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Abstract

As a complement to some new breakthroughs on global almost disturbance decoupling problem with stability for nonlinear
systems, in a recent note, we identified a class of unstable zero dynamics that are allowed to be affected by disturbances. The class of
the unstable zero dynamics identified in that note is linear and have all the poles at the origin. In this paper, we enlarge such a class of
zero dynamics to include any linear system with all its poles in the closed left-half plane. The condition on the way the disturbance
affects this part of zero dynamics is also identified. This enlargement is due to a new scaling technique that views each pair of jw axis
zeros as a “generalized integrator” and transforms the zero dynamics into a number of chains of “generalized integrators”. © 1999

Elsevier Science Ltd. All rights reserved.
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1. Introduction and preliminaries

We revisit the problem of global almost disturbance
decoupling with stability for nonlinear systems of the
form,

X =f(x) +g(x)u +px)w, y=h(x), 1)

where x € R" is the state, u € R is the control input, w € R
is the disturbance, y € R is the regulated output, f, g, and
p are smooth vector fields with f(0) =0, and h is
a smooth function with /(0) = 0. The problem of almost
disturbance decoupling with stability was originally for-
mulated and solved for linear systems by Willems (1981).
Since then various generalizations to nonlinear systems
have been made (see, for example, Saberi and Sannuti,
1988; Marino et al., 1989, 1994; Isidori, 1996a, b; Lin,
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1998a and the references therein). The problem we are
to consider in this note is the following one (see, for
example, Isidori, 1995).

Definition 1 (L, almost disturbance decoupling with global
asymptotic stability). The problem of L, almost distur-
bance decoupling with global asymptotic stability is said
to be solvable for system (1) if, for any given y > 0, there
is a smooth feedback law u = u(x; y) with u(0; y) =0, such
that the corresponding closed-loop system

(a) has a globally asymptotically stable equilibrium at
x = 0;

(b) has an L, gain, from the disturbance input w to the
regulated output y, that is less than or equal to y, i.e.,

mez(t) dt <9? rowz(t) dt,
0

0
Vwe L, and for x(0)=0 (2)

and all the states of the closed-loop system, and hence
the control u = u(x;y) are bounded.

0005-1098/99/8—see front matter © 1999 Elsevier Science Ltd. All rights reserved
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In this paper, we consider the problem of L, almost
disturbance decoupling with global asymptotic stability
for system (1) in the following special form;

z2 = fo(z, &1) + polz, E1)w,

Ci=Gv iz 8 G, 8w, i=12, 01— 1,

3)

ir =u+ pl‘(Z> 517 62, 7€yr*1) ir)wa

y=2¢;
in which it is assumed that f;(0, 0) = 0 and the dynamics
Z=fo(z,0) (4)

is referred to as the zero dynamics of system (3) (Isidori,
1995). Throughout this note, we will also, by somewhat
abuse of terminology, refer to the first equation of Eq. (3)
as the zero dynamics equation.

Our result represents a generalization of our recent
note (Lin, 1998a) and a further complement to the recent
series of results (Marino et al, 1994; Isidori, 1995,
1996a, b). More specifically, it is shown in Marino et al.
(1994) that the problem of L, almost disturbance decou-
pling with global asymptotic stability is solvable if

(i) the equilibrium z =0 of the zero dynamics (4) is
globally asymptotically stable; and
(i) po(z,0) =0,

and, under these conditions, feedback laws of high
gain type that solve the problem are also explicitly con-
structed. This result of Marino et al. (1994) was recently
generalized in Isidori (1996a) in the sense that Condition
(i1) is replaced by a weaker one. The requirement that the
zero dynamics be globally asymptotically stable (Condi-
tion (i)), however, remains unrelaxed.

More recently, the results of Marino et al. (1994) and
Isidori (1996a) are further generalized in Isidori (1996b)
to allow part of the zero dynamics to be unstable as long
as it satisfies certain stabilizability condition and its cor-
responding zero dynamics equation is unaffected by the
disturbance w. The zero dynamics equation (recall that
the first equation of Eq. (1) is referred to as the zero
dynamics equation) considered in Isidori (1996b) takes
the following cascade-connected form with two sub-
systems:

Za =f;1(Za, Zes 1) + pa(zm Zes il)ws

Z :f;(zca él)

where the first one characterizes a “stable part” of the
zero dynamics (more precisely, z, =0 is a globally
asymptotically stable equilibrium of zZ, = f,(z,, 0, 0)), and
the second one characterizes a possibly unstable but
stabilizable and disturbance unaffected part of the zero
dynamics. The conditions needed on both subsystems for
solving the problem of L, almost disturbance decoupling
with globally asymptotic stability can be made more

)

precise by recalling the following result from Isidori
(1996b). We note here that the bounded state property as
required by Definition 1, although not stated explicitly in
the previous formulation, is ensured by all the recent
designs (Marino et al., 1994; Isidori, 1995, 1996a, b; Lin,
1998a).

Theorem 1. Suppose that

(1) there exists a smooth real-valued function V,(z,), which
is positive definite and proper, such that

av,

a_a [ﬁz(zas Zes él) + pa(zaa Zes él)W]
Za

< — au(lza) + 70 WP + 51z +781E P (6)

for some A, function o, and some positive real number
vo (here |-| denotes the Euclidean norm and the class
A, consists of all functions o: R o > R . o which are
continuous, strictly increasing, and satisfy «(0) =0 and
o(r) > oo as r— o), and

(1) there exists a smooth real-valued function v.(z.), with
v.(0) =0, and a smooth real-valued function V,(z,),
which is positive definite and proper, such that

ov.
O e ) + 1P < — ll ) )
Ze

for some A, function o,.

Then, the problem of L, almost disturbance decoupling
with global asymptotic stability is solvable for system (3)
with its first equation in the form of Eq. (5).

For use in the proof of our main result, we also recall
the following observation from Isidori (1996b).

Observation 1. We note here the emphasis on that Eq. (6)
be true for some positive real number y,. Indeed what is
needed in the proof'is that for the arbitrary positive number
y there exist V, and o, such that Eq. (6) hold. One observes
that the former is sufficient to guarantee the latter, for one
can multiply both sides of Eq. (6) by y*/vy¢ and redefine
Vi and o, accordingly.

As a complement to the above-mentioned results
where unstable zero dynamics is either not allowed to be
present or to be affected by disturbance, we observed in
a recent note (Lin, 1998a) that a certain class of unstable
zero dynamics is actually allowed to be affected by the
disturbance in solving the problem of L, almost distur-
bance decoupling with global asymptotic stability. The
class of disturbance affected unstable zero dynamics we
consider is linear and contains a chain of integrators of
arbitrary length with every integrator except the last one
affected by the disturbance. The key to arriving at this
result is to use low gain feedback to stabilize this distur-
bance affected unstable part of the zero dynamics.
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In this paper, we generalize the results of our recent
note (Lin, 1998a) by enlarging the class of disturbance
affected unstable zero dynamics to include any linear
system with all its poles in the closed left-half plane. This
enlargement is due to a new scaling technique that views
each pair of jw-axis zeros as a “generalized integrator”
and transfers the zero dynamics into a number of chains
of “generalized integrators”. After the main results sec-
tion, we will also provide some brief discussions on the
impossibility of allowing the exponentially unstable zero
dynamics to be affected by disturbance by invoking
relevant results of linear systems.

2. Main results

We consider system (3) with its first equation in the
form of

Z.a :fa(za; Zp, él) + pa(zw Zp, él)wa (8)

2y = Az + By + pu(2a, 26, E) W,

where z, = [zp1, Zp2, ... » Zpg]> (A, B) is stabilizable, and
all the eigenvalues of A4 are in the closed left-half plane.
Without loss of generality, assume that all the eigen-
values of 4 are on the jw-axis. For if there are some
eigenvalues of A that are in the open left-half plane, their
corresponding dynamics can be viewed as part of z,.
Further, we assume that the pair (A4, B) is in the following
canonical form:

0 1 0 0
0 0 0
A=\ : : R K
0 0 0 1
| —a, —a1 —ag- - —ag
o
0
B=|: )
0

We also made the following assumption on the distur-
bance vector field p(z,, z3, &1).

Assumption 1. (i) There exists a constant number 6 >0
such that

o2 25, E1)] < 6. (10)
(11) For any Zaa sz 615
Po(Zas 25 E1) € F(A), (11

where S (A) = Noern Im{wl — A}.

Our main result is presented in a theorem as follows.

Theorem 2. Consider system (3) with its first equation in

the form of Eq. (8). If

(i) there exists a smooth real-valued function V,(z,), which
is positive definite and proper, such that

av,

Ta [ﬁz(za’ Zp, él) + pa(Za, Zp, él)w]
Z(l

< — o (lz) + 951w + 981217 + 751 &P (12)

for some A, function o, and some positive real number
Yo, and
(i) Assumption 1 is satisfied,

then, the problem of L, almost disturbance decoupling with
global asymptotic stability is solvable.

Remark 1. We note here that in the case that all the
eigenvalues of 4 are at the origin the last row of A4 is zero
and hence the zero dynamics (8) reduces to the one
considered in Lin, (1996a). Also, Assumption 1 reduces to
the fact that the first ¢ —1 elements of p,(z,, z, &1) is
bounded by a constant while the last element of
Py(2as 23, 1) 1s identically zero. Consequently, the main
result Theorem 2, includes that of Lin (1998a) as a special
case.

In the case that all functions in Eq. (3) are linear,
Assumption 1(ii) is a necessary condition for the solution
of the problem (Scherer, 1992; Schwartz et al., 1996). It
means that all states except those corresponding to the
last row [two row] of any [real] Jordan block of 4 can
be directly affected by disturbance. More specifically, let
T € R" and an integer k be such that

T 'AT = blkdiag{J, J5, ..., Ji},

where each block J;,i = 1,2, ..., k, has the following real
Jordan canonical form: if 4; € A(A4) is real,

or if A; = +jw; € A(A) and 1; = p; — jo; € A(A) with
@; ;é 03

J = L. ’ Ai:|: Hi wi:|.
A I —w;

A
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Correspondingly, let

ﬁbl(zaa Zbs 61)

T_lpb(z z 61) _ lv)bZ(Za’ Zps 61)

Z’bk(zaﬂ Zps 61)

with pui(za, zp, €1), 0 ., k, being further parti-
tioned in conformity with J; as
*
p i\Zas Zp, é = :
Pl bs C1) *
Poi (Zas Zp» €1)

Then Assumption 1(i)) implies pyin(Za, 2p, £1) =0,
i=1,2,...,k

To prove the theorem, we need first to establish the
following four lemmas.

Lemma 1. Given a matrix pair (4, B) in the form of Eq. (9)
with all eigenvalues of A on the imaginary axis. Let
F(g) € R** be the unique matrix such that (A — BF (¢)) =
— &+ AMA), £€€(0,1]. Then, there exists a nonsingular
transformation matrix Q(¢) € R**? such that

0 '(e)(A — BF(¢)Q(e) = J (¢)
= blkdiag {Jo(e), J(2), ..., Ji(e)}, (13)

where

Jole) = (14)
— &

do X 4o

and for each i =1 to |,

JX 1,
) = e L ’
JT(S) 2q; %X 2q
* () — & ﬁi
Ji (&)—[_ﬁ1 _8] (15)

with B; > 0 for all i =1 to | and B; # B; for i #j.

Remark 2. We note here that F(¢) > 0 as ¢ » 0. Feed-
back with such a feedback gain F(¢) is hence referred to
as low gain feedback.

For each i =1 to I, J;(0) can be viewed as a chain of
“generalized integrators” of length ¢;, with each “general-
ized integrator corresponding to a pair of jw-axis poles.
As it will become clear shortly, such a notion of chains of
generalized integrators allows us to develop a certain
scaling technique (see the proof of Theorem 2).

Proof of Lemma 1. Let
1
det(sI — A + BF(¢)) = (s + ¢)* ]_[(s+s—Jﬁ

X(s + &+ B (16)

Then, the g, generalized eigenvectors A — BF(g) corre-
sponding to the eigenvalue 1¢(¢) = — ¢ are (Kailath, 1980)

1 0
Jo(e) 1
25(e) 270(2)
QOI(‘C:) - > QOZ(E) - 3/13(8) LR
25 @) :
ExC] - 17470 |

0
Qog,(e) = : . (17)

an_lllg_qo_l(ﬁ)

i qu | /L?) ‘10(8)

Similarly, for i = 1 to [, the g¢; generalized eigenvectors
of A — BF(¢) corresponding to eigenvalues of /;(¢) =
—e& + jp; and Ai(e) = — & — jf; are given, respectively, by

1 0
i)
| i) _ 27.4(e)
0i1(e) = » Qiale) = 3/11_2(8) ey
2972 (e) :
Gl (q—l)ﬂ“ *() |
0
Qig(e) = : (18)
CiZ 2" ()
| AT

and their complex conjugates Q;;(¢), j =1 to g;.
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We then form the following real nonsingular trans-
formation matrix;

0(e) =[Qole) Q1(e) Qa2(e) 0i(e)], (19)
where
Qo(e) =[Qo1(e) Qo2(e) QOqo(S)]

and fori=1to I,

04(e) = |:Qi1 +0n 01—0n Qi+0n 0n - 0

2 % 2 %
Qilh + Qit]x‘ Qiqi _ Qi‘h
2 2 '

It can now be readily verified that

0" '(e)(4 — BF () Q(e) = J(e), (20)

where J(¢) is as defined in Eq. (13). This completes the
proof of Lemma 1. []

Lemma 2. Let

J(e) = blkdiag{Jy, Ji(¢), ..., Ji(e)}, (21)
where
-1 1
Ty = R 2
o 1 (22)
_1 qo X 4o

and for each i =1 to |,
-71*(9) I,

Ji(e) = R,

) Jz*(?) I,

JI*(S) 2q; X 2q;

-1 [31/?} (23)

o= M

with ;>0 for all i =1 to | and B; # p; for i #j. Then
the unique positive-definite solution P to the Lyapunov
equation

JEeTP + PJ(e)=—1 (24)
is independent of .

Proof of Lemma 2. We observe that the solution P to the
Lyapunov equation (24) is of block diagonal form

P = blkdiag{P,, P,(e), P5(e), ..., P,(e)}, (25)

where P, is the unique positive-definite solution to the
Lyapunov equation

and, for i = 1 to [, P;(¢) is the positive-definite solution to
the Lyapunov equation

TP+ PiJi(e) = — L. (27)

Clearly, P, is independent of ¢. It remains to show that
for each i = 1 to [, P;(¢) is also independent of . To this
end, we notice that

T 'Ji(e) T; = blkdiag{J;" (¢), J; (&)}, (28)
where
—1+j% 1
Ji(e) = | , (29)
—1+j%
—1—j% 1
I =7 )= o .| 6o
R

and the nonsingular transformation matrix T; is given by

] —J 2qg; % 2q;

Noting that

1t 5
eJi+ @1 — o—t+ipi/e 1 .t ' ,
1
1
. . t 1
elUi @)t — o—t=jbilt 2 , (32)
3t 1
: 1
we have
2
1 t 5
eli @)t @) — o =2t 1462 o o (33)

~
©

]
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is independent of ¢. Similarly,
t
1 t 21
elUi @rtad;y (et — o= 2t ¢ 1 + 2 .. (34)

tZ

2!

is also independent of e.
Hence, using the fact that T T; =2I,,, we have

w

~ T 4

Pi(e) = f el @tei®t q¢
0

zzf (Ti')* blkdiag {e!/ e’ O,
0

eV @ teli @t 1qg (33)

and is independent of . O

Lemma 3. Let py(z,, zp, &1) satisfy Assumption 1. Let Q(g)
be as given in the proof of Lemma 1 and B be as given in
Eq. (8). Also let

Q_ l(g)pb(zay Zps, él) =

pb(zay Zps éla 8)9 Q_ I(S)B = B(S)
(36)

Then, there exists a d > 0 and a b > 0, both independent of
&, such that for sufficiently small ¢ > 0,

|p_b(zm Zps 61’ 8)| < 5’ |B(£)| ﬁl_), vzaazbrél- (37)

Moreover, if we partition py(z,, zy, &1; €) according to that
of J(¢) in Eq. (13), as

ﬁbO(Zua Zp, él: 8)

_ Py1(Zas 2b, E15 6)
pb(zaa Zp, 617 8) = : >

ﬁpl(za; Zp, 515 8)

Pro1 (") Prir (")
O L I WO L BE S
Progo (") [ gox 1 Phig (") | 24,%1

then there exists a 6, > 0, independent of ¢, such that, for
sufficiently small ¢ > 0,

|ﬁbiqi(za7 Zbs éla 8)' < 5065 VZa, Zp, él and

Vi=0,1,..,1 (39)

Proof of Lemma 3. The existence of a 6 > 0 and a b that
satisfy Eq. (37) follows readily from Item (i) of Assump-
tion 1 and the fact that Q(¢) is a polynomial matrix in
¢ and Q(0), being a transformation matrix that takes
A into its real Jordan canonical form, is nonsingular (and
hence Q" '(¢) is continuously differentiable in &).

To show the existence of 6, > 0 that satisfies Eq. (39),
we note that Item (ii) of Assumption 1 implies that, for
eachi=0to [,

|ﬁbiqi(zu> Zps éla 0)| = Oa VZu, Zps él' (40)

The existence of such a 5, now follows trivially from the
continuous differentiability of Q™ '(g). [

Lemmad. Let A, B, F(e), Q(¢), 1, g; for i = 0to I, be as defined
in Lemma 1 and its proof. Define a scaling matrix S(g) as
S (#) = blkdiag{So(e), S1 (@), Sa(e), -+ Si(e)}. (1)

where So(¢) = diag{e® ™', %72, ... ¢, 1} andfori=1tol,
Si(e) = blkdiag{e® ™15, &% %1,, ..., el,, I,}.
Then, there exists a k > 0 independent of ¢ such that

[F()Q(e)S™ ' (e)] < ke (42)

Proof of Lemma 4. Observe that
F(e)Q(e)S™'(e) = [F(¢)Q0So '(¢) F(£)Q1S1 ' (e)
F(e)0i(e)S; '(9)], (43)

where Qy(¢) and Q;(¢) are defined in Eq. (19). We next
recall from Lin (1998b, equation (2.2.17)) that for each
i =0 to [ and for each j =1 to g;, there exists a k;; > 0,
independent of ¢, such that,

|F(e) Qij(e)| < rye ™1, Vee(0,1]. (44)
It is now clear that there exists a ko > 0 such that
|F(£)Q0(e)So ' (e)| < 08, Vee(0,1]. (45)

For eachi = 1 to [, noting the definition of Q;(e), it is also
straightforward to verify that there exists a k; > 0, inde-
pendent of ¢, such that

|F(e)Qi(e)Si ()| < rie, Ve e (0, 1]. (46)

The results of the Lemma now follows readily. []
We are now ready to prove our main result Theorem 2.

Proof of Theorem 2. We begin by defining
ub(zb) = - F(S)Zb’ E€E (09 1]7 (47)
where F(e) is such that A(4 — BF(¢)) = — ¢ + A(A4) . Such
an F(¢) exists and is unique since the pair (4, B) is
controllable and is of single input.

We next rename the output of the system as

V=2<1 —up(z) =&y + F(e)zy. (43)
With this new output j, we define a new set of state
variables for the system, Z,, Z,, &, ..., E, as

Na = ZI/U

Zy = S(?')Q_I(S)Zb,

G ==& +F@©)z,

& =&+ F(e) Az, + F(e) BEy, 49)

Er = ir + F(S)Ar_lzb + F(E)Ar_zBil
F(e)A" *Béy + - + F(e)BE, 4,
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where Q(¢) is as defined in the proof of Lemma 1 and S(e)
is as defined in Lemma 4.
We also choose a pre-feedback law as

u=— F(e)A"z, — F(e) A" 'BE, — F(e)A" 2B¢,
— .. — F(e)BE, + . (50)

Under this pre-feedback law, it follows from Lemma 1
that the closed-loop system in the new state variables can
be rewritten as follows:

fa =10 Q) ST (e) 2 &1 + up(Q(e)S ™1 (8) )
+ PalZe Q) S ™5 &1 + up(Q(2)S ™ (&) 2 W,
‘7( )Zb + B(f')él + E'pb(zw Zbs 51: f')W

2+ P1(Za 2y fl)W

A
Il
AN

(51)
3 + D224 2y, &, gz)W,

St
8]

Il
N

G =LA P2, 88 B,

IR AL ')

where J(¢) is as defined in Lemma 2,

B(e) = S()Q "' (9) B,

B(Zar 2> C138) = S(©) Q™' (e) o2 Q(e)
+u(Q(e) S (e)Z))/e

and p;(Za, 23, &1, &2, -+, &) fori = 1 tor, are defined in an
obvious way. For later use, we note that Lemma 3 im-
plies that, for sufficiently small ¢ > 0,

|ﬁb(z~aa ZNba Ela 8)' < Sa vgav Z~b9 gl' (52)

We now observe that system (51) is in the form of Eq.
(3) and (5) with the first equation of Eq. (5) corresponding
to the dynamics of Z, and Z, and the second equation of
Eq. (5) non-existent. We hence can apply Theorem 1 to
system (5). Condition (ii) of Theorem 1 is automatically
satisfied. To verify Condition (i) of Theorem 1, we will
show that there exists an ¢* € (0, 1] such that for each
¢ € (0, &¥], there exists a V,,(Z,, Z,) and oy, and the follow-
ing inequality corresponding to (6) holds

0Vab

S™He)Zn &

[f( 0(e)S™ ()2, &1 + up(Q(e) S~ (8)34)

+ palZa, Q(6)S ™1 (&) 20, E1 + up(Q(e) S~ () Z))W]

Va b

0Zy
< — o120, 2171 + Zlw* + 67| 1% (53)

[eJ(e)2, + B(e)Ey + epp(Zas 2y E1) W]

Let us choose

max q,, (54)

i=0,1,

I/ab(fas Z~b) = S2q+6[/a(’z.’a) + szgﬁfb» q_ -

where the function V, is as given by Condition (i) of the
theorem, P is the positive-definite solution of the follow-
ing Lyapunov function:

Je)"P+PJe)=—1 (55)

and, by Lemma 2, is independent of ¢ Noting that
uy(0(e) S~ Y(e)Z,) = — F(e)Q() S~ ' (¢) 2, it follows from
Egs. (12), (55), (52), and Lemma 4 that for sufficiently
small ¢ > 0,

6V:”’ [fiGur 0(&)S

162, &1 + up(Q(e) ST (0) )

+ PalZas QST (6) 2y &1 + up(Q(0) ST () 2) W]

+ SR L0, + B G + oo EW]
o (12]) + R
R 10 PIS T 0PI
W%é[zmﬁ F2AFEQES ™ P15
—¢ |zb|2 +26° 5, PB(e) &, + 26°2) PPy (Z,, 55, E1) W
200 (12,0) — [ — & — o — %310

_ 262q+8K2“/2:| |Eb|2

IA

IA

+ [82q+6 2 + 8452|ﬁ|2]|w|2 + [282q+6,y3
+ 2| PIPD*]1E, | (56)

It is straightforward to verify that there exists an
¢* €(0, 1] such that for all ¢ € (0, e*],

86 _ 87 _ S8 _ 88"/2|Q(8)|2 _ 282q+8 Z,y > 86/2,
211092 4 452 | P < &2 (57)
2620% 092 4 &3 |PPb* < &2

Also note that, for every &e(0,¢*], the function
W (Z,, %) = 27" %0,(| z,]) + 1/2¢%|2,|? is continuous pos-
itive definite and is radially unbounded. It follows from
Khalil (1996, Lemma 3.5) that there exists a £, function
o such that W (Z,, 2,) > o (|[ZF, 2517 |). Thus, with this
choice of a,,, Eq. (53) is satisfied for every ¢ € (0, &*].

We now apply Theorem 1 to system (51) and obtain
that, for every ¢ e (0, ¢*], there exists a smooth state
feedback (2, 2, &, &a, ..., Cn ¢) such that the closed-
loop system consisting of system (51) and this feedback
law

(a) has a globally asymptotically stable equilibrium at
the origin;

(b) has an L, gain, from the disturbance w to the re-
named output y = El, that is less than or equal to ¢,
ie.,

Fﬁz(z) dr = rff(z) dr < sZFWZ(t) de. (58)

0 0
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Moreover, the state (2, Z,, &, &3, ..., &), and hence the
control #, are bounded.

To obtain the L, gain from the disturbance w to the
regulated output y, we examine the second equation of
Eq. (51) with &, viewed as a disturbance. For the

Lyapunov function V,(Z;) = 21Pz,, we have
oV ~ . o~ o s
6_; [eJ(e)Zy + B(e) 1 + ePp(Zas Zp, C1W]

b

— &|5|? + 25, PB(e)E, + 262, PPy (Z,, 55, Ey)w

IA

IA

4 . - ~ o~
—§|5b|2 L IRYPPIE P + 4652 | PP (59)
&

Integrating both sides of the above inequality and using
V,(0) = 0 and Eq. (58), we obtain that

Jw|z~b(t)|2dt$8[l;2 +52]|F>|2rw2(t) d. (60)

Recallingthat y = &, = &, — F()Q(¢)S ™~ !(¢)Z, and the
fact that | F(e)Q(e)S ™ '(e)Z,| < xe (see Lemma 4), it fol-
lows from Egs. (58) and (60) that

fwyz(t) dr < fw(%?f(t) + 2&?K%| Z,|3(t)) dt.

0 0

0

<[2 4+ 16x%(b* + §%)| P|*] J w2(t) dt,
’ (61)
Finally, for any given y > 0, let ¢ € (0, ¢*] be such that
[2 + 16k2(b? + §%)| P|?] &2 < 92 (62)

to complete the proof.

3. Discussions and conclusions

We have generalized a recent result on almost distur-
bance decoupling with global asymptotic stability for
nonlinear systems (Lin, 1998a) by allowing a larger class
of disturbance affected unstable zero dynamics. In com-
parison with Lin (1998a) where the disturbance affected
unstable zero dynamics has all its poles at the origin, the
current paper requires only that its poles be in the closed-
left plane, thus allowing the unstable zeros on the jw-axis.
A natural question is whether it is still possible to allow
the disturbance affected unstable zero dynamics has
poles in the open right half plane. The answer turns out
to be negative. To see this, we consider the linear counter-

part of system (3) and (8),
fo=Az,+ ATz, + B & + Ew,

Z.b = A+Zb =+ B+§1 + E+W,
) (63)

L= +Ewi=12,..,r

P

&=u+ Ew,

where A~ is asymptotically stable and A" is exponen-
tially unstable. It follows from Scherer (1992) or Schwartz
et al. (1996) that a necessary condition for the almost
disturbance decoupling problem for the above system to
be solvable is that E* = 0, i.e., the exponentially unstable
zero dynamics should not be affected by any disturbances.
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