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® Tso (X, d) end (X,d) = metric Spaces.
T: X—X s called an fsomehtg 33 v x,yeX)
dx, gy = g(T%/TS)

x ISOme-h\S s 1 —A4 mep .

® (X,d) ad (X, &) are isometre f 3 an {&bmeht% T: X =X

onto X .

A ot (X,d) = metric space, Then E‘a (X, 3) which s cﬁmf\e\-e
metric sFo.ce] and @ subspace W such that W s wometnia to
X and W s dense in 9( Fw'l-(f\evmoye, R & wnigue Wi to

fscmeh«g . And b’(\ % c,i ) s Qaﬂea the cemF\e-\-ton o% (X, c\) .

® Nomed Ssxxc@ ! let X beaseton Space  over I <R or @:), i-e.,
X+ye X, vx4yeX and xXxeX, ¥xeX ond xef, A nevm on

X s a -Pwne’rten X H—— R ('x — Xy D saﬁc?&ﬁg?ng:

(N1) Ixi>o © x=*o
(N2) Ixll=o0 it xX=0
(N3) oo X =1l Xt (% xeX) and (W xe )
(N4) IxHg S I+ NgH (*x. Yex ).
(X, 1) Yy caffed o neymed space which 72 alss a wmetvte
SFRCQ w t+h \LQLLO.‘ metvric & CK,&) = ||-x -—S .

© Banach Ssyxce | s a Qemfb\e{e nevmed Jpoce .

& Jixi-ngi| < docyd (B xgex)
4 nf&[ S A L?PQ"\?%? cantinue %umqfion \M‘\{»L\ (\:’T .
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A Hazlder Ine%uc\h{-g @m\ Qe@menceg:

X= CXT.>) 3:(3;)/ %'\-%‘:1 ==s (P=\,<§=oo)
o
:L;I )X‘Hil = H’K”P' ,lgllgzp)élxblp.yg ]SC,%‘

(*) i lxt St, < < i ‘X‘JP>—;_ (g IXL\%‘)% . (\:rm‘{—e &ume)

=t

A M?hkovd%tki Ine@uﬁtf\\g WQDT ge%uenc&
Let rspsoo, x,geﬁf‘ Tc\er\\ x-\'ge,Q,P and

| % + 3”? s Ixlp + (R

A 'Q’F’ Ispsoo, s can\e{—e, QF’ (spP<es ., = Sfeoma\;\e, e,
hcwcci o cewtable dence subset . ,Qc,o (S net QM\Q .

CTla, bl == Qeroumk\e Ranadh Space .

® Roses
® Hamel[ Rasis X = vestor space See | seL? s o Hamel
Basts i (¥ xeX) FT! §8055,50%m3 ! x,a, X0 e
such that = En_“, s sy,

=t

) Hame!l Raste o.Quooﬂs exists .

- Sc;\aucie:( Basis s €y Be Ba, vy (s SQRcuxie\« bosis ES:‘

(¥X€X) (31 00, e B x=Rucer .

A A BRanach space with & Sdoudey boeie it 'sePamUe, Bt 3
separable Remach spoce with no S[dhauder basi .
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§_2\4' F(nik—e “Drmgngtay\ol Me«meex gFace%

Y = vector poce sver E° Q? direneton %< oo, -l = norm Q.\} Y.
Let Wi, Ve, -+, Vi be o boeis. V&e‘f) Y= %‘x:vt (3 L)
Then (3 C>0 ond € >0) =2uch thot
S ' 3
e (Zlel)s | _‘éutv-ull s C(Zwl),

Vi, e, ~- oy €Y, e, c and C ave Tnéefenc[er\‘t uP Lo
A (Y, (1) Bmite dimensional = Y is complete |

AX:ncm\ec‘ \tneargﬁ)ace/ Y:au\:s‘xu:e OP X .

YS dim(¥d<oe => T it a desed &\L\s&‘xxce OP X .

@ X = vector Space Mlelle ond |-, ore noms on X .

Tke NormMs are e%ui\l%&en'\j (3 m, M > O) &w:tq ﬂo:tj

s

m Xy, s WXl < M lIxlle (¥xeX ).

A E%m.vq[gn’r nerma  mduce the aame Jm‘ae\ﬁg .

A Yf-' '?Tni'ce c{\‘mer\'sToncL\ Shace . om\\S NormMs o e%w‘»uoiﬁn't.

§ 2.5 Compac&hess and  Finite Dimension

A M= metric Space | S \V/ K Ts Q@m?m‘\' = K \‘s: Qteﬁeé

and Bouxxc\ec‘ ;

A [ ot X——‘ncrmecY quce and e(;m(x)<oo . KRse X

K is comFact <> K s doned and \Oéwnc(ec(‘
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@ 3=9SxeX|Ixust?

& Ricez Lemma X = nomed |inear spaxce | Y, Z :guh%‘xmeg ®¥ b

\‘/ s CKOSQCE anc& TR @ PY‘bPewp gu\gg@t QP 2z . LQ't O<Be<q. T‘\en

(3 2€eZ) |z=i=f ond dz.¥)>0.
A X finite erens?enc\ — '& is cow‘so.c't

& X Ftnttﬁ &Cmens'ienoi & X - = TQQQ“\\S cemlbmit

§ 2.6 | ineaxr OPY‘QJ&:ON

® (et X, Y be vector Soces oyer the same Pield . A linear

votor
B T >

s « mop where  dlemoin T =2 a gu.\ngm cg X o
wheze mn&e ROTY g o8 ibuet @\1 N . cuch that

TO+TX2) =T+ T %2, %% & D)

T (XX) = TR, %¥xeOHM) . vxel

AR e a gcﬂos@cq OP €T
® Null space NCTY =S Xe D | Tx =03
A N(T) s a_a&&i@pqce o% v

§ 2-7‘ Baunc‘ec‘ L,Yneow‘ O&‘Deruxtﬂ”

@ X and Y = normed spaceg sver i,
TX“—;T e e bt esue ®E>@Yt1&o¥‘
T is bmun&éé_ § (3 C)
ATx| sC VX e BCM\So

i i
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5 SQUARE
5 SQUARE
5 SQUARE

® X and Y = nemed Spaces  over .

B, Y ) = et D{l bounded [inear @(?erw\-c(‘g t T2 X =Y =such

that M =X .

A ¥ T od T e RX,.I) = T+ Te €RXIYD
TeROLY), el = T ¢ R,
e B, YD s o vector space cyey K.
‘Qioeraiéf‘*r\trrm Tos X0 =ty
ITI = sup e _ sup [T
Xe®TONGo3 x| NS ‘
A The sperador novm iR @ Neorm on RCx, Y.
& 8’3 Y s c.bm{is%e then Bex ) 1= Cﬂm?\e&% .
A T:X—>T7, X ’s frntte Limengitonal = T = Eeum&ec&,
A

M ore sver C&GPQ“\‘\’\&

(T+ Te)X = Tmx+TeX ond (T Y%= <><C_r*x)

T s cont mmues o ome Fotw% = T Ta ‘bm&e&

A The gaﬂow\"n\q\’ sltements axe e%uluo&en’r‘

¢y T e foeumc;eca
Gv)y T s L\‘P%t’rz continueux om @(TBA

(i) T s comtrruoun ok one F&Lﬂt.

(\\V ) T m D\?& L@ LM CQLQQQ etw 4o \D(}U/Y\&ec\ aete .

0 TIRODCTY) e bevaded ,wheve B iy amt boll.

A TERIX,Y) = N(TDO = o\oia3§c§ Qp&k&}sqqe O—P X
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A XY = nomed pace, Y= Ranach. T:X—>Y beunded lineor
OFeTaior weith (T dence ™ X . Tf\en = ! Ecwv\cxeo& extenzlon

T, T Eer,Y) ond H“'\r\\=i\{\\.

£2.8 Livear Euncteonal s

® A ‘Pwna\-to\'\o.Q en X 8 a mop -{—3: X — B that te o lineae opevoctoy

® The G%GEYOJQ Hall &P X e the get O‘P il fineon~ {Emcktcmcﬁjz%
?: X = euch +hat SE = X . (Tt/s denoted \;& X,

@ X™ :o%e%mtc &u_o.Q oP o

The fellewing | ote geves c{e‘%a.i(s of X* ond X**:
® 5. fieX”, sum P B oand o ie dePined as
s = (Fi+ B0 =500 +5. 00  wxeX.
product of of o scalar o ond a functional § o= dePrned

PQO=L&L{3)OQ=<>¢§30<) ¥ xe X .

® Qt\ooa;‘ﬁ o -?fxect xe X, &Q-Fx‘ne a. ft‘meq_y* P-we%—rgy\of 0\r\§(.l

i (B) = Poxd ¥ £e X

Since  Ju it AF) = (f, +48.) 00 = s Rieor 4 fLogy
= APMICS T S A
= %..e X7,
8 Deine a mapping  C: X > X, %+ 3 Ceanonteal >
(Clx+ £9) B = §ourpyp @)= Prox+py)
” = oo + L Py = xFy + £ Gy

Cis =} mappind = (x@x)+ L CH)P). = C is linear

3

5F
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~

A C s a vecter Space  iSomophigm 6\2 X ento RCO) SXH%.
® X is algebvarcalle yellexive t\? RCe) = X**.
) AN i

§2~? L\‘nemr FwnC%CvancJ on \:in‘dce D\‘mengtehu\ @gbo&es

let X = vector Spoce a%}c{\‘men&ton n esvey W .

Let Vi Un be @ basts of X
let T X* |, Let x= L% CiV: € X
Poo=F (L%‘Cr\k} = L%:‘ e Puoy.  Let o¢1=\2wc>eﬁ?‘
= t:‘ CoVUr = [, a2, -~} -y, Co, ool T’
Coh\)e{‘&Q‘\\S . given ony ~eP", we can c&e{)fne& a ?«Jnc‘\-te“&\

eu ‘°{’3 ﬂ((x) =j?x (%‘ CiV )= % Crx

A f,x s & [Tne:xx Rﬂ&cmo.()\, te., Px (X4 B&):Q%\bcyi- \Dfadﬁ)-

A s> o= (x, e, e, 0 (041—;-?(\/13 , e=t, =y n )
= Jt‘nec"x‘, -1, onto . GBF ¥.)
= So WS o vestor space iomophism between XF and
= dim (X*)=n.
® M t=1,--n . Let JGL be the ?mé\-t@h&\ ostoctated, with
=~ =(0,~,0,1, 0,:,8)

n

n ’ i
RlEQYd =2 gag=cr Foup= gy

= {3‘,~~~,-$n ‘?WM a bheasie %\( )({_, the CQ&LQQ bosts ‘D‘P

Vi,~~~ 7 Un.

A &t (X)) <o = X = Qg‘(&ehv\o@qaﬁi@ m?(sxtve/ e, WQCC):

%
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82.10 The Sul Spoce ( Novmed Laal %mcg)

@ X = nomed Spoce  over T
X'= BCx, F) ' rermed Husl spoce @Q X, bounded , ofs.

@ X, Y = nomed Spaces  sver . An ?&ome*“?\r\\‘sm s a linear mep
T 2 X—=Y sud thad T 73 1—=1, O =X, RCOO=Y and

[Txl|=1lxl, ¥xeX.

qupfey\ 3 . Inner Product SPcm@g , Hilbevt Q.Faceg

® X= vector Space  over E. An fnhnee [BY‘O:L»&’C on K & & ma‘b

XxX —— | "

% 5 8 e <><,&>
SO\i’!‘SP\\[Tr\S
K+ %es § > =<z = 4 < X2, >

CHX 2> > = o S =

<X, 8> =<8, x>

<% X> > o {1\? X == O
"norm Xl = J<x, %>, inner product => norm = metvic .

A <X, §i+ $2 > =<Ix, 4>+ <x,%:>

X XY > = &<X/S>.

& Re<x,y> ==L [rxegi—fx-gi?]
L

Tn <%, 4 > = I m»itguz—nxq\gn?—] .

Plm p

A LRlV‘a,[(e)o@mm Lm) X = "°‘“’“9€§ Spaco | T{Ren X IR @ {nney Pch&u;c‘%

Space  iPP [+ 17+ > =gl"= 2 Ix[*+218]1% wx.geX
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@ ’X;SG X, = inner Ya*roc[uc‘k‘ space |, X is ﬁ%_mgi (F@(’Pe\'&tcuim‘r, XLSQ

‘53 <X, §{>=o0.

A (P\‘gmaama“>: X = innev F‘FotQ«w::k Spese L X, ye X, XLy
o+ 0= =[x |*+ 14>,

83.2 Further prolperffas

a (Scf'\wa\"z Ine%u,q[?j% > ¢ X = nner product space X, §e X ==
<>, > s Ixi-1g |
E%uo;hfg Roﬁcfg %’-&1 X cu’\t]\ & @re {ineax&g éeFe\'&en'ﬁf

A CTMQQT(Q Tne%\u&[ t'\‘g ) X = inney Pm&u,c‘c space =

Ix£q0 s Ixh + ngu VR g X .
a Tﬁe inney PYU&U&T IS @ continuocus’ %uhc“fens .

@ HT”aer‘b &FOLCQ It o egm[)(q(‘e inney F\‘QALLC% &saov:e.

a Eve\x fanex S SpaeQ has o eemp\et-wn thot = o Hilker
Space (Le-, Tt can be embeded ™ a Hilbert Spoce &en%e[ss

T;\e Gem«?‘&'k-EOY\ s essen’ttaﬂd Lupt%ue,

& 3.3 01"\;\({(}36\’\&_‘ Gomp[emen'\-s ond Direc Sumg

e X = vectoy Space over [, x,§e X . The ge%men{f me X to g
ie {ox + G-ooy [ os et = Tyt wex— ] osxstd .
@ MSX s convex F]G CV'x,geM) . The ?.e@meni- ‘Pmm ~ toi&

‘{ee. n M (@@ M s a SuLachc.Q o-P X, M IS convex 3
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A X = Hilbet Spaxce M= Y\Qhemm , closed convex subset bP X, xeX.

Then (31 \‘geM) Ix—Y it = g\e%M lix—$1. (Rest opproximatton ) . |

a (P}mj@c‘hcv\ T&xeoxem) X = Hilbert QPO‘CQ . T= clesed SLK"':’SFQCQ :

XEX = (31eY) X=¢ L T. { s +he best approx: to X

%WM ¥ QS s called the cv-&@xcﬁonoﬁ Pmd‘eei—r:on OP X ento Y.

® X = vedor space , Y, Z subspoces GPX,WGSD\\&& that X s the
g S ey of ¥ and 2 and write
X =TEX
§ (WxeX) (! feY, eeB) x=Y+z.

Y, € oxe called comF{emen—\a:\.S gubSFagQg,.eP X .

A X = Hilbert space , M= cutige{j = % Mt = DA\OK%Q“Q.Q uarm(;\emenf'

=%xeX [<x.y> =0, v e

= M' ik a &ubsfo\cg OP X and s dosed . MM

A X = Hilbeyt QFQQQ ) \\/= do&eé‘ S-U-XasFO;C’e, TjF\en
X = YT®&Y™:

A I\j} Y i <« OCe%Q& su\agsach DPX , +hen Y'-:\[/L'L.

A \/ = Qu_BSPQQQ O“P—‘ X, which & oo Hifbert Ypace = Y = QLLB&P&C
() V e dense in X cEE \/'L = gOE ;
@ Py*oi“@q{-o\ﬁg_l X = vector QPQCQ ovex F‘ B g‘ D L . XK= Ss

Debine + P X — X and P. * X — X
Px“('—“—%‘ P}_X: S

Piond P are [inear.

e
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SQUARE
SQUARE
SQUARE

Py (P2 &= QO.\\QC‘ the Pm&eﬁi—toy\ O'P X onto [ (82) tn the
J\i\’ec’rcoh 09 I (3\) .
RpH)=21, MNEFd=%, RE.Y=8., N(PHI=E

® A :X-—X is called on “Aeml'aoc&en'i‘ ;.‘2 AZ = A .

A X = RBanad gpace, & & K2 are losed Quk&aneg. X=S2 B,

= Pi P PL e ‘o&umt(eé-

4 X = Hilbert gpace, 8= closed subspace, =7, 8,=8Y X=U®<;

= P, Pz av beurwiesl Pl f°‘~13~ NP s1.

€3.4  Orthonormal Families

e OY"('C\OY\OYW\OJ ‘PCMM\\S (’Xq)qe'x_ % X €X ond <’XK,’X‘¢>=%1O Tgcx
T+ X

& (’Xm)o{g—: orthonermal = (X)) xexT T= ‘\?neour‘(d l\ncceper‘c&ent.

L S ,0.,-+,Q, QY‘H\oncsn‘\oj m‘\\ K \r= sSpan §e| , €2, ~~, Cn > ey
N P Y

n n
d‘:g XpCp = Xy =<d, e > = gzg <Y epg>ey .

=\

- n !
A xe X | let J= & <% €&>2f + (§ s the bext approx. to X

?ro“r\ Y.

A& Gyam— [Admidt Process

let (%) be a [rnearkg rm&ePenden’r Reguence . ‘Fcf n=0,1,32,-

=1

Vast = Kpey — _é/ <X R Qk

T Vo =° ‘ShaF Otherwise  ©ny, = \/“H/H Vneill .

A

A

£




2.4

Reuviers Sheets | Bovetterad Pma&\q)s\‘g 52| Ren M., Chen

835 Sevies Related to Ortheonormal %e%uence&

A H= ilber =pace , (€&> et il b contoen Seguence m H . T‘E\evx

B

2 £ i ‘ \
e n 5\3@ Ra conuve e
‘ X Co ve\@e& { E‘ & \/& AN

A 5(: go K Rk Gbr\veﬁe& cand X = ;an RE g = Xp =<x,e>
=1 =\

A et xeX, [et Y= span %e‘,el,m}. Let g=§<x,ek>e&.

Tﬁer\& & the best Gpproximation to X j)3"'3’”\ Y.
>
A xXecX = g}<%,€3\> ey eanver@e&_
=({

& TE\Q value O‘P é‘<xnek> Qk ESY \‘“cke%en&ent‘ OP +he ovder
of (ep).

® Uncountoble Ovthonovmal F@m‘\‘?es

X = thnexr \b\ro&ucf Q‘&QQ : (e/@>ﬂ61 IR an QY-\-‘f\onovmcg\
?mm(& n X .

& TE\eve oxe ok most Oowr\‘('ct\'o\\\g mour\\\g <X, e/@>- o  non-zeyo.

8 3.6 Total Ovthonormal  Fandilies

@ (Q/&),&g.t is a -t—o*mJ ovthonormal %)Cvm«\g ‘:F gFamie,&[/&eI}

R dense ™ N, e, &Fungeﬁ | be I;E = .

A (e;E)fSC—I s 4otal DYJrL\onmfmai —Puml\\\g TP ("UL xe H D

X = f%:<o<,€ﬁ'> €




A P =pelgnormiole , viewed as a &u‘o&&bO\CQ OP kaC=1, 1>, P

dence

i LLQ“‘,\)=

~

TR
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® Ovthonermal Rosig = total ovthonovrmal -?ami\& (\—‘? Hbevt \so\stg)
( Remcx_y% 2 Thie & a Schauder bosis, net a Hoamel bosts .
A (e/k}flel s @an ovthonormal bosts 20 ?Qp \(&»C—:i'!'zgcﬁ.
A Roscual TF\QOYQW\ CQF>F(§: TS an oxthovoymal kasie I Goxew)
wuw 2 ' .
= NEy® . = ﬁ%‘: | < oSl
§§§ A Evev\v.s Hilbew Space. 9\0& an O‘{*L\ov\ovmt basts .
‘_Z A Aﬂ\LS +two  orthencomal boses 09 H hove the scume Qom:trhoikg.
¥
@ H , H: = Hilbewx Spaces . An Tﬁomw;‘)\'\tam o H ond H. s a
lineaxr map T Hy = Ha (@OCT)=HY, RETO=Hz) such that
( <TX,Ts>=<'X/S> vV, 8 e i
* Conge%uence& 2 BTxll =llx{ + xet ImP\TE’S T s 1-1.
A Hi, H: = Hilberr spaces sver . Then Hi and Ha ave I‘Scmc»F\\ic_
?ff -{:—E\e\LS hove +he sgame c&imeh&ts\’\s.
A H = Hiber SFQCQ O H & Sge‘:owa!:le ?\E‘F T c&kmen%?ov\ e at moesty
cgun-\—abk& \\f\%?vx&%& :
23.17. %o&cnoj PD\\\Snomthg
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§3~% Riesx Repve@en‘ra:ﬁon TE\eoYem

A [ ot YeH = Hilbevt Spoce . ‘be%rne \35 :t H— \ogS

Fyoo = <x, 4>

Then {2& e beunded finear woith ”\?H llt\\g“

A Ricsx Re?feeenwton Theorem = H= Hilber Spowce , J\Q%H’.

Then (F1! geH) Poo=<x.{> Fxend. 1RU=1Y|

Seseuilineaxr Forme
1Y)

X, Y = vector Spoce ever [T

e Ses%tﬁhhe&f ‘PGYW‘ ' @ map R: X x Y — F such that
SN

’R (0((%1"‘0(1%7_; %) = Q(&’P\()(\/ 3} + Nl‘Q\QKz,g) (‘V'XUX?.@K)(H‘&&Y\

& -

‘P\ (%, oG Y, + X2 SL) =D‘Q\ ’P\D() EL) + X5 Ql CX)%),) {V’KGX)(‘V‘$(,SIQ\(: .

IRK = sup 1Reoud| | xex, 9(#0} (% s bouwrded W <o)

Xl | §ex, §+=o

A TCRMY). PiXXT = ®F Lﬁ R0 = <Tx, y> = 1hl=IT1.

& Riesz Representotton Theovem for Seeguilinear Foms
He o Ha = Halbert ‘spacen sosc i |
Rs Myt Hs —3 F e o b ousdel %e&%uit?neom %fm . Then
(@) (I TeRM®,HD) hoogdr= <Tx g>
(VvxeH ) (+8eH) ond WRI=VWTY
(b)) (31 VEBRMHHD) Rouy)y= <x, RY>

(v xeH) (F8ef) and TAN=|l.
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ETS 5 SQUARE
EETS 5 SQUARE
EETS 5 SQUARE

42.381 50 SH
42-382 100 SH
42-389 200 SH

‘Qe\)TeUO @\eQJVS P(M\cffcnc;‘ AY\@QQ(_‘S?: 02 BQV\ A C[’\en

8§3.% The qc‘do?nt Gg:@mdm‘(‘ (Hr‘heft—ac&‘otntB

Hiv He = Hilbert spaces. let TEBRGHI, M) . R HixH: — F by
Foo@d =<Te 8> Ry Reese, (3! THCR G, W)
Fogd)=<Tx,{>=<x, T Y >.

T & cafled the acéjornt‘ @%—T
A JTHI=ITH, T*>=7F

A I H — Hz, T Byas e 8, TGBCH\/ HaD

(e> E+THY = Q¥+ T* (o (xsY=3 g*

& [T*TH=1TIE=ITT1%4,
A T*T =0 ¥ T=o0.

A JSeBMHuH2), TeR(H: Ha) => TSERM,H) & (T)=%T*.

€ 3.10 Normal q:e*m&‘i'c‘(‘

H = tHibert space , TERM .H) = TF¥ERM™,HD.

D T s Hevrmitian sz A (@SE hm{\jo;.\t>

@ T s skew-— Hesmirian I TE =T,
@ T = M%_ ?f TFT = T=TT*
®@ T s m le TT Y =T*xT, (® —® ‘ave novymal

S TEBM,HD are untterg stmilay i (3 an ontlagg UEBM,
=%

a = (o

(&)

-
—
() 7T s U\/ht’ve:v(& = & e u/n\H:LYt&_
(d> T

T8 Hermitian <> & 1s Hevrmitian

s seae,lo e = 9 == QQ{Q\.\) ~s

AN navrm ol = S s wvorwmal

H))
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Heomition Opevators
4 T=T" = <Tx. x>cR vxeH (F F=C, « Rade) .
® TEBGLH), T=T%, T ic called posttive defrinire 7{2
<TX, x> > 0o (¥xXeH, x+o0).
b4 S, T are Hermitian (S.T €RM,HY). ST i Hermitian §F &T=TY.
A (THSBMH, M ., TERM, WD
Tnw =T (Jipim=TH=0)

F To=Th %¥n, then TF=T.

Skew — Hevnition @ew&o{‘&

A ]S)C F=®, T & ngeoo Hermitton > T UT = \“’eYW\/t‘\‘CM_
Y

A T s 8&@,\) Hermitian = <Tx,X > 1= FM&\\\.S l‘mﬁ{naxs vxXxe.
(§ F=C, the convere haolde ).

A T, —> T. ﬁ Tt ==Tw ¥n , then T =-T.

u‘nﬁa\’\\)f @&)@rodm*rs Cu¥hs=1 =an*, U s =1, onke and LL*;:kL"}_

A I i unttog = <Ux, U > =<x,g> v x Qe [[uxi=nxl,
& U s an Tsemej%r\xg oy Wru=T.

a [ s umm\/\\g ?ff U s Tsometric and %UAZS‘GC'“UQ.

A U s wn torg § W s isometric anl novmal.

A dim () <oo , W e wm’rcw\xg ¢ W f's fsometrio .

& U,V unt ’%ov% = WV wwt-’roor\xg

A W,V dsometric = UV itsomefvia .
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Mul++ FY ication DFemu%@rs

Mo = H—>H (muh—\‘P‘?cod'ton b\‘S d) Mo x = dx (dorXW®

A Mg o finear, beunded . Mol =l Pllos
Mo+ry = Mo+ My Mae = X Mg (FxeR)

Mo ':\Mop My . Mo My = My Mg, CM@YQ-:ME:S»

A Mg s normdl
M¢ s Hermutian S & ® veal a.e.
Mg s positive definike §F >0 ace.
Mo s skew — Hermitian e b = ¢wre\\5 rmaﬁcmvg, ae.

Mo 1e wniten( i ldof=1 a.e.

when Me & o profection ?
progece

® H= L0, , Let 2= (8) Q--ro

Mg * H—H &3 MQ‘)(:SX’:(%LX{>

A Ms T hhea:(‘, L:e«wn&ec‘ 7 “M&“:"&“&o \\\\\\
Spectyum

® The vesolnent set, /OCT), o T = the st 5\2 AE € cuch
theat (A=T)"' € BGH,H). $A=T s I-1, A=-TY o=
boended ;| R{A=T)=H 1
The gpecktvum o T, §(T) = C\PCT.
= Q{jey\\loiue% € €T

I{: s 1L S ?e\@envo\iueqi = BT .

LS
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SN d

Rcmge and Nul] SFOLCQ

TE RMH,H, T € B(H, HD
A R(TY =T RT*" = NCT).
N = R NTHD™ = RO

A Pepm,HY , P=p (ProJ@Qt&T‘) = P is an orthoprgiector 1¢§ P=P* &

1S Cho?’cev‘ 4 . Fundemental Theovem

® M=set A porrtiaf csvcﬁevfnﬁ on M x a Sy‘noxt& velatton ()
auch +Hhat (1> asa vasM, @ ash, bsa = a=Lb
R asbkh , bhse = asc Y aLk,C &M,

(M, §) = partwallg ovdered set.

® A +total OY({,G’(?Y\\?’) s & Pcuf‘h‘oj wcﬁe\q\‘& such  tHhat

4) (ra,bemMmd)  ash or b sa .

e M:Pcw‘ﬁq,((& ts‘rc{ere& seb SMF P VO BT C&‘ié a _Qv&\n_

§ W s mml& srdeved .

@ WM, aeM , a e clled an uppe\"loewncf %ﬂ\\)\) IJQ

bs a Vb e NM.

® aeprM, a e called a maximal e(emeh't' DR} M t% beM,

asgsh = a=bk v beh.

Axiom ( Zorn’/s L/emmo\>

™M = Forfi‘qi\\u) ordeved et | I\f euex:g chain ™ M hag an wppen

beund s then M has a mO\Ximo\“Qtemeh'b
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A Evexﬁ vectonr aFace has @ Hamel basis .

A Evertg mney \b\mc&uc‘:% &POLCQ hos an O"“('{?\o‘now\mqk \ba_&?g‘

£4.2 Hdw— Bared Thesien

® X = 7veaol vector Space zZ = Qu.faspcu:Q QP K
f: 2 — R limeor fomctiandd &PO= 2.
P = P\M\c}tonaf degrv\e& on X P e X — R e called sublinear

5{:(\) PEX+T 4D = Pon ey " H%, ye %

(2> P X)) = = pexd (¥xeX) (W= =0)

4 Hohn=Ronach Theovem T (Real vecter spoce )
X' = veol yector epace , Z = subspace SP X
p= sublinear functional on X .
f= Tinear fun. on E such dhat Pesspeey vrez
Then (I Tinexe Rimctronal ciéfe;“ecr on X sudh that
5?”(@:3@&) vzeZ  ond

?Q'K) s PO v xeX CI~G- ? e demi nated b\\s £ ¥

4 Hohn=Bonach Themem I (Real vestor space ) (84,3
X = veal vector space, p = sublinear %mc(ﬁ*encd delined on
X such that plaxd=|x|pxy FxeR) WxeX)
Z = subspace &P X. P = linear Rincttonal on Z  such that
| $cof s pea> v 2 e £

Then CSE{) lin . ?\U\- on X such Hiot

?C%)z fcz> v z2e & and

fﬁcmisp@u v oxe X .
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I tnear Functional eon Complex vecksce &Puce&
]

X = complex vector space , Xv =X m@uxﬁe$ os o veal Leckor spocd |
8: X —> € linear ‘P«mcﬁor\cj
GO0 = S o + E&LO&)

A S = lihnear => & end 81 are yeal linear (a\)er Q>

ggg 8!; XY%R/ 811XY"’9R‘

agoa

£t A §00=—F O

sz A 3+ X =T i linear = OO = 0O=TF, (2xd

;‘—g & Let R be a Y?r\ecar %)bw\c{—roncx‘ on Xw C‘BLG X:) ond let
Q

o

Goo = koo =t Raxd

Then @ fs @ eomplex linear Panmcttenal en X (&eK*>

A Hohn — Ranach Theovem m Ceem‘b\e)( veckor &PmQB
X = vector staéce sver €,  poxd = veal — valued sublinear fomcttonal
on X such that plxx> =txl pxy (v xe ).
E — subspece o X, P=1lm. Pun. on Z cuch Hhat P ispe vee
Then (FF) on X such +hat S?Qzu =P@y $2eZ ond

[fodls P> v xe X.

& Hofin — Ranadh _\—Reovem ~ C Normed g‘bchQ_>
X = normead space ovey B, Z s a s.g&:spcxce ®P X, ?e Zz’/ . Then
(5 §Fex’y fFor=Ffa@> vaezZ od Nfu=ugm

gH{\'bed*&F:tceco‘sPE X=H, ZCH, {3: 2 —> F bounded .
X 1= dﬁ?‘r\SQ m 77: -F = xm‘\?c—rmld g on 2. = FJ) S/?\DY\ g Q\&QF\

+Haat- 35 s cts - -@—\ extendsg % . Also, “? “ = ”3(2“
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I Eunctional Anolit\ SYnc

e ({8 )"

B ={{s"H)"

Revrew  Sheets B.m.C. 2.0
4 X = normed space, xXo @ X, Xeto = C3§E‘X/>
I§1=1 ond Foxod=—I%all.
L4 X = vemed space, wxeX , x*o = (FTPexd> oo *o.
& Tf (xe X)) (Poo=e e ) = - K=o
A XXz €X, X#FEXz = (IPexw) PuxoEPww
A YO XEX, (RO=R%e) B REX ) = x, = Xe
A (¥ xeX) x| =§:§ e S1gool /upu R
| Q_ &4.5 Asjomf Cpevetor  (Nomed poce o%bmt?
ngé ® X = nomed space cver F.
'Ducﬂﬂ—\«g Patving xeX, ?GX’, <x,f>= Pcm ., Recembles tnev
product X, F —> <%, > X x X — F
( a <> <IxI IRl wxex ,’ +Fex”
A [eot xeX . Then QE’E&X’) <x¥‘%>=\xxu~\1§“.
® [t Scx. the annthilator o‘% S is St=§fex |[<xP>=0 vxeS}SX’
= {feX' | fH=072.
let §'c X/ The amihiloter 0{2 R/ s
T8 =fxeX| <x, f>=Po=0 v Pe g’ X
4 S % a closed subspoce P 7
8 s o osed subspace of X
4 8s7(sh), § = “(&8%]
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| 2-389 200 SHEETS 5

Revrew) Cheets anchonA‘ /\na(tg&?s B. s, G

A

&

Remarh

Lemmq: K = Y\OYTY\ECI QPCLCQ, \{/——; Q[oaeé SQ&DSPQCQ OP X

& X\NY .  Then (3?@%) Pov+o , PN =o.
$=suLancQ ol X = T ="*(&Y)
S’ = =ubspoce o X = T=(tsH* ( howder)
X = nomed space . Y = nomwmed Space . TERCX, Y)
The adromt (eonjugate ) of T R an sperator T7: T/ == X/ defmed by
STX > = <x, T"§> (vtoc‘ex\ ey )

Y x Y’ X x X’ B
= PCTx) = T/fex
T is linear = T7: Y/ —> X/
T7 it bounded and UTH=0(T1 = T/7¢R(Y, X))
NCT7) = RCMH™.
nH) = *RTH
1N = RO
nem* = RGY
S, TERMX.¥), @G+TY=238’+ T/
TERMX,Y) ., xeF = (xT7TY=«xT"’
SEROG YY), TEBWY,?) = (O=Y =81/
TEBMX X)) ITx=x = T/eRWX,X%). TP =f.
TeRX. YD), T &s bijestive , - T'& B (Y, X)

= (T7') extets and (T = 77y

S5

T = T 1s (fhf mjective

Il

ST
TS

i

T =5 B 'S w L\,‘S;s-e o lue {@"\“\‘ Q)
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Qe(a:ﬁov\s}mF with Hilbedt— space A %o?n’t‘

77 N n
Cz C!

= T/'=GCT1T*c and  T*¥=0CT'C. .

§ 46 RePlextvity
R

X = normed space . Groen xe X c{e(lme SX: X —s F Eag

83( (‘\r')) = ?(’0.

A Sx ‘e linear, besunded ond \\SX\(':H’X\(.

® The canonteal mop o% X e X7 g
C(x> = 89( 3 A > XU

4 C = a ltheur MaP,  Movm Preseruing .
C % oan ?gomwi%tsm o X onte RCc) < X7
® X is reblexive 1P RCY=X". (Tn that case X XD
& X 12 vePlexive = X% complete [ nete X'=R (X, F)]
A EVQ‘QY) Firite dimensronal space s rePlexive.
A E\)G(ﬁ Helberr epace e yePlextve .

A X7 s 3@Fowcdc\Q 7:> X‘=6\c~rvv\ec& '&pace\ TR ge‘oowoyb(p\:'
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84T lnfom Bowded Princigle (Ranach - Steinhave Theovem )

Review OP Roure Ca*ogorg TF\ecxem

@ X = metric gpace , M X
@) M e nowhere denge F (M) =@ (M eontaing
no open Sete ) .

b) M is 09 the F?Ts’c Ca:’c@@or\L& \\\f H (Ah)/ M:CC)O A

n=y\

and  each An s mnowhere denso . .
c) M is 09 the second @ﬁmﬁ f M s not o@ Pirst]
CG.&@&&:YS.

A Raive Cwmgerg Theovem * X ig O?m\d ca!cegowg in X \\f X is

A Unﬂjr?svm Bem&ec(nes& pr?nc?‘pte

.

X = Ranach space Y = novmed space
ET"‘EQGI = %zmt{\ug bpofem#m‘ RO, Y).

N

Suppore (Fxe X) § TuX [ x€ T3 e bounded. Then T |=xe

s o &)Guv\cgect suhocet OF B0 ¥ ). Te'\o:t 1S j (‘V"KQX)

843 Si*mng and w@ag G{)Y\er;gence
@ (%) =X, xeX. we say X —> X Btronﬁlg/{f‘

fxn —Xll—> 0 ag n—>oo. x ig the strong [imit 0{3 Cxnd
J

@ (x.) coﬁ\/er&es fo % _U;’E‘_O_;lgé DQ C"U“}EC— il
Bxn) —> Foo [ Xy —2> X J % i« called the weal.

T b i o-}? (%6 s

(T ex) ITuxliscex, vxe T, then (3 ) lITalsc vxdxT.

oomi:\e.te ]

T3 |
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Tax

T

Peview @E\eek | Functronal An;ﬁt’(@\‘s } Ren M. Chen

A (x) con howe at mest ome weok lrmit.
s Sfcmn& conue@ence = wedf %“Uevcfencg,
A X = Veomed spacR , dim X=R<oe. Xa —> x ‘ﬁ? Ko D> X,
A wead (5 conuevgenf geguences are bounded |
A X = normed space (%s)yS %, ste X . ;[—E\en Xn =200 R
@  (Xn) s beunded |
&) (I +otal set M2 xX7) jjbcn) —~>~§‘?D<) VJ?GM.
4 (wek comvergence i Lp 1<p=oo) )
Il <p<oo , (x=) s QP s oxe Ly
(xn) = (%) X = (x:) .

J J
Tf-\en Aow -, % TS}O o) ilxa ) As E@wﬁee{ )

o) ’)<~Cm—> (Xd oS n->oo , &:\,z,\ .

J

§ 4’«? Cicm/e{)@ean OP QS%U-@'J\QQ GDQ QPQY‘G&QY@

@ X, Y = nomed spaces.,
Th: X —> Y J Y\=‘/21%/""

We &C‘L\U‘S Gr)) @nu@r@es IL‘M%ID%fS' ( m QFem’m*r Y\Q‘rm\ UP

~T|—=0.+ (TTeBx,¥y)) ITh —T|—>0 as n-—soo .

. (.R) Cbnve‘(&%& m&%_ Ef C-v- xc X > CTV\ X >

E
>Tx. vy i stmwﬁfg convegent M Y (2 TxeY (Tax-Txll—=o

(T c»ar\vewg@a "o (\\j ,\(‘3 (¥ xe X)) (Tax)
: ~J
_.\"9._) fo . b § .
N w@og\& eonv@»@@nf‘ (s S <3 Txe Y , va g

<T§w%,‘?> \><TX,%—)> xR N —>oo .

N/ ” H
T Lﬁ?"m;{‘s G‘{P CLH %&’ PE’E} D? Qah\,@\Cj antel aye an/‘\%u‘@ .

as Y\9GO>
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i

& X = e,om‘:)(e{:e , (TR)SEBK, YY), Tn — T 8“:1\38\3 = Te RW&,

A X, Y = chac‘w Spaces. (T SROCYY. (Th) is gtmﬁ\s

eonveraeni‘ iﬁ
@ (ITall) w beunded .

) (T totl skset M SX) auwch that (Yxem D

(Tn'X) s @ Ga.,‘,gc‘f\s Beguence |

@ CO\’\VQY\()?QY\C@ oP %e%ugnoeg g—‘E FLM\Q{*\\:Y\Q‘%. -

X = mormed gpace JGGX’ ( Ranadh QPQQQ)

X=normed space 53&5(’ ) 7s linear fumc%iona(s (33,‘) are members SP X’

"fn —’S |— o w\jfovﬂ operafor cony. Stmn& eenve&?ence

31“ x) —> f(’() W xeX Sh’ong 5[3‘3\’(1%@(‘ CoONV- wecxg* %nver@er\QQ

fnbo ~w—>§0<) vxeX Daeag\ cpevodor  conv. /

"

i

g — 3@ w3ex” e ; 1 wek cenvergencl

A S’cva convergence  ==> weak convergense  => weak eonv.
A X 1= rePlex e == weal <> weak®
& X = Baroch gpace , FH X/ = B (x, B).
(JQV\) cm;\ue,@e& we&&* S
@ U8 s hewnded
) (= foral avbest M P X ) (g xet)

<jznc“> S Cm.ncif\tgt

RS

)
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84.12 Open qupmg Theovem
® XY = nomed spaces | TEBMX,Y). T te calted an open
mop Tj? Voopen G e X, T(G> s open.
A '{f T e 1=4, T is spen ?ff T 7! fe contineus.
a Cpen MQPPTD?S [_Eregxgrﬂ: X, Y = Ramch spaces .
TERX,Y) » RO =% = T s an open map .
coro“cu;\ig: X, ¥ = chqccl, TERIX,Y), T s Edj‘ec‘%l‘u@
= T 'erRlY, X).
§4.13 Closed Gm:{:fw Theorem
® X, Y = Ranach Spoces . T XY [inear DM &X.
T mcs oY moﬂ net &:Q bﬁu’f\dec{ =
G =L TO [ e QDL SX XY Groph o [T

A G(T) s a sujo&{xme o? K% T,

@ T : X —=7 s o closed Spevator ?ff G is a closed suheett

of Xx Y.

A T: X—=> Y s cloed Ff the ?o((ocpfh\j holds :
f (X)) SQTY , Xn —=xXEX, Txn >4 & Y. then
CXe QM end Tx=Y
A& T: X—> Y, bounded . T te cloved Bf (T % closed.

A TQRMX,Y) = T it <lesed,
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3.5

A Josed Graph Theovem

X, Y = Ranadh spaces , T X— Y , DM =X ond
T rs desed = T L& < bswnded .

Chapter T

® X = Ranach space over € , T X —=X <losed Spevator

ST e X
o= T-XT=T-A , AeCQ
a T?\ s clos ec‘ ’ @QT}L) :@CT>

® Resolnent =et

F(T) =€7\e@: } Tx T 1=t , ento, —BC‘ T ‘osumciec(}
Tt e BOGXD |

Q@%Q‘Y\Qh‘% D&z T

Ry = T' eBX%D5 XKks Ry PUT)— BEXLXD |

@ gpeqt\rum Q*P T

0°CT)Y = C\ PLT).

Reasen wﬂ\xg A mt‘&h’c be i &CTY .
D T s onet 1—1 (MCTR) += $03)

s not onto.

BY F{CT) P et pldRet
§ T

) R CT)Y i mot dense
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A
-] —‘BCTK Ts not =1 Lot T s \5/(\//7_1&—7/\)——%» X

Bcu\c\c"\ .

&
A -/l\;\_( is bounded Tf"&-’ RICH) ™~ dosed .

o Pst nt opectrum
L)

G}PCT) — gxe C ‘ NEHD + ({Oi 2 (e_i@en valueg >

©® Eosential Spectrum

et = §oec!] Ry e net closed

® Delfest Spectrum

%(T)*—-%’?\%Q ‘ RCTHD s neot dense ™ XE

§CT) = 6H(TY U 6=(Td U 64¢T) .

TEBMX.X), T7e BX/,X")
a) 6 (T) = 64 CT/)
b) S/Q CT) == GJe QT’)

A 64T = § (T7)

A BCT) = BCT?)

’ X 7= a Hilbert Bpac |
@)  Fp(TY = 64 (T*)®
LY e (T)= 6&e ek

D g (T = 6p (T
§CTY = T *)*

RPeawlts can be 8ehem[(2@<( to <leozed QFQN’Q:{‘O‘(Q )




