S+ N)D;]w,
y=Cix+Dyw, (87)
h = [C2 + Dz(S + N)Cl]x + Dzu + OW,

as follows:
o)=L )+ Lok

+ w,
0X, Ayy Az \X; E,
L
J1

X
h: [CZ,I C2’2:|< ! +D2M+0W,
X2

where the state x of (87) is partitioned into two parts,
x; and x,; and y is partitioned into y, and y; with
¥1 = x;. Thus, one needs to estimate only the state x, in
designing the reduced order controller. Define an auxili-
ary subsystem 2o characterized by a matrix quadruple
(AR, Egr, Cg, Dg), where

C D
(AR,ER,CR,DR)=<A22,E2,[ A][ EJ) (89)

The following is a step-by-step algorithm that con-
structs the reduced order output feedback controllers for
the general H -ADDPMS.

Step R.C.1 (Construction of the gain matrix Fp(e)):
Define an auxiliary system

ox=[A+B(S+ N)C{]x+ Bu+[E+ B(S+ N)D]w,
y=x (90)
h=[C; + D,(S + N)Cy]1x + D,u + Ow,
and then perform Steps S.1-S.5 of the previous section to
the above system to obtain a parameterized gain matrix
F(¢). We let Fp(e) = F(e).

Step R.C.2 (Construction of the gain matrix Kg(e)): De-
fine another auxiliary system
0x = Agx + Cru + C5 ,w,
y=x 1)
h = Exx + Dgu + Ow,
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and then perform Steps S.1-S.5 of the previous section to
the above system to obtain a parameterized gain matrix
F(e). We let Kg(e) = F(e).

Step R.C.3 (Construction of the reduced order controller
Zre(#)): Let us partition Fp(e) and Kg(e) as

Fp(e) = [Fpi(e) Fpa(e)]
and
Kg(e) = [Kro(e) Kgi(e)] 92)

in conformity with the partition

X
x=< 1) and y=<y0>,
X2 V1

respectively. Then define
Gr(e) = [ — Kgo(e), 421 + Kgri(e)411
— (Ar + Kgr(e)Cr)Kr1(e)]- 93)

Finally, the parameterized reduced order output feed-
back controller is given by

Secley e = Arcldhxe + Buclely: (94)
T U= Crelo)x. + Drel@)y,

where
Arc(e):= Ar + B> Fps(¢) + Kr(¢)Cr + Kri1()B1 Fp2(e),
Brc(e):= Gr(e) + [B; + Kri1(¢)B1]

[0, Fp1(e) — Fp2(e)Kri1 (8)],
Crel):= Fps(e),
Dgc(e):= [0, Fpy(¢) — Fpa(e)Kr1(e)] + S + N. 95)

Theorem 4.2. Consider the given system X of (1). Assume
that the general H , -ADDPMS for (1) is solvable, i.e., the
solvability conditions of Theorem 2.2 are satisfied. Then, the
closed-loop system comprising (1) and the reduced order
measurement feedback controller (94), which has a dynamic
order n — ¢ + rank(D,), has the following properties: for
any given y > 0, there exists a positive scalar ¢* > 0 such
that for all 0 < ¢ < €¥,

1. the closed-loop system is asymptotically stable; and,

2. the H -norm of the closed-loop transfer matrix from the
disturbance w to the controlled output h is less than or
equal to y, i.e., ||Th,(z, 0l < 7.

Hence, by Definition 1.1, the family of control laws as given
by (94) solves the general H ,.-ADDPMS for (1).

Proof. See Appendix D. [

5. Conclusions

We have provided a complete solution to the general
H, almost disturbance decoupling problem with
measurement feedback and with internal stability for
discrete-time linear systems. The problem considered in
this paper is general as we allow the subsystems of the
given plant to have invariant zeros on the unit circle of
the complex plane.

Appendix A — Proof of Theorem 3.1

Under the feedback law u = F(e)x, the closed-loop
system on the SCB can be written as follows:

0Xx, = AgXs + Bosho + Loghy + Liphy, + E;w, (A1)
Oxg = AQx{ + Booho + Logha + Ly + EQw,  (A2)
0Xapa = AabiXava + [Boava» Bara]Fale)

x [x0 + TOx5al + Ejpaw, (A.3)
0x, = AeeX. + Bocho + Lophy + Leghy + Ecw, (A4)
ho = [Fao: Fyo, FaoIxaba + Foo(@)x{ + ToXapa), (A5
hy =[O, <1 > Cb O, xn, 1Xabas (A.6)
ha =[O, xn; s O, xn, s CalXabas (A7)

where x5q = [(xJ), %}, x;], and Bgue is as defined in
Step 4.1 of the state feedback design algorithm. We have
also used Condition (b) of Remark 2.1, ie., D,, =0.
Matrices E, , E°, E/;,;, E, and E, are defined as follows:

Te'E=[E,) (E)(Es) E. Ei,

(A.8)
Eoa = [(Ea)  Edl.
Condition (c) of Remark 2.1 then implies that Ej,; = 0

and

Im(E)) = L(Ag):= ()

wel(AL)

Im{wl — AS,}. (A.9)

From the dynamic equations of the closed-loop system
(A.1)-(A.7), we observe that the states x, and x, do not
contribute to the controlled output hy, h, and h; and
hence are allowed to be afftected by disturbances. The
state x4 contributed directly to the control output kg,
hy, and h, and hence the solvability conditions imply that
E}s = 0. On the other hand, although the state x? con-
tributes to the controlled output h,, its contribution can
be reduced arbitrarily by the appropriate choice of the
low gain feedback gain matrix F(e).

To complete the proof, we will make two state trans-
formations on the closed-loop system (A.1)-(A.7). The
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first state transformation is given as follows:
(A.10)

—_ _ -_— 1 — _
Xabd = l—‘abdxabda Xe = X,

where Xapa =[(xa )'> (x), (Xaba) ] and Xaba =
[(Xq)s(Xaha)»(X0)7. In the new state variables (A.10), the
closed-loop system becomes

0%y = AwaXa + Adaba+ Xava + BoaFio(e)X + E; w, (A.11)
0Xaba = AabaXaba + [Boaba» Bava 1Fa(€)Xa, (A.12)
0x9 = (A%, + BYFJ(e)x + E2w, (A.13)
OX = ALeXe + Acava+ Xapa + BocFlo(e)X) + E.w,  (A.14)
ho = [Fyo, Fyos Fao1Xapa + Foo(e)XS, (A.15)
By = [Om, xu*> ChsOm, xny 1Xaba> (A.16)
ha = [Om, xn; > O, x m, » CalXaba> (A.17)
where
Agapa+ = Boa[Fao Fro Faol+ Laa[0 0 C4]
+L,[0 C, 0]
and
Aeapa+ = Boc[Fao Fyo Faol + Lyp[0 Cp 0]
+ L,4[00 C4l.

We now proceed to construct the second transformation.
We need to recall the following preliminary results from
Lin (1998). It is a summary of Lemmas 2.3.2-2.3.5 of Lin
(1998).

Lemma A.l1. Consider a single input pair (A, B) in the
form of (56) with all eigenvalues of A on the unit circle.
Let F(e)eR ™™ be the unique matrix such that
MA 4+ BF(g)) = (1 — ¢)(A), €€(0,1]. Then, there exists
a non-singular transformation matrix Q(g) € R"*" such that:

1. Q(e) transforms A + BF(¢) into a real Jordan form, i.e.,
Q™ '(e)(A + BF(2))Q(e) = J()

:= blkdiag{J _(g),J +1(8), J1 (&), ..., Ji(e)}, (A.18)

where
[—(1—¢) 1

J 1) = 0w ,
L _(1 - 8) n_, Xn_,

(A.19)

[1—¢ 1

Ji1(e) = ' 1_'8 { , (A20)
L 1—e¢ n,, Xn.

and for each i =1 to |,
Jie) I

Ji &) = ’

@ JHe) I

TE(©) Jan,  2m,

N (1 . o Bi

with o} + 7 =1 foralli=1toland o; # o; for i #j.
2. Both |Q(¢)| and |Q ()| are bounded, i.c.,

10() <0, 107 '(e) <0, ee(0,1]

(A.21)

(A.22)

for some positive constant 0, independent of .

3. Let E€R"*? be such that Im(E) = M,ey4)Im(wl — A),
where q is any integer. Then, there exists a y >0,
independent of ¢, such that

07 @El <z e€(0,1],

and, if we partition Q~ '(¢)E according to that of J(¢) as

(A.23)

Eo(e) Eo1(e)
0 we=|"L B0 =| 2|
Ei(e) Eon, (¢) o X q
E;i(e)
E;>(e)
Ei(e) = ] R (A.24)
Ei'; (8) 2n; X q

then, there exists a § > 0, independent of ¢, such that, for
each i =0 fo |,

|Ein, (€)] < Pe. (A.25)

4. Let S(e) = blkdiag{S_ (), S+1(e), S1(€), S2(€), ..., Si(e)},
where S_y(¢) = diag{e" 1, " 728 l), Siq(e) =
diag{e"* "1 e" 72 ... g1}, and for each i=1 to I,
Si(e) = blkdiag {&" ~'I,,&" " *I,,...,&l,,1,}. Then,

(@) S(&)J(e)S ™ (e) = J(e)

:= blkdiag{J - 1 (e).J + 1(¢), J1(e), ..., Ji(e)} (A.26)

where

‘ —(1‘—8) €
_(1 _8) n_i. Xn_,;

(A.27)
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(I1—¢ ¢
Jii(e)= ' a 7.3) . , (A28)
(I =8 ., xu.,
and for each i =1 to I,
Jf(s) el
o= re el |
TE®) |an, x 2,

&; Bi
JHe)=(1 — .s)|: :| (A.29)

—Bi

with B; > 0 for all i =1 to | and B; # B; for i # J;
(b) The unique positive-definite solution P(e) to the
Lyapunov equation
J(e)PJ(e) — P = —el (A.30)

is bounded, i.e., there exist positive-definite matrices

P, and P,, independent of ¢, such that
P, < P(e) < P,, Vee(0.e*] (A.31)

for some ¢*€(0,1].
5. There exist o, > 0, independent of ¢, such that, for all
e€(0,1],

[F(e)Q(e)S ™ '(e)] < o,
|F(e)AQ(2)S™ '(2)] < Be.

(A.32)
(A.33)

We now define the following second state transforma-
tion on the closed-loop system:

Xo =Xa» Xapa = Xabas

X0 = [&a1)s(Ra2)s - (RQ)T = Sa(6)Qa (e)Tg) ™ ',
Sa(e) = blkdiag{ S (¢), Saa(e), .., Su (@)},
Q.(¢) = blkdiag{ Qa1 (e), Qu2(9), ---, Qu(®)},

X, = ex,, (A.36)

(A.34)

(A.35)

where Q,;(¢) and S,;(¢) are the Q(¢) and S(¢) of Lemmas
A.1 for the triple (4;, B;, F;). Hence, the properties of
Lemma A.1 all apply. In these new state variables, the
closed-loop system becomes

0%y = AwaXq + Aaaba+ Xaba
+ BouFao ()% Qu(e)S, '(e)%a + Eg w, (A.37)
0Xapa = AavaXava + [Boava» BaraJFa(e)U s Qu(€)Sq '(€)X0,
(A.38)

0x0 = T (e)x2 + B(e)x? + E2(e)w, (A.39)

5560 = Agcscc + g[Acader )NcaJ;Jd
+ BocFoo(9)T0:04(8)S, '()X + Ecw],
ho = [FIO»FbOaFdo]x;bd + FSO(S)FSHQE(S)SJI(S)SCS, (A.41)

(A.40)

hy = [Om, xu > Cs O, x n, IXabas (A.42)

ha = [Om, xn; > Om, > CalXabas (A.43)

where

.7,,(8) = blkdiag{sjal (&), 8.7,,2(8), . 8.7a,(s)}, (A.44)
0 Bis(e) Bisle) -+ Bule)

Bo-|) 0 Pme o e (A45)
0 0 0 - 0

Bij(e) = Sui(e)Qui ' (€)Bi; F(2)Qaj(2)Sa; ' (2),
i=12,....Lj=i+1i+2,...,1 (A.40)

Ede) = Si(e)Qq e)Te) 1 EQ,

Ede) = LEX @) (Ee)) (Ea@)T (A.47)

and where, for i = 1 to I, J,(e) is the J(¢) of Lemma A.1
for the triple (4;, B;, F;).
By Lemma A.1, we have that, for all (0, 1],

IFa@T % Qu(2)Ss (o)l < fao (A.48)
fori=1to |,

|Eai(e) < ege, (A.49)
and finally, fori=1tol,j=i+ 1to |,

|Bij(e)l < bie, (A.50)

where f%, &0 and b;; are some positive constants, inde-
pendent of ¢.

We next construct a Lyapunov function for the
closed-loop system (A.37)-(A.43). We do this by compos-
ing Lyapunov functions for the subsystems. For the sub-
system of X, , we choose
V(X)) = (X )Ps Xa, (A.51)
where P, > 0 is the unique solution to the Lyapunov

equation
(Aga) Py Agy — Py = — 1 (A.52)

and for the subsystem of X4, choose a Lyapunov func-
tion

V;;d(;c(:;)d) = (%Jiad)/P ;)d%;)da

where P},; > 0 is the unique solution to the Lyapunov
equation

(A.53)

(Aava) PavaAava — Para = — 1. (A.54)
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The existence of such P, and P,, is guaranteed by the
fact that both 4., and A5 are asymptotically stable. For
the subsystem of X0 = [(%2,),(3%), ... (%) 7, we choose

i )l 1 o) Poi(e)Xais (A.55)

where o is a positive scalar, whose value is to be deter-
mined later, and each PY(e) is the unique solution to the
Lyapunov equation

jai(g)/Pgijai(g) - Pgi = —el, (A.56)
which, by Lemma A.1, satisfies,
Pai(g) < Fai (A57)

for some P,; independent of ¢. Similarly, for the subsys-
tem X, choose a Lyapunov function

V(X)) = X.P.Xe, (A.58)

where P, > 0 is the unique solution to the Lyapunov
equation,

(Azc)/PcAzc - Pc = —L (A59)

The existence of such a P, is again guaranteed by the fact
that A;. is asymptotically stable.

We now construct a Lyapunov function for the
closed-loop system (A.37)-(A.43) as follows:

~0 ~

V(scf;ysc;;daxasxc) = V(;( ) + aubd Vabd( abd)

+ VA& + Ve(Xo), (A.60)

where oh, = 2|P; Y?|Anl* + 1.
Let us first consider the difference of V(%) along the
trajectories of the subsystem X2 and obtain that

AV = z[ AR AR
1 0)1’*1

iy (aag

j=it1

(S gy

=i+

<Z Bij(e)x0i(e —I—Ea,(s)w)]

Using (A.49), (A.50) and Lemma A.1, it is straightforward
to show that, there exists an o2 > 0 such that

(Scl(z)i),jz,zi(s)Pz(z)i(E)EEij(s)scfz)j + E(e)w]
) + EQi(e)w >'P3i(8)
(A61)

AVO < — 32X + oy w]? (A.62)

for some nonnegative constants «;, independent of e.
In view of (A.62), the difference of V' along the traject-
ory of the closed-loop system (A.37)-(A.43) can be evalu-

ated as follows:

AV < — (%) Xe + 2% ) (Aa) Pa [Aaaba()Xaba
+ BouFao(e)[ 5. Qu(e)Ss '(e)X0 + Eq W]

— apa(Xapa) Xaba + 20apa(Xapa) (Aapd) Papa

X [ Bgapa> Basa 1F ()T 0, Qu(e)S
;Cc + 28%5(A;c)/PC [Acabd#-;cat)d

« %0 — 2%l

+oaq W = X,

+ Bo Fao(e) % Qu(e)Ss '(e)%q + Ecw]. (A.63)

Using (A.48) and noting the definition of o, (A.60), we
can easily verify that, there exists an ¢f €(0,1] such that,
for all (0, eF],
AV < — 4717

— 2l%ap* = 2XQI7 — HIX P + o |w?

(A.64)

for some positive constant «,, independent of e.

From (A.64), it follows that the closed-loop system in
the absence of disturbance w is asymptotically stable. It
remains to show that, for any given y > 0, there exists an
e*€(0, et ] such that, for all £€(0,e*],
Al < Wl - (A.65)

To this end, we sum both sides of (A.63) from O to oo.
Noting that V(k) > 0 and V(0) = 0, we have

%2l < (/223)lIwll,,

which, when used together with (A.48) in (A.38), results in

(A.66)

Xaballi, < azellwll,, (A.67)

for some positive constant o3, independent of e.
Finally, recalling that

h =T op[ho, ha, 11’ (A.68)

where hy, hy; and h, are as defined in the closed-loop
system (A.37)-(A.43), we have

1Al < otalToplel|wlli, (A.69)

for some positive constant o, independent of e.
To complete the proof, we choose ¢* € (0, ¢} ] such that,

oy Tople < . (A.70)

Finally, for the use in the proof of Theorem 4.1, it is
straightforward to verify from the closed-loop system
equations (A.37)—(A.43) that the transfer function from
E%w to h is given by

Tao(z.8) = Tao(z,e)[s] — Aqu — BaFa(e)] ™, (A1)

where T,(z,¢) » 0 pointwise in z as ¢ > 0. [
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Appendix B — Proof of Theorem 3.2

Without loss of generality, we assume that the matrix
quadruple (4, B, C,, D) is in the SCB form. It is simple to
verify that if condition (b) of Theorem 2.1 holds, we have

I 00
D22 +D2FWZD22 +D25— 0 0 O
000
0
(BiBy) " 'BiE, | = 0. (B.1)
0

Also, condition (c) of Theorem 2.1 implies that
E+BS=[E,) (E 0 0 (E) (B.Xs)] (B2

with an appropriately dimensional X, and EQ = Y2X?,
where Y? is a matrix whose columns span M4l
Im(xl — A2,) and X? is of appropriate dimension. It is
simple to verify that

- £ T e
E? E?
0 0
E + BF,, = = .(B.3)
0 0
E, E,
_BaXy — By(BiBy) 'BiB;X;] | 0 |

Hence, Im(E + BF,)) = 7" ®(Zp)n {2217 :(Zp)}, and
the result follows from Theorem 3.1. O

Appendix C — Proof of Theorem 4.1

Let us apply a pre-output feedback law
u=FS+N)y+1u (C.1)
to system (1). We obtain another new system,

8. =[A+ B(S + N)C,x + Bii +[E +B(S + N)D; Iw,
y=Cix+ Dyw, (C2)

Clearly, it is sufficient to prove Theorem 4.1 by showing
the following controller

0x. = Apc(e)x. + Brc(e)y,
Zrcle):
it = Cgc(e)x, + Oy (C.3)

with Agc(e), Bre(e) and Cyc(e) being given as in (82),
solves the H_-ADDPMS for (C.2). For simplicity of

presentation, we denote & the subsystem,
(4,B,C,,D,):= (A + B(S + N)C,,B,C,

+ D,(S + N)Cy,D5) (C4)
and denote £, the subsystem,
(4,E,Cy,Dy):=(A + B(S + N)C,,E

+ B(S + N)D,,C4, D). (C.5)

It is simple to see that (4, B, C,) remains stabilizable and
detectable. Also, it is trivial to show the stability of the
closed-loop system comprising the given plant (C.2) and
the controller (C.3). The closed-loop poles are given by
J{A + BFy(&)}, which are in C® for sufficiently small ¢ as
shown in Theorem 3.1, and A{4 + K(¢)C; }, which can
be dually shown to be in C® for sufficiently small &. In
what follows, we will show that controller (C.3) achieves
the H,, almost disturbance decoupling for (C.2), under all
the conditions of Theorem 2.2. Following the result of
Stoorvogel and van der Woude (1991) and some alge-
braic manipulations, one can show that conditions (d)—(f)
of Theorem 2.2 are equivalent to the following condi-
tions:

&) Im(E < Ve(iplﬁ{mm:lya(zp)j;
yO(EQ)U{UM|=1VA(ZQ)};
7" 9(Ep); and

Q) < 1 OEp).

~Nnu

Next, without of loss generality, we assume throughout
the rest of the proof that the subsystem Ep, ie., the
quadruple (4, B,C,,D,), has already been transformed
into the special coordinate basis as given in Theorem 2.4.
To be more specific, we re-write its SCB in following
compact form:

A=B,Cy +
[ A 0 0 LzC, 0 LgC4]
0 Aga 0 LG, 0 LG,
0 0 AL LLC, 0 LAC,
0 0 0 Ay 0 LyCy
B.E, B.E% B.E; L,C, A. LwuCy
| BiEiw BiEd. BiEj. BiEw BiEs  Aw |

i= ByCso + 4, (C.6)
Boy 0 0] [Bo, |
By, 0 0 Bia
Bg, 0 0 Bg,
B = > BO = > (C7)
By, 0 O By,
BOc 0 Bc BOc
| Boa By 0] | Boa
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_Caa Cga C0+a COb COc COd
0 0 0 0 0 Cy (C.8)
0 0 0 Cy 0 0

@
[\S)
Il

C2,0=[C(;a C8a C(;ra COb C0c Co.i],

I 0 0
D,={0 0 0 (C.9)
0 0 O
and
1 0 0]
01 0
7 0Ep) = Im 000 (C.10)
0 0 O
0 0 I
0 0 0]

It is simple to note that condition (d) implies that
E=[(E;y (E 0 0 (E) 0] (C.11)

Next, for any CG”V,I(EQ) with 1€ C°, we partition { as
follows:
(=[C) @@ &) G ) 7. (C.12)

Then, condition (&) implies that C,{ = 0, or equivalently

Cy00=0, Cpl, =0 and C,{, =0. (C.13)
By Definition 2.2, we have
A—a ET¢
=0 (C.14)
Cy Dy \n

for some appropriate vector . Clearly, (C.14) and (C.11)
imply that

A—-)=—Ep=(k % 0 0 % 0), (C.15)

where *’s are some vectors of not much interests. Note
that (C.13) implies
(A -2 = (BoCuo + A — A, =(A — A1)

*
*
(A — ADLS + LayCply + LaaCala
(App — A + LpaCaly
*
(Aga — ADCa + Baly

*
*
AL — DL
_| Lo (.16)
(Apy — A1)
*
L (Aga — A4 + Bal
where
{x = Eala + EQL0 + Efld + EanCy + Egel.. (C.17)
(C.15) and (C.16) imply
(Agy — DL =0, (Ay, — D, =0 (C.13)
and
(Aaa — ADla + Baly = 0. (C.19)

Since A4, has all its eigenvalues in C®, (4,5, — A1) =0
implies that {; = 0. Similarly, since (4, Cs) is com-
pletely observable, (A,, — AI){, = 0 and C,{, = 0 imply
¢, = 0. Also, (C.19) and C,{; = 0 imply that

Add - /ALI Bd Cd _ 0
Cd 0 gx .
Because the triple (A4, B4, C4) 1s invertible and is free of

invariant zeros, (C.20) implies that {; =0 and {, = 0.
Thus, we have

(C.20)

{eKer{B,[E;, ES Ei Es E. 0]} (C.21)

and hence

v ,(Eo) = Ker{B,[Es, ES. E4 Eu4 Es. 0]
(C22)

Moreover, { has the following property:

(=[C) @ 0 0 @) 01er ).

Obviously, (C.23) together with condition (f) imply

(C.23)

1OEp) o yG(iQ)u{ U “//A(EQ)} (C.24)

2eCs’

Similarly, for any & e #(Z,), conditions (&) and (&) imply
that C,¢ = 0 and

A=k % 0 0 * 0. (C.25)
Now, it is straightforward to show that
¢eKer{B)[Ey, EJ, Ei, Eg Es. 0]} (C.26)

and hence
9°Eo) = Ker{By[E;, ES, Ej. Egu E4. 0]}
(C.27)
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Ker{Bd[Ed; E((i)a Edtz Ep Eg 0]}
= yG(EQ)u{ U fVA(iQ)}. (C.28)
AeC’
Next, we partition A — zI as follows,
A—zI =X, +X,Cy + X3 + X4 + X5, (C.29)
where
X, =
(A —zI O 0 LpGC, 0 LaCy)
0 0 0 0 0
0 0 0 0 0
0 0 0 0 o [
B.E, B.E° B.E! L,C, A.,—zI L.,C,
L0 0 0 0 0
C.30)
0 0 0 0 0 0
00 0 0 0 0
0 0 Af —zI 0 0 0
X, = L(C.31)
00 0 Ay —zI 0 0
00 0 0 0 0
00 0 0 0 Ay — 2l
Bo, 0 0]
BS: Lo Lay
X, = Bou La Lay ’
Boy Ly O
Boe O 0
By O 0|
0 0 000 0]
0 A% —zI 0 0 0 0
X, _ 0 0 0000 )
0 0 0000
0 0 0000
0 0 00 0 0]
and
0 0 0 0 0 0]
0 0 0 0 0 0
0 0 0 0 0 0
Xs = .
0 0 0 0 0 0
0 0 0 0 0 0
| BiEsa BiE§, BuEs ByEs ByEs O]
(C.33)

It is simple to see that

Im(X;) < 7 °Ep)N { ﬂ S, zp)} (C.34)

Ker(X3) 2 7°9%p) o 7°(%q) {U m(zq)} (C.35)

[A=1

Also, (C.28) implies that

Ker(Xs)DVO(iQ)u{ U %,(EQ)}. (C.36)

[A]=1
It follows from the proof of Theorem 3.1 that as ¢ >0
ILC; + Dy Fe(e)][z] — A — BFp(e)] 'll., <wp,  (C.37)

where kp is a finite positive constant independent of e.
Moreover, under condition (d), we have

[Cs + D,Fp(e)][z] — A — BFp(e)] 'E -0, (C.38)
and

[Cs + D,Fp(e)][z] — A — BFp(e)] 'X; =0, (C.39)
pointwise in z as ¢ — 0. By (A.70), we have

[Cs + D,Fp(e)][z] — A — BFp(e)] ' X, =0, (C.40)
pointwise in z as ¢ —» 0. Dually, one can show that

(21 — A — Ko(e)C117'[E + Ko(e)D1 ]|l < Kq, (C:41)

where K is a finite positive constant independent of . If
condition (€) is satisfied, the following results hold:

Colzl — A — Kqo(e)C1] '[E + Ko(e)D; 10,  (C42)
X[zl — A — Ko(e)C1 1 '[E + Ko(e)D;] -0 (C.43)
and

Xs[zl — A — Ko(e)C1 ] '[E + Ko(e)D1] =0,  (C44)

pointwise in z as ¢ — 0.

Finally, it is simple to verify that the transfer matrix
from the disturbance w to the controlled output s of the
closed-loop system comprising system (C.2) and control-
ler (C.3) is given by

Tiw(z,8)=[C, + D, Fp(e)][z] — A — BFp(e)] 'E
+ Gzl — A — Ko(e)C1 ] '[E + Ko(e)D4 ]
+ [C, + D, Fp(e)][z] — A — BFp(e)] !
x(A —zI)[zI —A—Kq(e)C1 ] '[E+Ko(e)D; ].
Using (C.29), we can re-write T),,(z,¢) as
Th(2,8) = [C2 + Dy Fe(e)l[z] — A — BFp(e)] 'E
+ Co[zl — A — Ko(e)C117'[E + Kq(e)D4 ]
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+ [Cs + Dy Fp(e)][z] — A — BFp(e)] "
X(Xl +X2C2 +X3 +X4 +X5)
x [z — A — Ko(e)Cy 1 '[E + Ko(e)Dy ]

Following (C.37)—-(C.44), and some simple manipulations,
it is straightforward to show that as ¢ - 0, T',,(z,¢) — 0,
pointwise in z, which is equivalent to ||T},|l. — 0 as
¢ — 0. Hence, the full order output feedback controller
(81) solves the H,,-ADDPMS for the given plant (1),
provided that all the conditions of Theorem 2.2 are
satisfied. [

Appendix D — Proof of Theorem 4.2

It is sufficient to show Theorem 4.2 by showing that
the following controller:

- ox, = A .+ B .
S (o) NX re(e)x re(€)y

- (D.1)
it = Crele)x, + Drele)y

with Agrc(e), Bre(€), Crel(e) being given as in (95), and
Dre(e) = [0, Fpi(e) — Fpa(e)Kg1(2)], (D.2)

solves the H_,, -ADDPMS for (C.2).

Again, it is trivial to show the stability of the closed-
loop system comprising with (C.2) and the controller
(D.1) as the closed-loop poles are given by 2{4 + BFp(e)}
and A{Ar + Kgr(e)Cr}, which are asymptotically stable
for sufficiently small &. Next, it is easy to compute the
corresponding closed-loop transfer matrix from the dis-
turbance w to the controlled output h,

~( 0
Thw(za 8) = C2<

n—k

>|:ZI — Ag — Ka(s)CR]’l
x [Eg + Kg(e)Dr] + [Cs + D, Fp(e)]

x[zI — A — BFp(e)] }(4 — zI)<I 0 >

x [z — Ax — Kr(e)Cr]™'[Er + Kr(¢)Dg]
+[C, + D,Fp(e)][z] — A — BFp(e)] 'E.

Following the result of Chen (1991) (i.e., Proposition
2.2.1), one can show that

<1 0 >y®(2QR) = 7°E)NCy H{Im(D,)} (D.3)
n—k

and

0 =~
<1 ) U 7iEe) = U 73(E0) (D.4)

[2]1=1 [4]=1

Hence, we have

0
<1 ) )(yO(EQR)u{HQ %(ZQR)D

= {Sﬂe(iQ)mel{Im(Dl)}}u{l U VA(EQ)}

=1

cye(iQ)u{ U ﬂm(iQ)} (D.5)

[Al=1

The rest of the proof follows from the same lines as those
of Theorem 4.1. [
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