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Closed-form solutions to a class of H..-optimization problems
ALI SABERIT, BEN M. CHENZ and ZONGLI LIN§

A closed-form solution is presented to the H. sub-optimal control problem via
state or output feedback. The problem formulation is general and does not
impose any restrictions on feedthrough terms between the control input and
the controlled output or between the disturbance input and the measurement
output variables. It is, however, required that both the transfer function from
the disturbance input to the measurement output and the transfer function
from the control input to the controlled output have no invariant zeros on the
je axis and that they satisfy certain geometric conditions. For the same class
of systems, the conditions under which the H. optimal control problem. via
state feedback, has a solution are given. Moreover, explicit expressions for the
optimal solutions are provided. Finally, the pole/zero cancellations in the
closed-loop system resulting from the H. optimal or sub-optimal state or
output feedback are examined.

Nomenclature

AT transpose of A
A" complex conjugate transpose of A
I an identity matrix of appropriate dimension
R the set of real numbers
C whole complex plane
C™ open left-half complex plane
C* open right-half complex plane
C" imaginary axis jo
Omax(A) maximum singular value of A
A(A) the set of eigenvalues of A
Amax(A) maximum eigenvalue of A where A(A) CR
p(A) the spectral radius of A
Ker(V) kernel of V
Im(V) image of V
We say a square matrix A is stable if A(A)eC™ and A is anti-stable if
MA) e C" U C*. We also define the following subspaces.

(i) V8(A, B, C, D)—the maximal subspace of R" which is (A + BF)-
invariant and contained in Ker(C + DF) such that the eigenvalues of
(A + BF)|V# are contained in C, C C for some F.
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(ii) ¥%(A, B, C, D)—the minimal (A + KC)-invariant subspace of R"
containing Im (B + KD) such that the eigenvalues of the map which is
induced by (A + KC) on the factor space R"/#¢ are contained in €, cC
for some K.

For the cases that C,=C, C, =C" and C; = C’U C*, we replace the index g
in V¢ and &% by ‘#", ‘=" and ‘+’ respectively.

1. Introduction

Consider a linear time-invariant generalized plant P given in Fig. 1 with the
control input u, the disturbance w, the measurement output y, and the
controlled output z.

The H. sub-optimal control problem is as follows: for a given number y > 0
find a proper control law u = K(s)y. if existent, such that the closed-loop
system (as given in Fig. 1) is internally stable and that the H.. norm of the
transfer function from w to z, denoted by T,, is less than y, i.e. ||T.,[- < 7.
The H_.-optimal control problem on the other hand is to find a proper control
law u = K,(s)y, if existent, such that the closed-loop system is internally stable
and ||T.,|l. is minimized. The H. sub-optimal control problem has attracted a
lot of attention in the last decade ever since the work of Zames (1981). Several
techniques to solve this problem are developed including the following:

(a) interpolation approach (e.g. Limbeer and Anderson 1988);

(b) frequency domain approach (e.g. Francis 1987);

(¢) Polynomial approach (e.g. Kwakernaak 1986);

(d) J-spectral factorization approach (e.g. Kimura 1989);

(e) Time-domain approach (e.g. Doyle er al. 1988 and Tadmor 1990).

In our view, the time-domain approach yields the most intuitively appealing

results. All the above techniques have been developed for the so-called regular
case for which the plant 2 should satisfy the following assumptions.

(i) The subsystem from the control input to the controlled output should not
have invariant zeros on the imaginary axis and the direct feedthrough
matrix of this system should be injective.

(ii) The subsystem from the disturbance to the measurement output should
not have invariant zeros on the imaginary axis and the direct feedthrough
matrix of this system should be surjective.

The singular case refers to systems that do not satisfy at least one of the
above conditions. Note that identical assumptions are assumed in the linear
quadratic gaussian control problem. The restrictions on the feedthrough matrices

[ — L . =z
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Figure 1. The standard H.-optimization problem.
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of the above assumptions for the H.. sub-optimal control problem have recently
been removed by Stoorvogel (1992).

Doyle et al. (1988) proposed, for the regular case, an H. sub-optimal
controller which is observer-based and can be obtained by solving two
parameter-dependent and indefinite algebraic Riccati equations (hereafter re-
ferred to as H.-AREs). The solutions for these H.-AREs should also satisfy a
certain coupling condition. This controller is known as a central controller and
plays a crucial role in the characterization of all sub-optimal solutions for a given
y. At the present time, one must solve these H.-AREs to obtain any H.
sub-optimal controller. However, it is well known that these H..-AREs for some
values of y can become highly sensitive and ill-conditioned. This difficulty also
arises in the verification of the coupling condition. These numerical difficulties
are likely to be more severe for the singular case.

The goal of this paper is to provide closed-form solutions to the H.
sub-optimal control problem. Here, by closed-form solutions, we mean solutions
which are explicitly parametrized in terms of y and are obtained without
explicitly requiring a value for y. Hence, one can easily tune the parameter y in
order to obtain the desired level of disturbance attenuation. Such a design can
be called a ‘one-shot’ design. We provide these closed-form solutions for a class
of singular H., sub-optimal control problems for which the subsystem from the
control input u to the controlled output z and the subsystem from the
disturbance w to the measurement output y satisfy certain geometric conditions.
Moreover, for this class of systems we also provide conditions under which the
H.. optimal control problem, via state feedback, has a solution and explicit
expression for the solutions will also be given. Finally, the issue of pole/zero
cancellations in the closed-loop system resulting from the H. optimal or
sub-optimal state or output feedback control laws is examined.

Some significant attributes of our method of generating the closed-form
solutions in the H.. sub-optimal control problem are as follows.

(a) No H.-AREs are solved in generating the closed-form solutions. As
such, all the numerical difficulties associated with the H.-AREs are
alleviated.

(b) The value for y can be adjusted on-line when the closed-form solution
to the H. sub-optimal control problem is implemented either by
software or hardware. Since the effect of such a ‘knob’ on the
performance and the robustness of the closed-loop system is straight-
forward, it should be very appealing from a practical point of view.

(¢) Having closed-form solutions to the H. sub-optimal control problem
enables us to understand the behaviour of the controller (i.e. high-gain,
bandwidth, etc) as the parameter y approaches the infimal value of the
H. norm of T., over all stabilizing controllers.

The outline of this paper is as follows. In §2 we introduce the problem
statement. In § 3 we provide some preliminaries on the special coordinate basis
(s.c.b.) and its properties. The s.c.b. transformation is instrumental in the
derivations of the results given in this paper. Section 4 gives a closed-form
solution to the H. sub-optimal state feedback control problem, while §5
provides a closed-form solution to the H.. sub-optimal output feedback control
problem. Section 6 draws the conclusions of this paper.
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2. Problem formulation
Consider a generalized system X with a state-space description

X =Ax + Bu + Ew
iy = Cx + Diw (2.1)
z=Cwx + Dyu

where x € R" is the state, u € R™ is the control input, w € R* is the external
signal or disturbance, z € R’ is the controlled output and y € R? is the
measurement output. The transfer function P(s) from [wT, uT]" to [z7, yT]" is

_TPus)  Pu(s)] _
Bl = [Pii(s) el

The following assumptions are made.

Assumption Al: (A, B) is stabilizable.

Assumption A2: The system (A, B, C,, D,) has no invariant zeros in C°.
Assumption A3: Im(E)CV (A, B, G, D)) + ¥ (A, B, C,, D»).
Assumption Ad4: (A, C,) is detectable.

Assumption A5: The system (A, E, Cy. D,) has no invariant zeros in C°.
Assumption A6: Ker(C) DV (A, E, C;, D)NY (A, E, Cy, Dy).

Remark 2.1: Assumptions (A1) and (A4) are, of course, necessary for the
existence of any stabilizing controller. We also would like to mention that if
(A, B, C;, D») is right invertible, then A3 holds and if (A, E, C;, D)) is left
invertible, (A6) holds. O

Remark 2.2: It might be helpful to interpret our conditions (A3) and (A6) in
the context of ‘block characterization’ of the H. optimal control problem, which
stems from the frequency-domain approach in early 1980s. This ‘block character-
ization’ in the frequency-domain approach was considered to be an indicator of
the degree of the ‘complexity’ of the problem, although in the opinion of these
authors, such a ‘block characterization’ is proof technique dependent and cannot
be used as a true measure of the ‘complexity’ of the problem. At any rate, let us
first recall the definition of this ‘block characterization’. We denote P;(s) and
P(s) as the Rosenbrock system matrices of the systems (A, B, C,,
D,) and (A, E, Cy. D,) respectively, namely

ro ="t 5] me=["a" 5]

The H. optimal control problem is said to be
(i) general one block if both Pi(s) and P3(s) have maximal row normal
rank;

(ii) general two block if precisely one of the matrices P;(s) and P;{(S) has
maximal row normal rank;
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(iii) general four block if none of the matrices P;(s) and P;(s) has maximal
row normal rank.

Finally, the definition of the so-called one, two and four-block Nehari H..
control problem is the same as the above definitions with the exception that no
zeros in C" U {} in the systems (A, B, C, D,) and (AT, C{, ET, D]) are
allowed. Now it is easy to verify that the class of H. optimal control problems
considered here, namely the class of problems that satisfy conditions (A3) and
(A6) are, in fact, a subset of the general four-block problem. Moreover, they
subsume as special cases the one-block Nehari problem and the general
one-block problem. O

We connect a feedback controller K from y to u as illustrated in Fig. 1. The
closed-loop transfer function from the disturbance w to the controlled output z
is then given by the linear fraction map

T.. = #(P, K) = Py + PLK(I — PuK) ' Py
The following definitions will be convenient in the following.

Definition 2.1—(P, y)-admissible controller: Let P be a given generalized plant.
A proper controller K is said to be (P, y)-admissible if K stabilizes P and
I1F(P, K|l <. O

Definition 2.2—The infimum of the H. optimal control problem: For a given
generalized plant P, the infimum of the H. norm of the closed-loop transfer
function F(P, K) over all stabilizing controllers K is denoted by ¥, namely

v& = inf {y|A (P, y)-admissible controller exists}

In the case that the measurement output y is equal to the state (i.e. C; =1,
Dy =0), we refer to y¥ as y¥ It is well known (Zhou and Khargonekar 1988)
that in this case y&is equal to the infimum of the H. norm of F(P, F) over all
stabilizing static feedback controllers u = Fx. O

Definition 2.3—The H.-optimal control problem: Given a generalized plant P
find a proper controller Ky (s) such that [F(P, Kop)ll. = v2. O

The goal of this paper is to obtain a closed-form expression for a family of
(P, y)-admissible controllers for the class of generalized plants that satisfy
Assumptions (Al) to (A6). We consider both state feedback and output
feedback. Furthermore, for the same class of systems we obtain conditions
under which the H. optimal problem has a solution. The explicit expression for
the optimal solutions will also be given.

3. A special coordinate basis

In the following we recapitulate the main results in a theorem and some
properties of the special coordinate basis while leaving the detailed derivation
and proofs to be found in Sannuti and Saberi (1987), Saberi and Sannuti
(1990 a). Such an s.c.b. has a distinct feature of explicitly displaying the finite
and infinite zero structure of a given system. Connections between the s.c.b. and
the various geometric subspaces of the given system as needed for our
development are also given.
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Consider the system described by
X =Ax + Bu}
z=Cx + Du

(3.1)

It can be easily shown that using singular value decomposition one can always
find an orthogonal transformation U and a non-singular matrix V that put the
direct feedthrough matrix D into the following form

N o Im 0
D=UDV = [ o O:I (3.2)

where my is the rank of D. Thus, the system in (3.1) can be rewritten as

Ly
1751

HE LM

where By, By, Cy and C; are the matrices of appropriate dimensions. Note that
the inputs u, and u;, and the outputs z, and z; are those of the transformed

system. Namely
u= V[HO:‘ and [:ZU:I = Uz
Uy 21

Note that the H.-norm of the system transfer function T,,(s) is unchanged
when we apply an orthogonal transformation on the output z, and under any
non-singular transformations on the states and control inputs. We have the
following main theorem.

X =A4x + [Bo B]]|:
(3:3)

Theorem 3.1 (s.c.b.): Consider the given system (A, B, C, D). There exist
non-singular transformations I, I, and I}, an integer mi< m — m,, and integer
indices q;, i =1 to my, such that

x=Ix, u=n~Lu, z=1I,Z

= + T — T T
X = [(-ra)Te Xps (xa)Tv X xf]T

R T T XL_;]T
=120, 25231 zp=[z1, 225 - o s sz]"r
i = [ug, uf, ul%, wr=[uy, uy, ..., Uy, |"
we have the following system of equations
g = Agxs + Boazo + Lyzs + Loy (3.4)
Xp = AppXp + Bopzo + Lipzp, 2 = Cpp (3.5)
Xy = AgXy + Bozg + LgZp+ Ly (3.6)

jr = Accxc + BDCZU + chzb o chzf =3 BP[E;axa_ % E:;x:] + Bcuc (37)

and for each i =1 to my,



Closed-form solutions to H ..-optimization problems 47

xX; = Aq,x! o+ L:OZO + L”er + Bq,[u, + mea o E,bxg, +- EEFX(- + ZEUJ.’; (38)
i=1

2= Cux;y 2= Cpxs (3.9)
Z0 = Coxa + Cﬂaxa + Copxp + Coex. + CDfxf + Uy (3.10)

Here, the states x,, X, Xy, X, and x; are respectively of dimensions n ng, ny,
n. and ng= >\ q; while x; is of dimension gq; for each i =1 to mg. The control
vectors g, uf and u. are respectively of dimensions my, my; and m.=
m — mqy — my while the output vectors zg, Zy and zj are respectwety of dimen-
sions py=my, py=myg and py=p — po— p;. The matrices Ay, By and C,
have the following form

Aq,-z[g lq- 1] [] C, =1 0 (.11)

(Obviously for the case when q; =1, A, =0, B, =1 and C, = 1.) Furthermore,
we have M(A,)eC™, MAS)eC™, .'.‘he pair (A‘,: B.) is conrro!iab!e and the
pair (A, Cp) is observable. Also, assuming that x; are arranged such that
q; < qi+1, the matrix Ly has the particular form,

Ly = [La,s Loy vos Lii-1, 0,0, ..., 0]

Also, the last row of each Ly is identically zero.

Proof: The proof of this theorem can be found in Sannuti and Saberi (1987),
Saberi and Sannuti (1990 a). O

Remark 3.1: We have utilized the structural algorithm in the construction of
s.c.b. The numerical stability of the structural algorithm is well-known in the
literature. We should also point out that we have implemented s.c.b. in a
software package (Lin et al. 1991). This package has been commercially
available for some time, and during this time we have had massive numerical
experience with the implementation of s.c.b. which has shown us the stability of
our algorithm. O

We shall note that the output transformation I, is of form

I, 0
I; = UT[ 0 T;] (3.12)

Moreover, we can rewrite the s.c.b. given by Theorem 3.1 in a more compact
form

[T AT Ehe 0 0 Lic|
) 0 App 0 0 LyCy
A:=T;Y(A—-BCo)l, =| 0 EaCe Az 0 LG

BCE:;' chCb BC‘EC_H Aﬂr Lc‘fo
| BiE  BiEm  BiEn B Ay |
(3.13)
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Bt

Byy O

B:=1Iy'[B) BI; =| By, 0
0

0

0

0 (3.14)
i B

and
I, 0 0
D:=r;'pr,= 0 0 0 (3.16)

In what follows, we state some important properties of the s.c.b. which are
pertinent to our present work.

Property 3.1: The given system (A, B, C. D) is right-invertible if and only if
xp, and hence z,, are non-existent; left-invertible if and only if x, and hence u,
are non-existent; invertible if and only if both x, and x, are non-existent. O

Property3 2: Invariant zeros of (A, B, C. D) are the eigenvalues of A,, and
A/,. Moreover, the stable and unstable invariant zeros of (A, B, C, D) are the
eigenvalues of A, and A/, respectively. O

Property 3.3: The pair (A, B) is stabilizable if and only if (Acpn, Beon) is
stabilizable where

_[4z LLG _[Bs L -
ACOH == [ 0 Abb ] BCOI'J. . Bub Lbf (317)
The pair (A, C) is detectable if and only if (A, Bops) is detectable where
Az 0 k. 6
Agps = » Bops = ‘ 3.1
obs ]iBCE:; Acc:| b I:E}; Efc ( 8)

There are interconnections between the s.c.b. and various invariant and
almost invariant geometric subspaces. The following property establishes such
interconnections. O

Property 3.4:
(1) x; ® x; ® x.spans V*(A, B, C, D)
(2) x, ® x.spans V" (A, B, C, D)
(3) x) @ x, spans V*(A, B, C, D)
(4) x. D x;spans ¥*(A, B, C, D)
(5) x, © x. © x; spans Y7 (A, B, C, D)
(6) x; @ x. ® x; spans ¥~ (A, B, C, D) a
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4. State feedback design
In this section, we consider the case that y = x. i.e. consider a system

= Ax + Bu + Ew
=.x (4.1)

< .
|

It is easy to verify that for this system, Assumptions (A4), (A5) and (A6) are
automatically satisfied. Hence, we make only Assumptions (Al), (A2) and (A3)
throughout this section. We introduce a procedure for obtaining the closed-form
solutions for the H. sub-optimal state feedback control problem utilizing an
asymptotic time-scale and eigenstructure assignment (ATEA). The concept of
the ATEA design procedure was proposed originally by Saberi and Sannuti
(1989). It uses the special coordinate basis (s.c.b.) of the given system (See
Theorem 3.1). We also give conditions under which the H. optimal control
problem has a solution. Furthermore, explicit expressions for these optimal
solutions will be given. The following is a step-by-step algorithm to construct the
closed-form of the sub-optimal state feedback laws.

Step 4.1.1

Transform the system (A, B, C,, D,) into s.c.b. as given by Theorem 3.1 in
§ 3. To all submatrices and transformations in the s.c.b. of (A. B. C,. D,). we
append a subscript p to signify their relation to the system Zp. Next, we compute

E=T3E=[E}T, Etp, (Ezp)". Elp, Efp]" (4.2)

It is simple to verify from the properties of s.c.b. that Assumption (A3) implies
Eyp=0. Also, for the economy of notation, we denote np the dimension of
R"/¥7(A, B, Cy, D;). We note that np = 0 if and only if the system (A, B, C,,
D;) is right invertible and is of minimum phase.

If the system (A, B, C;, D) is of non-minimum phase and/or is not right
invertible, we define

Aap L+b?CbP] ‘:B;{ p] [L+
A — aa a . B P a . A == afP
11P |: 0 AbbP 11P BDbP 13P LbfP

0 0 CnCh
CZIF = rorP[O CbPJ ) C23P = I:}r{ Jr?0 ﬂ::’

Ap = Ayp — A13P(C.{3PC23P)_1C;3PC21P
BpByp = BypBiip + Apsp(CripCop) ' Alsp

CpCp = C1pCarp — C1pCa1p(CopCasp) ' CIpCorp

and

Then, we solve for the unique positive definite solution Sp of the algebraic
matrix Riccati equation

ApSp + SpAp — BpByp + SpCpCpSp = 0 (4.3)
together with the matrix Tp defined by

Tp = [T”O“P 8] (4.4)
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where T,,p is the unique semi-positive solution of the algebraic matrix Lyapunov
equation
AerTuap + Toar(Azer)T = Eip(E gp)" (4.5)

Note that the anti-stability of A, and the observability of (A,p, Cpp) imply
that the pair (—Ap, Cp) is detectable, and Assumption (A1) implies that the
pair (Ap, Bp) is stabilizable. Hence, the existence and uniqueness of the
solutions for Sp and T,p follow from the results of Richardson and Kwong
(1986). Then, it is shown by Chen er al. (1991, 1992) that the infimum of the
H .. optimal control problem for 3p, i.e. v is given by

\/;{max(TPSl;l) if np >0

vE= (4.6)
0 if Ap = 0
Step 4.1.2
Let A.p be any arbitrary m.p X np matrix subject to the constraint that
A{(:rl’ o Ac‘cP i B:;‘PA(.'P (47)

is a stable matrix. Note that the existence of such a A.p is guaranteed by the
property of s.c.b., i.e. (A.p, B.p) is controllable.

Step 4.1.3
Next, given any y = 7 > v¥ we define

N N T
Fa(7) Fa(?) (Ca3pCazp) " [A13p Po(7) + C23pCorp]
where
Py(7) = (Sp — 77*Tp) ™" (4.9)
and define

Al = App — [Bup. Aizpl Fii(¥)
We will show later that the eigenvalues of Aj;p are in C~. Let us partition
[Fa(?) Fa(P)] as
Fau(¥) Fp1i(7)

F (7 Fpa(¥
[Fa(®) Fa(P)] = 1:(}') "‘fm (4.10)

Foims(?) Bins®)
where F;(7) and F,;(7) are of dimensions 1 X n_p and 1 X np, respectively.

Step 4.1.4
This step makes use of subsystems, i =1 to my,, represented by (3.8) of § 3.
Let A; = {4, Ay - .., A}, i =1 to my, be the sets of g; elements all in C™,

which are closed under complex conjugation, where g; and my, are as defined in
Theorem 3.1 but associated with the s.c.b. of (A, B, C,, D). Let Ap, =
AUANMU---UA, Fori=1to my,, we define
ql’
pi(s) :==TJ(s — Aj) =s% + Fys% ' + --- + Fy_15 + F, (4.11)
j=1
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and
Fie, A) i= ——[Fyy eFig1s - - -, 6971 Fy] (4.12)
ql

Step 4.1.5

In this step, various gains calculated in Steps 4.1.2 to 4.1.4 are put together
to form a composite state feedback gain for the given system 2p. Let

Fa1(7) Frg,/e%
=4 F12(7) Fag /€%
F:l(y: g, Afp) = . 4
_‘F;—Imfp(?) meqmm/EQMyP
and
Fon(7) Frg /€%
= Fy12(7) Faq,/ €%
Fu(7, & Ay) = 24
_Fblmﬁ(?)Fmﬂqm”/Eqm'lp
Then, define the state feedback gain F(y, &, Ay, Acp) as
F(7, & A, Ap) = —TpF(7, &, Ap, Ap)Tp' (4.13)
where
F(7, e, App, Ap) =
C;,p_u“' Fio(7) CUan"i' Feo(7) Cor  Cocp ' Copp
Efp+ Fo(7. 6. Ap)  Epp + Fu(7. 6. App)  Epp  Epe  File, Ap) + Epp
Elp Ecpp E_p Agp 0
and where
Ey E Eimg,
Ep=| : : :
Bage wvi Bagn

and

Ff(ss A,FP) = Dlag [Fl(f, Al)e }52(5& AE)' viay mep(fs Amﬁ.)]
We have the following theorem.

Theoremd4.1: Consider a given generalized plant Zp satisfying Assumptions
(Al) to (A3). Then, with state feedback gain given by (4.13) we have the
following properties.

(1) For any yi<y<y, for any A;, CC™ which is closed under complex
conjugation and for any A.p subject to the constraints that Aj.p is stable
(see (4.7)), there exists an £* >0 such that for all 0 < &< &*, the state
feedback control law, as given in (4.13), is (P, y)-admissible. Namely, the
closed-loop system comprising XZp and the state feedback law, u = F(7, €,
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Asp, Acp)x, is internally stable and the H-norm of the closed-loop
transfer function from the disturbance w to the controlled output z is less
than vy, i.e.

||T.;_"H'||‘x < }_’ 5" y

where T,, = F(P, F(7, €, A, Acp)).
(2) Moreover, as €¢— 0, the eigenvalues of the closed-loop system, i.e. the
eigenvalues of A + BF(7, €, Agp, Acp), are given by

A
MA ), MASp), MASip) + 0() and =+ 0(1)
E

Proof: For the proof see Appendix A. O
The following remarks are in order.

Remark 4.1 —Interpretations of parameters £, Ap and Ap: Theorem 4.1 shows
that the closed-loop system under H. sub-optimal state feedback laws, i.e. T,
has fast eigenvalues Ag/e. So the set of parameter Agp in the H. sub-optimal
gain F(y,¢&, App, Ap) of (4.13) represents the asymptotes of these fast eigen-
values while & represents their time-scale. The closed-loop system also has
MAGp) as slow eigenvalues. These eigenvalues can be assigned to any desired
locations in C™ by choosing an appropriate Ap (see (4.7)). Hence, the set of
parameters A in the H. sub-optimal state feedback gain prescribes the
locations of these slow eigenvalues. a

Remark 4.2. Regular case: If D, is injective, it is obvious from our algorithm
that F(y, &, Agp, Ap) = F(y) does not depend on &, Asp and A.p, and is given
by

F(7) = —Tip[Ciar + Fao(?) Cose + Foo(7) Coarllep'

This corresponds to the regular case, and for ¥ = y, is the central controller
given by Doyle er al. (1988). Moreover, if ¥ — =, the result reduces to the
well-known LQG solution. O

The following theorem deals with pole/zero cancellations in the closed-loop
system T, under the state feedback law u = F(7, &, Agp, Ap)x.

Theorem 4.2 —Pole/zero cancellations: A(A ..p), the stable invariant zeros of the
system (A, B, Cy, D;), and MA,p) are the output decoupling zeros of T,,.
Hence, they cancel with the poles of T.,.

Proof: For the proof see Appendix B. d
We illustrate our algorithm with the following example.

Example: Consider a system (Chen er al. 1991) characterized by
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0 0 0
0 0 0
1 By = 0 0

o

I
Scooo
cooco

0 1
1 0
0 0
0 0

[ == I = T T

0 0 0

and C; =1, D;=0. It is easy to verify that (A, B) is stabilizable, and the
system (A, B, C,, D,) is neither right nor left invertible and is of non-minimum
phase with an invariant zero at s = 1. Moreover, it is already in the form of
s.c.b. with njp=1, njp=0, npp =2 and np = ngp = 1. Also, it is simple to see
that Im(E)CV (A, B,C,. D))+ 9 (A, B,C,,D,) since E,p=0. Then
following our design procedure, we obtain

ve = 6-4679044
and the closed-form of the sub-optimal state feedback gains,

F(]T’, £, ’:I'fP" ACP) =

T
—0-1636737° - 0-2947907°Asp i
0-1329097> — 5-560084 (0-1329097* — 5-560084)¢
0-1854277 — 3-009097 b o (010214577 — 12-824695)Asp .
0-1329097* — 5-560084 (0-1329097* — 5-5560084)¢
-0-3183367> + 10696930 . (0-1636737" — 2-127749)Asp 4
0-1329097* — 5-560084 (0-1329097° — 5-560084)¢
0 -1 —Ap
A
0 = 0
£
(4.14)

where the scalars Asp <0 and A.p > 1 (note that A p must be greater than one in
order to have stable A;.p). We demonstrate our results in Fig. 2 through the
plots of maximum singular values of the closed-loop transfer function matrix for
several values of ¥ and ¢. Note that in Fig. 2, we choose Ap = —1 and Ap = 3.

O

In the next theorem, we show the conditions under which the H.. optimal
state feedback control problem has a solution. Furthermore, we examine the
behaviour of the H. sub-optimal solutions as y — yX

Theorem 4.3: Consider a generalized plant Xp satisfving Assumptions (Al) to
(A3). Then

(1) the H. optimal controller exists if and only if Im(E)CV (A, B, C,,
D»). Moreover, in this case y¥=

(2) if Im(E) €V~ (A, B, Cy, D,), any static or dynamic state feedback

u = [Cemp(Y)(SI = Acmp(¥)) ™' Bemp(¥) + Demp(¥)]x
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Figure 2. Maximum singular values of T, (state feedback case).

which is (P, y)-admissible will exhibit high-gain, i.e.

Aap®  Bae) | . o,
}[cm,f(y) Dm‘;m]““ » BY=Y

Proof: For the proof see Appendix C.

O

In what follows we will provide an algorithm that produces a set of the H..

optimal state feedback laws.

Step 4.2.1. Transform the system (A, B, C,, D,) into s.c.b.

Step 4.2.2. Let F, be any arbitrary m.p X n.p matrix subject to the constraint

that A¢.p = A.p — B.pF,. is stable.

Step 4.2.3. Form matrices A, and B, as follows

Aap LipCop LipCrp B,op
A, = 0 Appp LypCip |, By '=| Bppp

pr E}—ap Bﬂ: Ebe A_ﬁcp BfﬂP

Let F, be any arbitrary (mgp + mep) X (ngp + npp + nﬂ:)— matrix
subject to the constraint that A; = A, — B,F, is stable. Here, we
note that it is simple to verify from the properties of s.c.b. that the
pair (A,, B,) is detectable if and only if (A, B) is detectable. Hence,

such a F, always exists. Next partition F, as

B Fo Fyp Fy
5 Fs Fn Fy
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Step 4.2.4. Let

Cop+ Fao Cosp+ Fso Cop Cor  Copp + Fpo
F=-Ip| Fa Fyy Eup  Epp Fry

F :a E."b F ca Fcr ‘F;’jf
ry (415

where F.,, F.,, F., and Fs are some arbitrary submatrices with
appropriate dimensions.

We have the following result.

Theorem 4.4: Given a generalized plant Zp satisfying Assumptions (Al) and
(A2), and the condition Im(E) CV ™ (A. B, C5. D;), then for any state feedback
law u = Fx with F given by (4.15), the closed-loop is internally stable and the
H.-norm of the closed-loop transfer function from w to z is equal to yi=0.
Moreover, eigenvalues of the closed-loop system are given by A(A 4p), A(Ap)
and MASY). In fact, if Im(E)=V"YA, B, C,, D,), any stabilizing state
feedback gain F which achieves the infimum is of the form (4.15).

Proof: The proof follows from some simple algebra. O

5. Output feedback design

This section deals with H. sub-optimal and optimal design using measure-
ment output feedback. The output feedback controllers that we consider here
are basically observer-based control laws and can be regarded as an extension of
the central output feedback controller that was proposed by Doyle er al. (1988)
for the regular case. We have modified the central output feedback controller of
the regular case to deal with the singular case. This modification will be
discussed later. The procedure for obtaining the closed-form of the H.
sub-optimal output feedback laws proceeds as follows.

Step 5.1.1.

1.1. Define an auxiliary system 25 as in (4.1) and proceed to perform Step 4.1.1
of §4.

1.2. Define another auxiliary system X, as follows,
i=ATx + Clu+ Cw
20ty = x (5.1)
z=E' + Dlu

and proceed to perform Step 4.1.1 on X5. Note that under Assumptions
(A4), (AS5) and (A6), all Steps 4.1.1 through 4.1.5 in §4 can be imple-
mented on X5. Again, to all submatrices and transformations in the s.c.b.
of (AT, C{, ET, DY), we append a subscript ¢ to signify their relation to
the system Xy. We also denote ng as the dimension of V7 (A, E, C;, Dy).
Moreover, we denote the solutions to (4.3) and (4.4) for 25 as Sg and T,
respectively.
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1.3. Compute

Y6 = V Anax(M) (5.2)

where

]:TPS;I + FS&IFTS[:T —I‘S(_)l} if np > 0 and ng > 0

~ToSo I'Sp! ToSo'
M = 1 Tl if np > 0and ng =0
TaSo if np = 0 and ng >0
0 if np =0and ng =0

and where I'is of dimension np X ng and satisfies the following

S SR I %
A= o |
As is shown by Chen et al. (1991), v¥ is indeed the infimum as defined in
Definition 2.2.

Step 5.1.2.

2.1. For any y > ya, apply the procedures of Steps 4.1.2 to 4.1.5 of §4 to 3p to
obtain the gain matrix F(¥, &, Asp, A.p), Where yg <y =<y.

2.2. For any y >y, apply the procedures of Steps 4.1.2 to 4.1.5 of §4 to g
to obtain the gain matrix F(7, & Asq, Ang). Let L(¥, &, Apg, Axg) =
[F(7, &, Asg, Acg)]T, where yi<y<'y.

2.3. For any y > yZ, also define

P(7) = (r_;al)"f[“" AL ol e
and

o) = T T TN Hrd 6s)
It is shown by Chen er al. (1991, 1992) that both P(¥) and Q(¥) are

positive semidefinite for all ¥ > y7.

Step 5.1.3.
Construct the following full-order observer-based controller

0= Aempt + Beppy

et {u et (5.6)

Il

where
Acmp = A + 72EE"P(¥) + BF(7, &, App, Ap) + [1 — 77201 P(7)] ™
* {L(7, & Apqs AQ)[Cy + 772D, ET P(P)]
+ 720(P[P()B + CD)F(7, & A, Acp)
+ 7 2Q(MIATP(F) + P()A + C3C, + 77 2P(R)EETP(®)]}  (5.7)
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and
chp = _[I . }-'_EQ(?)P(?)]_IL(?< £, AfQ‘ ArQ)s Ccmp = F(}_/, £, AfP'—' A{'P)
(5.8)
We have the following theorem.

Theorem 5.1: Consider a generalized plant X satisfying Assumptions (Al) to
(A6). Then for any yi<y<vy, for any Ap CC™ and Ay CC™ which are
closed under complex conjugation, and for any A.p and A.q subject to the
constraints that Atp and Ag.q are stable matrices, there exists an €* >0 such
that for all 0 < &< €*, the Z,, as given in (5.6) is (P, y)-admissible; namely,
the closed-loop system comprising of X and the output feedback controller Z.p;,
is internally stable and the H .-norm of the closed-loop transfer function from the
disturbance w to the controlled output z is less than v, i.e.

| T.;.'h-‘ |x < }-’ = Y
where T, = F(P, Zuyp).
Proof: For the proof see Appendix D. O

The following theorem deals with the issue of pole/zero cancellations and the
closed-loop eigenvalues in the H. sub-optimal output feedback control.

Theorem 5.2: Consider a generalized plant satisfying Assumptions (Al) to (A6)
with the H.,. sub-optimal control Xy, as given in (5.6). Then the following hold:

(1) A(A p), the stable invariant zeros of the system (A, B, C;, D), and
M ASp) are the output decoupling zeros of the closed-loop system T,.
Hence, they cancel with the poles of T.,..

(2) A(A Q). the stable invariant zeros of the system (A, E, Cy, D,), and
MAGq) are the input decoupling zeros of the closed-loop system T,,.
Hence, they cancel with the poles of T,.

(3) As £— 0, the fast eigenvalues of the closed-loop system are asymptotically
given by Agp/e + 0(1) and Agg/e + 0(1).

Proof: For the proof see Appendix E. O

The following remarks are in order.

Remark 5.1 —Interpretations of parameters &, Agp, A, Ap and A o: Again,
as in Remark 4.1, the set of parameters Asp and Agg represent the asymptotes
of the fast eigenvalues of the closed-loop system while & represents their
time-scale. The set of parameters A and A prescribe the locations of the
slow eigenvalues of the closed-loop system corresponding to MALp) and
MA¢.o). The eigenvalues can be assigned to any desired locations in C™ by
choosing appropriate A p and A q. O

Remark 5.2—Regular case: If D, is surjective and D, is injective, it is simple to
verify that F(7, &, Agp, Acp) = F(7) and L(7, &, Asq. Ag) = L(¥) depend only
on 7. Moreover, we have

[P(7)B + C3D,]F(¥) + [ATP(7) + P(7)A + C1C, + ¥ 2P(?)EETP($)] = 0
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Hence, Xy, reduces to,

> . o= Acmp” + chpy
T | = Compt?

where
Aup = A + 7 2EETP(7) + BF(¥)
+ [1 = 72PN LP)C + 772D ETP(P)]
and
Buwp = — [I = 720N PM) L), Comp = F(¥)

This corresponds to the regular case, and for y =y, is the central controller
given by Doyle er al. (1988). O

Remark 5.3: It is known that for a mixed sensitivity problem (Kwakernaak
1986, Postlewaite et al. 1990),

(a) the H. design results in pole-zero cancellation between plant and
controller at all of the stable poles of the uncompensated plant;

(b) moreover, the closed-loop poles include the mirror image positions of all
unstable poles of the plant.

We would like to point out that none of these behaviours arise in the class of
problem that we have considered in our paper. It is obvious to observe that the
class of mixed sensitivity problems and our class of problems are disjoint since
mixed sensitivity problems always involve a feedthrough term from the disturb-
ance to the controlled output. O

Remark 5.4: We would also like to point out that both parametrized families of
the state and the output feedback laws constructed in this paper, namely (4.13)
and (5.6), are in fact minimizing sequences for the minimum entropy H..
control problem introduced by Mustafa and Glover (1990). More specifically, by
letting ¢— 0 in (4.13) and (5.6) we are minimizing the entropy function. This
can be shown by utilizing Theorems 7.9 and 7.11 of Stoorvogel (1992). As such,
our results also show the asymptotic behaviour of the closed-loop poles when we
have such minimizing sequences for the entropy function. O

Again, we illustrate our results in the following example.

Example (continued): Consider the example in the previous section with

|8 =2 =8 =2 =1 B [
. ‘[1 z 3 2 1]* Dl‘[o 0:|
We first note that the pair (A, C,) is detectable, and the system (A, E, Cy, Dy)
is invertible (hence, Assumption A6 is automatically satisfied) and of non-

minimum phase with invariant zeros at {—1-630662, —3-593415, 0-521129 +
j0-363042}. Then, following our design procedure, we obtain

ve = 13-6368725

and the closed-form to the output feedback sub-optimal controllers, as in (5.6)
to (5.8), with F(7, &, Asp, Acp) given by (4.14), L(7, &, Asq, Acq) given by
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—43-915* + 4257-869° — 97026-13 _5 + 0:00000912 _ (0-247 — 10:14%)Aq
7127 — 790-4297 + 19405-23 ' £ (7129 — T90-427% + 19405-23)¢
—12-45¢%" + 372-657 — 0-02 —0-363636 — (2397 + 190-919%)Asq
7-129* — 790-427% + 19405-23 (7-127 — 790-4277 + 19405-23)¢
—48-447 + 1803-0877 + 0:02 0380726 — (2-047* — 108-957*)Aso
71294 — 790-427 + 19405-12 - (7-129% — 790-42% + 19405-23)¢

62-577 — 1212:5872 — 3881046 5 sychst o 027272742 _ (=1-137* + 14-86¥*)Aso
7127 — 790-4277 + 19405-23 . £ (7-127* — 790-4272 + 19405-23)¢

17-807 — 83-047% — 19405-21 1272726 + 0-363636‘&';0 _ (0-697 — 74-5657) g
7-129* = 790-4272 + 19405-23 E (7129 = 790-42¢* + 19405-23)¢

where 4¢q <0, and

1
P(¥) =
) 0-132909?2 — 5-560084

0-427699}"2 —0-296582}"2 0-1636?3}72 0 0
—IZI-296582)72 (]'584154?2 — 15-833792 —{}-185427'-?2 + 3009097 0 0
X (}-163673?2 ~-[J-185427'fr2 + 3-009097 (]-1854?.7"}72 — 5:136846 0 0
0 0 0 0 0
0 0 0 0o 0

ol

o) = 4

0-0711937* — 7-9041717% + 194-052288

0-0831047% — 3-0576430  0-1244427% — 3.7265760
0-1244237% — 37265760  1-7787067% — 122-50790

x| 0-4844597% — 18:030781  0-3405007% + 6-5460280
—(-7680877% + 27-934279  —1-7595227% + 79-188509
—0-24920872 + 87345960  —1-1841637% + 70-727376

0-48445072 — 18-030782  —0-7630877 + 27934279  —0-2492087* + 8-7345960
0-34050072 + 6-5460280  —1.7595227> + 79-188507  —1-1841637 + 70-727376
291727972 — 113-22255 —4-3302999 + 153-81266  —1-2566017 + 36-981101
—4.33029972 + 153-81266  7-33231552 — 272:47959  2:6135207% — 102-79025
_1.25660172 + 36-981101  2:6135209% — 102:79025 11602817 — 55-552230

As in the previous example, we demonstrate our results (in Fig. 3) by the plots
of maximum singular values of the closed-loop transfer function matrix for

several values of 7 and &. Note that in Fig. 3, we choose App = —1, Ap =3 and
Atq = —1. Note that since Zg for this example is left invertible, the gain L(7, &,
Afqs Acq) depends only on 7, € and Agq. O

»

6. Conclusions

In this paper we have presented a closed-form solution to the H. sub-
optimal control problem. Our results are obtained under the assumptions that
two subsystems Py,(s) and P»;(s) do not have invariant zeros on the jw axis and
they satisfy some geometric conditions. We have made no restrictions on the
direct feedthrough matrices from control input to the controlled output and from
the disturbance input to the measurement output. For the same class of systems,
we have also identified conditions under which the H. optimal state feedback
laws exist and these optimal solutions, when they exist, are given.
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Figure 3. Maximum singular values of T., (output feedback case).

Our current effort is focused on weakening the assumptions posed on the
transfer functions Pj; and P, and the issue of optimality for the case of output
feedback.
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Appendix A

Proof of Theorem 4.1: We need to recall the following two lemmas in order to
proceed with our proof of theorem 4.1.

Lemma A.1: Let an auxiliary system X, be characterized by

L% = Ax, + B, + Eyw,
Eai.l.‘(' {Zx _ Clxx + Dxux (A 1)
where
Ezp |
Ay =Apps; By= [BIIP Appl, Ex= 0
and

0 0 I 0 ]
C,=Tpl0 0 |, D,=Ip 0 CpCh
0 G 0 0

Then the state feedback law u, = — Fy(7)x, applied to Z,,, in (A1) is internally
stable i.e.

MATp) = M{Aup — [Bup, Al Fun(9)} = MA: — B.Fu(?)} CC™ (A2)
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and the resulting closed-loop transfer function from w, to z, has H. norm less

than ¥, i.e.
—F(9) _ ae 1] Egp
el 1o a0 J 1 - a7 5

Proof of Lemma A.1: We first note that I,p is non-singular and Cpr}-p= 1
which implies that D, is injective. Furthermore, it is simple to verify that the
invariant zeros of (A,, By, Cy, D,) are given by A(A ,,p), and are not on the jw
axis. Hence, 3, satisfies the assumptions of a regular H. control problem.
Moreover, it is straightforward to verify that for any yf<y=<vy, Py(7)=
(Sp — 772Tp)" ' > 0 is the solution of the following well-known H.-ARE

1T [l = <7 (A3)

Po(7)Ax + ATPy(P) + 72 Py7) EEZ Po(7) + CxCy
— [P(7) B, + CIDJ(DID) ' [BiPy(7) + DGl =0 (A4
with
MAS) = MA, + 7 2EE Py(7) — BADD,) {(BiPy(¥) + D:C)} € C”
Then the results of Lemma A.1 follow directly from Stoorvogel (1992). O

LemmaA.2: Let (A, B, C), where AeR"™", BeR"™™ and CeRP*", be
right invertible and of minimum phase. Let F(g) e R™" be parametrized in
terms of € and be of the form

F(g) = N(e)I(e)T(g) + R(¢) (A5)
where N(g) € R™*?, I'(e) e RP*P, T(¢) e RP*" and R(e) € R™*". Also, I\(¢) is
non-singular. Moreover, assume that the following conditions hold:

(a) A + BF(g) is asymptotically stable for all 0 < e < £* where €* > 0;

(b) T(g)— WC as e— 0 where W is some p X p non-singular matrix;

(c) as e— 0, N(¢) tends to some finite matrix N such that C(sI — A)"'BN
is invertible;

(d) as €— 0, R(g) tends to some finite matrix R;

(e) I '(e) > 0as e—0.

Then as €— 0, we have ||C[s] — A — BF(&)] 7| = 0.

Proof of Lemma A.2: This is a dual version of Lemma 2.2 given by Saberi and
Sannuti (1990 b). The proof of this lemma follows from similar arguments as in
Saberi and Sannuti (1990 b). O

Now we are ready to proceed with the proof of Theorem 4.1. Note that F(7,
€, Asp, Agp) is constructed under the standard ATEA procedure. It can be
shown using the techniques of the well-known singular perturbation theory as in
Appendix B of Saberi e al. (1991) and Appendix A of Chen et al. (1992b) that
as £ — 0, the eigenvalues of

A+ BF(?, E. Afp, Afp)

are given by MAp)€C ™, M(Acp)€C, Ap/eeC™ and MASp) € C (see
Lemma A.1). Hence, the closed-loop is internally stable. Moreover, following
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the results of Saberi er al. 1991, Chen et al. 1992 b), it can be shown that for

any A € Agp/e € C7, the corresponding right eigenvector, say W (e), satisfies
]jr%W(s) =W e $7(A, B, Cy, D) (A6)
£—

In fact, following the same arguments, one can show that as £—0, the

eigenvalues of

A + 7 2EETP(y) + BF(¥, &, Asp, Agp)

where P(7) is as defined in (5.4), are given by A(A.p)eC™, AMAgp) eC,
Agp/e e C™ and A(AS,) € C™. We will use these properties later on in our proofs
of other theorems. This proves the second part of Theorem 4.1.

In what follows, we will show that the state feedback law u = F(7, &, Agp,
Afp)x ylelds

|Tzw |ac = ”[CZ + DyF(¥, &, A}‘P? AfP)][SI A — BF(%7, ¢, AfP: Aﬁ’)]_lEHx

< PEY

Without loss of generality, but for simplicity of presentation, we assume that the
non-singular transformations I;p = [ and I} = I. i.e. the system (A, B, ey
r;plDz) is in the form of s.c.b. In view of (4.13), let us partition F(y, & Agp,
Asp) as

1P

. = 0
F & A 8 = FD +| 55, ¢ 40 A
where
~ Cop + Fao(7)  Cosp + Foo(?) Cowr  Cor  Copp
i) = — 0 0 R
0 0 0 0 0
and

F(?s €, Af{-‘s Aff‘) .

_[E};p + Fl(7.6. Ap)  Epp+ Fo(7.6.Ap)  Epp  Epp  Fple, Ap) + E_r‘P:|

E p Ecpp E_, Ap 0
(A7)
Then we have
- —Fa(?) —Fo( 0 0 0
C=0GC,+ D:F(7, 8 A, App) = Ip 0 0 0 0 GCp
0 Cpp 0 0 0
and
0 0
0 0
A=A+ BF(y), B=| 0 0 (A8)
0 B.p
Bep 0

With these definitions, we can write T, as
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T,, = Cls] — A — BF(7, &, App. App)] 'E
Then, in view of (A 7), it can easily be seen that F(¥, £, Asp, Asp) has the form
F("?, E; Afp. ﬁfp) = NHS)T(&) + R

where

I(e) = diag[L, B s ] N = —[Lam]
E"Ir[ EQE Eqmﬂ’

and

R _]:E;j;ﬂ’ Egpp  Epp  Epp EfP:I
Eca? Ech EraP AcP 0

while T'(e) satisfies

T(e)— TC,
as £ — 0, where
T = diag[Fig;s Figss + ++s Fmpamp)
and
Cn=[Fa(?) Fa( 0 0 Cp] (A9)

Using the same arguments as in Chen et al. (1992 a), it is straightforward to
show that the triple (A, B, C,,) is right invertible and of minimum phase. Thus,
it follows from Lemma A .2 that

|CulsT — A — BF(¥, &, Agp, Aﬂ’)]FIHw -0

as £— 0. We should also note that following the same line of reasoning, one can
show that the triple (A + ¥ 2EETP(7), B, C,) is right invertible and of
minimum phase, and moreover as £— 0,

|ClsI — A — ¥ 2EETP(7) — BE(¥, & A, Ap)] 'l =0 (A10)

Next let
N 0
C = JrOF Cm T, Ce
0
where
~Fu(7) —Fo(y) 0 0 0
Co=1Tp| —Fu(¥) —Fu(¥) 0 0 0
0 Cpp 0 0 0
We have

[Tl = |CcIsI — A — BE(¥, €, A, App)] ' Ell

as £¢— 0. Following the procedures of Saberi er al. (1991) and Chen er al.
(1992 b), it can be shown that

ALE == _ = _F v 1 3 E+
Clsl — A — BF(7. & Ap, Ap)] 'E — FOP[[O EE:])](SI ~ ll: Dapil
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pointwise in s as £¢— 0. Hence, the results of Theorem 4.1 follow from Lemma
Al O

Appendix B

Proof of Theorem4.2: Without loss of generality, but for simplicity of presenta-
tion, we assume that the non-singular state and input transformations Ip =/
and Ip = I, i.e. the system (A, B, I,pCy. Typ Dy) is in the form of s.c.b. Then,
it is trivial to show that

* 0 0 *

_ * Az 0 %

A+ BF(Y! £, Aﬂ"‘ A(‘P) = e 6 . AT P *
* 0 0 *

and

* 0 0 0
Cz + DQF(]-/, E, /if‘p. ﬁ(.p) = FDP 0 0 0 *
* 0 0 0

where the * represents some submatrices which are of no interest to our proof.
Hence, for any o € A(A ,p) U A(Ap), the corresponding right eigenvector is in
the kernel of C,+ D,F(7.& Agp.Ap). This proves that « is an output
decoupling zero of T.,. O

Appendix C

Proof of Theorem 4.3: Following the formulation of Scherer (1989), it is
straightforward to show that the infimum, y¥, is attainable only when Py(y{) =
[Sp— (yH2Tp] 1> 0. In view of (4.6), we know that Py(y¥ >0 if and only if
Ty =0, which implies that y*=0. Hence. the conditions under which the
infimum, y¥ is attainable, is equivalent to the solvability conditions of disturb-
ance decoupling with internal stability to Zp. It is well-known (Stoorvogel and
van der Woude 1991) that the problem of disturbance decoupling with internal
stability to Zp is solvable if and only if Im(E) CV (A, B, C;, D,). This proves
the first part of Theorem 4.3.

In what follows. we will prove the second part of Theorem 4.3 by
contradiction, which also follows the same line as in Scherer (1990). As was
done by Scherer (1990), it is simple to convert the given plant

5. X =Ax + Bu + Ew
= Z:CZX"I‘DQH

with the dynamic state feedback controller
0 = Aqup(¥)0 + Bemp(7)x }
u = Cemp(7)v + Demp(7)x
where v € RYY), into an auxiliary plant

S Xy = Agxy + Byuy, + Egw
4 Z = Cdxd = Ddud
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where

X _|u 1A 0 | B 0 _| E
Xa =|:v:]' Ug _[u]' Ad‘[o 0]-‘ Bd*[o 1]’ Eﬂ“l:o]
and
Cis=[C, 0], D, =[D; 0]
with a static state feedback law

Dcm }’ CL
ug = Fypy(v)xq = [chgg},)) A;';((];g X4

Now assume that the second part of Theorem 4.3 is false, then take any
sequence of admissible Fy(,)(y;) with [F(Z,, Fyy)(v))|l= — v¥as y;— v and
suppose that d(y;) is bounded and the sequence is not of high-gain. Then, we
can extract a subsequence (y; ) such that d(y; ) =d, which is a constant, and
Fy(y;,) converges to some Fy(yf) as y; — vy In the limit, we obtain
MAy + BiF(y¥) € C U C and for

T.w(s) = [Cq + DaFy(vH][s] — Ay — BiF(vH] ' Eq
the equality
TH(0) TGw) = (vH1

holds for all w e R. Then, following the same procedure as Scherer (1989), it
can be shown that A(A,; + BuF;(yf)) € C” and hence Fy(yY) is an admissible
controller which achieves the infimum. This is a contradiction. Hence, the result
follows. |

Appendix D

Proof of Theorem 5.1: For the sake of simplicity. in the following we drop the
arguments of F(¥, &, Agp, Ap) and L(7, &, Agq, Acg). Also, we assume, without
loss of generality, that 7 = 1. Thus, we will drop the dependency of ¥ in all the
variables.

First, it is simple to verify that the positive semi-definite matrices P of (5.4)
and Q of (5.5) satisfy

["ATP + PA + CIC, + PEETP PB + CiD,
F(P): =0

B'P + DiC, DID,

and

Sl [ AQ + QAT + EET + QC;G,0  QC{ + ED] | _ "
. C,Q + D,ET D, D}
respectively, i.e. P and Q are the solutions of the quadratic matrix inequalities

F(P)=0 and G(Q) = 0. Moreover, the following auxiliary system

.pr = APQxPO + BpQupQ + EPQWPQ
Zpq: 1¥pa = CipXpo + Dpowpq (D1)
Zpg = CopXpg + Dpupq
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where
O Eq R
F(P) = DI [Cp Dpl. G(Q) = Deo [Eq Dol

and
Apg i= A + EETP + (I — QP)"'QCHCap
Bpq = B + (I — QP)"'QC3Dp
Epg = (I — QP)'Eq
Cip:==C; + DL,ETP
has the following properties:
(1) (Apg, Bpqg. Cop. Dp) is right invertible and of minimum phase.
(2) (Apo. Epg. Cip. Dpo) is left invertible and of minimum phase.
The following lemma is due to Stoorvogel (1992).
Lemma D.1: For any given compensator Z¢ of the form
P
The following two statements are equivalent:

(i) g applied to the system X defined by (2.1) is internally stabilizing and
the resulting closed-loop transfer function from w to z has an H.. norm
less than 1, i.e. |F(Z, ZF)|l. < 1.

(ii) Zg applied to the new system Zpq defined by (D 1) is internally stabilizing
and the resulting closed loop transfer function from wpqg to zpg has an
H. norm less than 1, i.e. |F(Zpg, 2F)|l. < 1.

Hence, it is sufficient to show Theorem 5.1 by showing that X, of (5.6) to
(5.8) applied to Zpo achieves almost disturbance decoupling with internally
stability. Observing that

Cl.Cop = ATP + PA + CIC, + PEETP and CipDp = PB + C3D,
it is simple to rewrite Ay, of (5.7) as
Acmp . APO + BPQF + (I - QP)vlLC‘iP

Now it is trivial to see that X, of (5.6) is simply the well-known full-order
observer-based controller for the system Xpy with state feedback gain F and
observer gain (I — QP)"'L. Hence, the well-known separation principle holds.
Also, noting the facts that (Apg, Bpo- Cyp, Dp) and (Apg, Epg. Cip, Dpg) are
of minimum phase. and are right invertible and left invertible, respectively, it is
sufficient to prove Theorem 5.1 by showing that as ¢ — 0

(1) Apo + BpgF is asymptotically stable;

(2) [[Csp + DpFl[sI = Apg — BpgF] ™l — 0;

(3) Apg + (I — QP) ' LCyp is asymptotically stable;

(@) |[sI — Apg = (I = QP) ' LCip] [Epq + (I = QP) ™' LDgq]|l= — 0.
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We shall introduce the following lemma for further development.
LemmaD.2: As £¢— 0, we have

(1) A + EE"P + BF is asymptotically stable and

l[Csp + DpFl[sI — A — EE'P — BF]™ . -0 (D 2)
(2) A + QC3C, + LC, is asymptotically stable and
lisT = A = QC3C; = LG\ [Eq + LDpqfl= — 0 (D3)

Proof of LemmaD.2: It is shown in Appendix A that for £—0,
A + EETP + BF is asymptotically stable. In what follows, we will show (D 2).
By some elementary algebra, it can be shown that

Coap + Fpo Cup+ Fo Cop Cor Copp I
Cop =Ip Ea Fy1 0 0 Cf[—‘ Iip
0 0 0 0 0
and
£ 0 g i
DP=D2=FOPO 0 0 PI;
0O 0 0
Moreover

0
[Cop + DpF][sI — A — EE'P — BF]"! = [cm} [s] — A— EE"P — BF]!
0

where A and B are as in (A8), F is as in (A7) and C,, is given by (A9). In
view of (A 10), we have the result.

Item 2 of Lemma D.2 is the dual version of item 1. Hence, the results
follow. This completes the proof of Lemma D.2. O

Next, we will first show that Apg + BpgF is asymptotically stable for some
sufficiently small £ and

[[Cop + DpFl[sI — Apg — BpoF] '[x — 0
as £¢— 0. In view of Lemma D.2, we have
sl — Apg — BpgF = sI — A — EETP — BF — (I — QP)"'QC}[Csp + DyF]
={I — (I — QP)"'QC3p[Cop + DpF]|[sI — A — EETP — BF|™"}
[sI — A — EE'P — BF]
— sl — A — EETP — BF pointwise in s as ¢ — 0.

This implies that Apg + BpgF is asymptotically stable for sufficiently small &,
and

[Czp + IDPF][.S‘}r o APO = BPQF]_I = [Cgp =+ DPF][SI - A - EETP = BF]_I
{I — (I - QP)'QCY[Csp + DpF][s] — A — EETP — BF|"'}!

— 0 pointwise in s as £ — 0. (D 4)
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Again, in view of Lemma D.2 and
C3Csp = ATP + PA + C3C, + PEETP
EqQES = AQ + QAT + EET + 0Clc,0
we have the following induction
(I — QP)[sI — Apq — (I — QP)"'LCyp]
=[(I — QP)(sI — A — EE'P) — QC3Cyp — LC; — LD,ETP]
=[sI — A — EETP — QC3pCsp — LC; — LD,ETP — sQP
+ QPA + QPEE'P]
=[sI — A— EE'P — Q(ATP + PA + CIC, + PEETP)
— LC, — LD\E"P — sQP + QPA + QPEETP]
=[sI — A— QC)C, — LC; — EE"P — LD,E"P — QATP — sQP]
=[s] = A= QC;C, ~ LC, — (EqEq — AQ — QAT — QC3C,Q)P
— LDyETP — QATP - 5QP]
=[sI — A— QC3C, — LC; — sQP + AQP + QC1C,QP
— EqQEGLDLETP)
= [(sI = A = QC3C, = LCy)(I — QP) — (Eq + LDpg) EGP]
=[s] - A - QCIC, — LC]
[(I = QP) — (s — A — QC3C; — LC)) Y(Eq + LDpg)EGP]
—[s] — A - QC3C, — LC,)(I — QP) pointwise in s as ¢ — 0. (D 5)

Hence, Apg + (I — OQP)"'LCyp is asymptotically stable for sufficiently small &.
Now it follows from (D 5) that

[sI — Apg — (I — QP) ' LCip] YEpo + (I = QP) ' LDpo]
— (I = QP)"![sI — A — QC;C, — LGy ™N(I — QP)
[Epq + (I = QP)"'LDpq]
=(I — QP)'[sl — A — QC}C, — LC{]"Y[Eq + LDyo)
— 0 pointwise in s as £ — 0.

This completes the proof of Theorem 5.1. O

Appendix E

Proof of Theorem 5.2: As usual, for the sake of simplicity, we will assume that
7=1and let F= F(7,¢, App, Acp) and L = L(7, &, Asq, Ag). Then the closed
loop system T,.(s) is given by

A BF 7\ E
Tw(s) = [C DzF](Sf . [_(; ~ QP)"'LC, Acmp]) [—(I - QP)“LDl]
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It follows from Appendix B that for any a € A(Agp) U A(Agp) C A(A + BF),
the corresponding right eigenvector, say W, i.e. (A + BF)W = aW, satisfies
(C, + D;F)W = 0. Moreover, it is simple to verify that (C,p + Dp F)W =0 and
PW =0. By duality, one can show that for any e A(Aq)U A(A%q)
peMA+ LCy) and the correEPonding left eigenvector, say V, i.e.
VH(A + LC;) = BV, satisfies VH(E + LD;)=0 and VH#Q =0. In view of
(5.7), we have

AepW = [A + EETP + BF + (I — QP)'QC3p(Cop + DpF)
+ (I - QP)Y'LC, + (I - QP)"'LD,ETP|W
= (I — QP)"'LC,W + (A + BF)W

and
VHAqp = V(I — QP)[A + EETP + BF + (I - OP) 1QCIx(Csp + DpF)
+ (I - QP)"'LC, + (I — QP)"'LD,ETP]
= VHBF + VH(A + LG).
Therefore,

A BF | [W7] _ (A + BF)W
—(I - OP)"'LC, Ay || W | [ AapW — (I - QP)'LC,

=g]

[C D;F][gj = (Cy, + DyF)W =0

and

This shows that « is an output decoupling zero of T,.(s). Similarly

A BF
[v* ‘VH][—U - oP)'LC, Amp]
— [VH(I - QP)[A + (I = QP)"'LCy] VR(BF — Aup)]
= pVH —vH

and

[vH —VH][_U » éEP)‘lLD1:| =VHE + LD) =0

This implies that § is an input decoupling zero of T,(s).
The first part of item 3 in Theorem 5.2 can be verified easily by using (A 6)
and the fact that
Im(P) = [#*(A. B, C;, Dy)]*

The second part is the dual of the first case. This completes the proof of
theorem 5.2. |
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