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page 71, Problem

:5: in @ normed spoce X, kao‘u‘ce Cenve\:ience og} cmi Series o.(voct&g

TmP\tes wnveﬁence oP thax gevies, show that X ig comP(e{:e.

2

Eroog : We show this Pfo‘o‘em ‘35 contiodiskton . Su.pFo&Q H\at

ah%o\m conveY&ence OP cm\xg geyles o&wo‘d \‘mp\te& QBT\\)QSG/Y\CQ

@%3 that ceviee , but X s mnet cnmf:\e:‘ve. 'T&\u%/ theve

exists a Ccuxctr\\&g sepuence sa ('Xn), OP X that does
not GO“VQY\OSQ in X . First we note that (XV\) < QMCQ\S

fm")[?e% thak %€ >o0 (3 N & \N) such  thot

“XY“—XV\“<E,/2 ¥ n,m >/\\1;‘..'

Lei" SQ = XI and &“‘: Xh’“XV\;\ 2

N=2, 3, S«

e il | v = o ‘e convergert . b heosvag
We will prove :t§| Redls verg J < T

‘H\ajc _ e
1Sl =191 [< W8l + 180 /T

= [ % e = Xomet 14 [ X = X \

|

g-;-‘——i—_—_g_ ‘Vn,m>/N_\_(.(’

- = & -

o
[

' n
Sh= = Y: =Xn = wnek ~t
n '::' 5 %M:S'QA

L)O(’\(”c‘x ‘g a ooﬂ%rq&ioi“iov\. Hence X S QemF(Qt’e 3 &

TS Q\DR‘D(U&*Q& %mw@en‘t . RGNQUQ:V ¢
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@gje 7/J poﬁ/em 14 (@uo‘b‘onf 8/oa&e)
et Y be o closed %U\‘msfbo\ce £ « normed space O ) . &hew

that o nerm lille on X/Y is 46?1‘1’\@:& BS , m/

52(0-:'"'\? Il x 2 ,
20 = b 1 Thase  LLae
44171 )(
) ,\e ’6 ‘ ){ \[\0
where Q&X/Y, that e, X s om\xg ecoxct oP N = A, N bV\ l
g\ \ 5{\ v ; C,\\ N

\ al

P’reoS‘ = N1 ) “ &« “o = O = QLUT% 5 O\_( C)\(

(N2) R Mo <> X=0+7Y .

= -.E)-C ')’Z= 04—_\7 ar\c; stnece T s o Qv\‘;&F&cQ)

hence x=0c0+ Y = lIRi.=lol=0

On +he ovther hand , \15: &=w+ﬁ’=f‘:0+‘f,

77
Yy
‘H"e“ ')(20% &. —ro see -ty\\‘g, we conaldey ‘b“\Q

%ﬁ\\&uo\‘x b QLLPPO&Q X:’Oeg\( = — W< [ = L,\)e-\]"
= 32==(40+ i =0+, whech s o confradition,
|
|
|
|

Since Y is &eae& ond o X =wA .Y—, )’E cann ot

i}
/

o~
y

/JZ A \ ‘,\Q“Q =0 a= it ‘\‘n\\\- ?O?V\T. HQV\CQ “Q“c>o

(N3 ot X W, = o ~ I X lto (=0 s tyivial. Wilig - s\ #£0)

'S\<= —}-Y s QXD%@A = <3 %o%&} B ’ﬁ".‘b\ P \"é‘
Flogee Y I he

(Il = I Xs || = m‘r’ I xu) e weuld 4o Show Noxoll = w® 1xg | ()
XeaR
gu?Pogg (¥) s not 'bruue (3 O(YQE,-O(X>
A N PR T
(u«xcu < el Xo H)/ w# . I R

v \ LA oo L A
[ !:1‘ )/ N ; v
I |

”Q\—(o“ == \Mi\“qon < HOKXDH =‘°(\‘“X°H ;\ ”SZO“<\ Xo“‘

"
”\"S s a oontvaciot con, Hence,

Nt X o = Net Xo ll=lotl Wxoll = jot~ | Xl
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S oY such that [w+full=l1G ], and
,V%,T" B

Problem 14 Ceont.)

(N4 1R+ QI < Uk, + N

Let g=%x+ X

( et Sxe ¥ such that Ix+ Syl =1%0e  ond

Te\er\ we F\O\MQ

I+ & le = hockmd+Yo = wf oo+
fev

S X+ 0 + e+ Sl

= (X+J)+ (w+ S0l

ShHx+Y el + Nt Jull

= Ko + KM,

| e such +hot [ (x+wd)+ Y= R+l .

o2
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PQQQ 76/ Pfa‘o(em 1

)
Giive exoumtb‘eg 09 gu}aquces O? L= ond 07 whidh are net cloved .

Case 13 L7 : Consider « %\»L\OSFQQQ Y P L% i which vy =CERUEY,
theve ave ‘Ptn‘&@& man&néze:o 2x (t:\,z,w-). Next, consider |
Seguence

Sﬁ:'(‘J %’ 1g)““) ‘%‘;‘O) “‘>) n=\{, 2z, -
ve>o (3 :‘EL< N e N) sush that ¥ m,n >N (mm&. m>n)

90 =8l =1Cos 0, 35 o L Lo, -0
1

T e

Hence, C¥n) & Cou,\c‘r\\xg iy Q‘av‘lsuﬁ, the [inat D'P'

(n) & not \ﬁf Stnee has \\Y\%try‘\‘\'étd mcnmd Tozevo slemernts .

Te\ua Y = net Qvam‘b'\@'%e = \>\\‘ T%\eow*em 231, Y s not Q‘OQQCR .

>

i
Case 25 L% Reeddl hoie il tes > = is soverg -
~ose <£-° ccall o e <eyilex i n e

‘ntwg ve>o (2 NVNERN) sach thet

S — <¢g° ¥ m = Nl.

wa , we csmg?ctef ‘t;\e Soame. &uSoqucQ 7/ owxot '&Q%LLQY\Q
<\ng\> as M case 1. \ow‘i‘ Nnow  in -»QZ. (A.)Q proue ‘t}f\oj\“
(&Sn) (s C\.Q%b (,:’auoz\& R} ¢Q . &J\ks no‘t\‘ns thax

“\(’Sn*SmUﬁ/Zm Lsf/E4h<s vy

= z
T=n+l L t=nn b

/\\?aiy\ 7 \[/ ‘s net Q,@mF(g{e T \Qz -~ ‘\QY\QQA (-
&

= nat cigggmg .
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Pa\cg)e 16, Problem 2

What e the Xa@es% possible < in (D) § X=R* oand X\ =C1, O

X2=(0, 1) ? BC X=R?® ond Xi=(1,0,0), X2=(0,1,0). Xa=(0,0,1)?

Recafl C1D
oo % + taxa+ st otoXn [ 2 € (ot [ o] + o4 Joen] )
Cose 1 X = ]Rz

X X+ A2 X2 = (0(| s 3D

ot )i o X = ey [P fota [* 3 4 (o] + Joca | )

due to the fact Isl:fots| s 1 (st l212) . Henee, cz‘—?
Bw{' ‘Q‘i‘ oy =X =1
= = c=4Z
=  Jovxi+oaXall= 42 and  (lotl+jeal) =2 z

T{i‘tus, the loa&eaf posxik‘e s %2: i

Cose 22

—_— T

X =R
”°<s\(q+'°(17(7.‘\‘ K;Xgn = u‘?_.\_q?}_\, O{%

=4 [ r a2 @ + 2r o)+ (o o3+ (o)

> & [afeod + o + 20l o] + 2-lsul o] + 2 ol ol |

= C’_zig

Censtcier oL = Xy = Xy =1
= oot onX, + o Xl = J3 and s+ e+ |l =3
Hehce ; ae ‘\QJJQ C == %‘

R
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Page 76, Pfo\o‘em %

Show that the nommg [[+f, end I+l ™ Pech. B, Sex. 2.2;&&#@%

1
ﬁ Ixih < X, < HX“| 3

P‘mog =

Tt s STmFlev to see that
LA+ 227+ oo +] 207D s QI8+ + 18 )

= Xl = %],

Neow

cohs?&er

lgl‘z+ ‘gz(z"' N [gn\"’- =Jn_ (“ ‘§|‘>_+ h(§1‘1+‘*‘+ﬁ(§“\2)

= [ 307+ (G PH EE) + (S 12:07) o + Qa0
FIGPH (ISP HI)+ ~ + (1812 +12al®)

+!§nf J

> 3 (1017 + 200181 4221 8]+ 20818

+ 18054 248 M8l v+ 24080+t

e B LA RS ENEAREEN RN

+‘22\‘\§!‘ * ‘2L‘l+\§z‘\ \gs\ male el o \il‘\(§h£ ¢

AT I TR N (RO (in\’-J

.t
=1 (151 5181+ +181)

= ixl. = oy,

. U,i; ixif, < IxWs s i, QED.

12n1%)
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ETS 5 SQUARE

0 SHE
0 SHE
0 SHE
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Poﬁe 101, ‘Prot:‘em 6.

Shaw that the mx&e R OP a beunded [ineor opevakor T2 RhX=7T

heec{ ret e ctae,eqc [RaY Y.

M. As the F\Fn't, let us considen
T: £ —» &7
et X, 2 € X ond x=(g> . g=(6p

T X +—/£;%) ¥ (Lo + A651/5) = (&/:) T A(STD

=XATx+R Tz
Heh&e ) T s ‘T“E&V‘T.. ]\)e\» Q,Qns.il&ef‘
0
; oo
ﬂ Tl ==ee] g /il < oelS|s =155 =ix) = 1T T,

= T is Ewncieci . New, let us c{e?:ne =¥ &e%uenQQ (Xn) e,Q_1

l)d Xn :(\/1)1)“‘/'110,\“> , Y‘:‘,Z}s;o

n

1
= Txn= (1,31, -3, 0.9

As nsoe, TXn —> (‘/%’%““'%" <) ¢ RUTY . since
{

: 1
'cht/i/t/ S ‘/ ~“> %/Q,

Hence )Q(T) S net c[oaec{. Q- E.D,
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que 02, Roblem 10
On CEO)‘] ie—‘zfne L and T E&’
1
=5 ) XW® dt, Jed = sXe>

\‘eeFec{'\‘ueiS < Db <L and T cammute? Find Hg“) “T_“) “gT“ ound “TS“

@ D and T do net commute To shew this , considew

X&) =1 &€ Clo, ({3
STtxw]=8T% = tf s ds = 1t
Tlefad]=Tlt]=t ¢t = ¢

ST ) =
TE X&) =

== ST x == T X = S ood [ creo net ceammude |

@ lsx|=| ’CS; Xxds || = xeords| - IE] s SO‘ [x(s>| ds SSO‘ lIxiss | A
= | x| , T %0,
= s 1. But let xXH=1 => NS%H=HYH=§;§;‘J 11 =1
= lsll=1.
@ [Tx H‘= [t x| = sup ltxeo| s sup Kl Ixe | X X +£0
teTo, (] £€To,1]
et LR
= ITUsT. Agen, lot xo=1. = [[Txll = It =1,
= lTi=1.
® Siee SxeClo, 11 ¥ XeClo 13 = [TSls [TI=1
Agean ., conerder - X&) =1,
ITex| =T+ 1 deli=Te=f21=1.

= ITsl=1
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Functesnal A—na,gj:s g EO2

® [eTxl=1Stxw| = ﬂtf; gxe> de ||
= ISOI sxeHyds |-l
e [So' &xcg>c£&|

3

s Jois b ixide

=fxi - § ' rsrde = L wxar

So' s+ Ixess | dg

= 18T ||s~'?
Aﬁalh, flet x=1,

leTx =1+, s xwds =L )= L
= |sTl= .

Pase HO ., Problem 11
SQ\M i’t\odv two r\\Y\e(x*(\ -Fu/r\c“—ten(_\‘s '?; +Q @"\é {917‘:0 NF\CQ‘\ onve. &Q%?Y\@J

on the same vector Space anrd  howe the Sume  nudl o ave (tmaPm-k—cenq[

Let %xeeX-NERH=X-NE). Then it s shomn i Problem T

Proog =

(on page 631D Fhet ?@.«ams xXe X (3 eNEH =AY

ft(’()
x = § + L 40
s f\('\(cﬁ L
= \‘Fz(X) = ?1(‘5) o fi&) ‘?‘(Y\) = fi(ﬁi)].% D = m‘)eﬁﬁ
f‘ Xs) j“ Xod | ‘ ¥
/

E T Su@‘ss X 44—1‘«:'\/’(‘ howe +o ‘&LLPQXCC&Q the P““DO‘F 0? Pm\u\em?

on  pege 6%73 )

~r

onal
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oL

P11 Fw

H,‘ == %XCT

Show that the norm [£] of a bounded Tincar functiondl ?#:o on o
nevmed space X can be interpreted g=° me’crtegl(\\s ax the veet‘a‘mcat
0\2 the digtance @\2 g: \‘r\\? ? il \?(X)r— 1 } 0\)— the \\Spevp\cme

X | Ry = 1 3 Prom the crr&\‘n‘

Pmo]Q_ 2 __[5

)

Hence )

f=o ., the vesult = trivial. New assume 1-‘7\0.:6 -@#o

o sup A fPool

fooxo  IXI Pooro  I1XI]
= Sup i
Poo*o | “ ?“) “
1

H\():;:o ” Foo ”

Let % = ?_”é” , we hove £y =1

in X R IR = X )= o
o = g - et T rmig =

1§01 = %. | S
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-
Il

o¢g
P 126 P8

Show that +the dudl Spowee OP%Q Space Qe TR AN

Prosf:  co=9¢ x=(x)| Ixnl —>0 o8 n-—s>c0F It is shown that
Co is complete &J@Fgce o 7. Let us Fheose a Sdhauder hasis
foo Qo as Pollewss =

e =0(1, 0,0, 0~
€= (0,1,0,0, )

€s=(0,0,1,0, )

Then xe Co. s . e bacll aleos tHhot

M3

X = "X«ie}_-

!
{ xecCo (We>0) (EN&N) such that [Xil<e W E_s\\L'

o0
To shew %= > x1e: , ler us cie\?:nQ

=

4
w»L\oS. let namx>Ny, nsn—sm/u.;i—ll \%\the;lf=ewp Ix:] < €

MHLUSN

= (2w Js Ca.uéxs R &?ncev/'/(Za is comrletﬁ. <o

T \ é 1]
nst Slow 14

X = lim , = f K@y . b

n =S

Let % & %

f
=
be
9!
M’
x
—-TD
8
I
M3
7
‘——f—a
(\
¢
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HEETS 5 SQUARE
H S 5 SQUARE
SHEETS 5 SQUARE

P.126 . P.8 (Ceent.)

[fool=| 2

XXy S XMoo ~ Weally

= IS < neely -

Next, we will show wel' and €1 =[<y4.

De@ine X ™= ( XO\) ) RS tizas, ~~ bﬁ
ot 5 N

XIU‘) _ g qzl \ <y #£E=0 and Tsn

0 ¥ =0 O (I>n

PX™) = = 4w = = |

=l T=l

[ %] = i [x V] =1

& > %;”)—! = [R(x™) | = t%!o«zl ¥ n
= el < 0
= e QF an<h IF0=1locliy .
DePine Cr Qff —=g by
Cefy = (feen. Peen. £ed, <o)

@ @CC> :‘Q()

CR3+vh)= (@+ ¥R)(e)) = <,<s 8(&,)4—Y?\cce¢>>
= £ (3cen) + ¥ (Reeod)
- /@Q(3)+ Y CC(RA) Ve ¥ e, g;%el

= C s Tmear and @, =2 v £kl

MO(L) e x\CUUQ to Sc\avo C = guxij\eoi'tve,,

R
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P 126 ~ P~8 COQ\’\'t~)

Grven e L, , DePine

ﬁx=cq~>F

Wi S ¥ X< Coe.

M

b\f Ry =

== @C‘Pa)zﬁt,
o (px+vg) = i:‘ (pretsge)ote = fExrxit YE Gan

= LA Puco+ ¥ P v pgxew, X §€ Cs.
= ‘Fx (R ‘?r\ecol‘.

| £ =I§:%;o<;

S 1% o Io2lly
= IRlls ], = F. s bounded.

=5 ??& < «Q\/
and QC%X) = o
= C is suriective .

Hence / ce’ = L . ' Q.E.D.
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Homeuoow(i{ Noz: 32

of

pcxge 126 , Bolklem 15

‘.?f X is Q?:ntﬁe dimensionol vector e and CQJ) e a basie %:ar X, show
that @n Mmner Pmciuct‘ on X \E.c,emF(sket\\S determined \:\\S s volues

X'Jkr <€d , €g >. Can we cheoze such scalaxs Yd:?’\ M OL%Y“P\@_':Q\& axBThcw\xg

‘FQQI'\TO'Y\?
Proof v Llet dim(x)=n. v ge X
n
X=%Nieg and 8=\.§(@tet N:;,@QQF
and
n
. L n
—ij:‘ X < €, %‘éke&>
n At
= > - _
% 3 kZ:r &<QJ,€%\>
3 > el
—— 0(,\ -
3= Yzl iR e

T{’\us an innev va&uc*r on X i QDmF(efeLd determined ‘a\\g 06‘ > /@&

and  Yip ., o R=LZ, -, M.

J

T&e anxweyr tTo the '&eeonct %ueg-h‘on s NO. S Tnece

- = << L, = " — _\
m&k . Cr> <€§,Qd> %S )
1%;>O , gl e
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ETS 5 SQUARE
TS 5 SQUARE
ETS 5 SQUARE

An o&t\:“&\‘& So02

Poi\ae 140, Prvoldem §

gﬁew that Fur\ X Seguence C’Kn) MM an Tmner PYOCLLQ{‘ Space the cendition:

“/XJ‘ ” — "')C” and < Hn, X> —> <%, X> TmFl& o:mvegence Xn—> X .

Preot s [ xa | — Ix|l mplies  thet <xa, %> —> <%, %>, i,
VYeso (aNen)
|<x, x> — <xn,%a>| < &
and
|<x,x>—<x“,'x>]<% ¥ n>N.
N ow eer\s?cle‘r‘
Hx—?(nll?:kx—x“, X — Ko >
=[<%,X=%Xn> = <X, X — Kn>|
=[x X> = <KX — <Xnp XD 4 <Kn K>
= [l o s 4 TXLX> — <X, Xn >
F < X, Kn> — <X, X >
SISXX>— <xn, X> | <X, %> — <%n L Xn>
+ %, x> — <, xa>|
£ %E+{<X,x>—<x,fx“>[ vn=N .
= 5T+ l <x,'><>-—<<><n,x>,
=22 4+ [<x, x>~ <%, X> |
=g ¥ "= N].
Henee , Xn — > X. as n—> o . QE.D.

/g4
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P&Se 141, Pyoblem 10 (Zeve cperator)
ket T: X— X be‘a bounded lineax opevokor on o <emglex inner
product spoce X §<TX,X>=O for all xe& X, show that T=o0.
Q.

|

A
Vol
A
naTionaL
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Shew thot thie dses net heold v +the cone 0\3 a veal tnney \BY@&\L@%SF

P'reo"P 2 Comgs(e'x cose

Please g\‘ue me & hint how. to start the P\“éox‘o .

/ s
. Al AL S

o | g / 33 ' 2N D & e
| Gk e 4] Y- Uty Fe Yarron > v
& - “ !
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Vol
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Ewacteanal Ana‘\\g&?& 8502

R’Q\D{QH‘\ s (Qb\'\t\>

&a.‘ cage =
L.ei? X:RZ. Cmct T be c{e%?nect as %l(ww%t
% "~ X2 2
T%=T[XJ=LXJ vV xXeR”
Then V%, SeR* and =, Le R,

XX t+RY b — XX 2= £ Y
T(o(x—h@g):‘r[ ' =[ p
X2+ LAY, XXy + R,

N[-XZ\ (Q
= ==
X'} L Yy

= XTX+RTY

= T is t\"“e‘l\”, 'TF\Q aney Fm&us& 0&?* ‘RZ ' the LU&\»\&I

Thney Pm&uc"t &e?rnec{ as the @e(lom?@ 2
2
<X, §>= N +%x24 = lIxll= x¥+ x&

= <TX, X>= —X¥,+ %X, %e = O vV Xe R?

NTX = x>+ X5 = X\ oYX e R = Thi=1.

Henc@ T s a B@WH&ECt {tnear @Fgrodnrr an Rz cw\c‘ QCGHSP?G§

<TX, X> =0 %c\hc;“ xe R* Ruk @&a\/tmtd) T+O0 . 4
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o

a

i
aTEy
A
naTionaL

Pa@e 50, Problem i

et A and BDA bLe v\enemiﬁs subsets 69 an innex ‘zrro&uc% Space .
Shew that

@) A < AYY &) R CAY, o Attt =At

or: () Xe A = XLAY = xecAY . Ac A

> XeB" = XLB>A = XLA = xc At B'c A"

) A = (AL)LL s (see port &)
Since AQAL& ‘, then Pt ) TmP(te&

(\A-L-L>‘-L - A-L

: X &
Hence , A* = A" TQED.

3
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EETS 5 SQUARE
EETS 5 SQUARE
EETS 5 SQUARE

Functional Ana&g\g‘\g 502 Ren M. Q,L\er\

nge 159, Roklem T

ket (€r) be oun\tg ortheneymal Seguence MNoan mner \zsn;&ugjr space X .
Show that %\r an\x& %8 X,

& 1<t < g ens| s iyl

‘P‘mo£ : B\ks C@“&\‘S ~ Sdiware Ghe LJC&/ we howe

Mg

l<%,€»&><§g, ey > ( < (g I<%/Qk>[z. ? [<g,e&>‘z>

=1

7o
I

%j Reszel’a  n e%uoh‘ta , we houo
% , Z$ " aun = I a< z
2 I<x.ep>| x|l d E‘ <y, ee>" = gl

Her\te #

- ,
g:r [<x,ep > <y es>| s XU~y - AE.D.

\

2
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ETS 5 SQUARE
EETS 5 SQUARE
ETS 5 SQUARE

4
[E:

nvarionac

Hom&wo{g\ No= 4 ‘ Funcﬁovxc.\‘ Aho%g&?& o2 [ Ren M . C‘\en
Pi1s, Problem 4
Dexvive -From (3) the X\?oﬂcoa Tn& %Tmu‘o; (w‘x?c‘h = o?ter\ Qat(@ct -@\e FC‘LX‘QQUQK

relat fon> .

<%, 4> = ZZ, <X, RS <K, ep >

—&‘3—{.}_: Let M be a total orthonormal set m a Hilbest gpace | Conside
any x, §eH ond a subset §e:,@:,~-3 M such thot

2

% = % <, Q> Ol

J5=2 2 S8,6n> 8.

m

<x, y> = < F<ver>eq, §<§g,em>em>

D = %<x,e&> €, T <Y/em>Cm>

= % <%, €% > > <Y, em> <€ ,em>

m

== EPK,<‘X,Q%><S,Q%> ) o
; N <)
[ )} 22 o C g 1.7 S
——‘—//\q




|
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narionaL
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Hbme\ntﬁg\ No: 4 l[:mef(’FOnar Ancxjcg&?& boz2 Ren M. Ctﬁer\

Page 174 . Poblem B
Shew that any Ml bevt spoce Mo TSQmov?‘«rc wih s second dual Spac
H” = (H).

Proof -

15
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Gt Ana[\\gg\‘& 5o

Pa&e 200 , Preblem 2

fet H be a Hilkert Space PR T: H—>H « Ei\gedt\‘ue bounded \tnedwn
QPQMGY\ uo"\oze myveree s Yoeu.,ne[ee\, g«ew Hhat CT* )“‘ ex st av

CEey =i 5™,

Pmogt VX,SGH. Consider
LI, §¥> =58> =<x, Ty>

BN
=< Ty >
=< T % 5>

= < [T*rH"-1]x. 4> =0 ¥, .xgeH.

By 39-3cad . = TH(T™D¥—I=0 = TTH*=T,

L

On the other [’\ané, j} we consideyw

—
—_—

KTIx, 4>=<% Ty>

= <@ TThg>

<l XTI >
LI TI%, § >

VX geH,
= (THOT"=1.

Hence 5 (T*'>_[ = (T“)ﬁ(_n O% cCouwree , (T*)“‘ exiett .
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Pa&e 204 Pro‘)[em‘ 3
( et S=T+TP % H 51 ibore T o lnsar and bownded « Shew
that S7': S(H) — H exiets. |
PmoE: B\tj theovem 2.6 —10 . it = &x%feferﬂ‘ to shew that 8 s
[mear and (Sx=0 = x=0). Tajs 14
= | N
@ Tx§eH, x pfeF.
_ Sx+fy) = (T+T*T)(xx+4gD
& =[x +T*T 0] + (A8 +TT (p8))]
| =[x Tor I+ ALErTHTY]
= X 8 +/& Y
( \Tﬁws, K s indeed linear.
B Suppore % 2 (T+T*TX =0 = K= —(’]‘*T‘)X
Henee e hewe
<X, x> =< —(T*THx, x >
o ‘“7/ = =< T, Tx>
LV = <X,X >+ < TX, %> = O
Since <X, X> and < TX, TX> are hoth Y\m~m$dﬁ\,g‘
= A% %DS =0
By theorem 2.6 =10, 7' exicte. )




o$

| ] |
Homemﬁf& No4 ‘ Eunctiona! Pmoiku)gts 50z Ren M. Chen

que 207 . Rddem £

Ef T H—H s o bounded aef —a&de:n‘c [tneax erexodm-\' ond TH

then T +0. BReove this @ JFm n=2,4,8,16, -, Cb)%‘f“% N.

Pmog= T#+o = (IxeH) TxX=o.

<T*%X, X> = <TX, TX> =0 <since Tx==o .

B\g 2.9-3tad, Tl Moroover T X0,

<TH*x, X >=<T2X, T2X> #+ 0O since TZX=%£O .

Hence, T* =o0.
i%\(g o Hiura( fnduction , Wwe c\cx,ue T“—r":OI N=2,9 R, 16,5~~~

() Assume that T"=o0 % ne N . et N=2.P'>Y\' "rf\er\
%5 (), TV+o. But TN= TV (") =0 which s «

contvadictton . Hen ce Tn o 'FU"‘ =il ne . )‘%




Math 502 Assignment 5
due Friday, April 12

1. p. 224, # 9 (cgunts as two problems)

2 p. 924, #12

3. p. 246, # 10

4. If T € B(X,Y), then T € B(Y',X') and T” € B(X",Y"). Show

that if X and Y are reflexive, then T and T" are essentially the same
operator. (State the result precisely, then prove it.)
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o1
Po&@ 224 , Peblem T
et \f be a bouned linear Punctienal on o &u‘o&FacQ Z o a
SEF(M&UQ Ylme@A SPQQQ A . T!F\er\ ‘te'\er exists a Ewnéec\ linedx
%.md:forxa\ ?or\ X mh?ﬂf\ s an extenston OF {3 on X Q“Ct
":F"x = “fﬂz - (Rove without Zorna Lemma>,
%QE: X is geP@.mUe. Thus theve exists a ceuntahle subget

()

Y = %SY\ ’ $.eX ., 3,\4}2 , n:\,2,3,~~~} such thet
Z,/é/SFar\ Y3 s dense m X -

We -Ffvst- assume that % s Y:eo.f—vdue_c( on X.

o
~s

|

New let 2= 2@ &chfs,}=%2 -{-NS.‘ZGZ,MQP
Let us extend f to the space £ E\\g *a%’ch‘n\(f
FE+ragd=Fe+ = F K

wshere F,(S\) e chosen SQQV\ +hat

52%% fcza—(@nijzl—m,u s Segds ;éez Iiﬂ(z~llz.+o;t§(lf -fteq.
First we note that such a HQ) o&wa@g exists. T
Shows this . let us consider the 'Pel\om»‘n\ci Pact 2

o Bray) + %z f20 = Peatizet oz

= Lo Br— ot eyt e Byt s YD
s |f (2B = o0 o+ otey +<x\o<L$\)]
SIple ot (Ra—se§) + ot (2 + & g O
S ol fllg 122 =R+ o UE N e[ 2o
= | |
£z — e N2 - gl < MBIz -zt - ARG,
X2 oy
Y X, X2 TOo , 2, 2:€ & .
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02

K\I

pa&e 224, Problem @ Cecont.)

Hesse, s bisw e ofguouag existe sudh o B WO &ai*rs\?gfng (

Tt is trivial to see +hot f‘ & linear , veal—valued

Zi. Maeover from (%) we have |
FflErey))=Ff@+afie) < ISz -tze ol , ¥24

and

- ?\ (Z+°<S|):?(—Z~‘>< ¥ s ”\f“z I=2—o i (=NLie N2+ o

= 1§ @Ol s 1Rz g ey
= [fillz. s 1§f0=
vaﬁeusixﬁ , Rz, = ISl

v2:e¥€  ,xehk

=

1§z, =050

v/ i !% % wwﬁ*ﬂ&u\\&j‘ mon& &\-efs OP‘— fnc&vmfaons , e Q"\OU\) ""no\:t'

|theve exists an extencien j_3 o R oon = Gspan T3 such
Hrat [(?N 2®spon €Y = ((fl[a_ T+ Polloves %rem Theovem 2.0-u

That there existe an ©xtension ’\§/ of f on ZEspanIY3 =X

o

&LLCL Haot “?“x = “jzﬂz O‘? cowrge

@ Now Suppose  thot j: 'S eom\?{e»(~uaiuen\w Th this cose,
we can %o[(ew the ‘r@u‘rth,Q&x‘UQn t the olasst ov text.

T‘E\e et >$o\\om& *brmrof\[é_ L

Z.n :-@PQ,Y\EE U%’(;,\w,XhiE

\F s beunded ound [\‘neo‘.x“

. E, xXe R

!
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Ren M. Chen O3

il

&g&&%ﬁ‘:&,‘ Problem 12

To

and '?Fr\ct t"\e -P{.LY\Q‘\‘EQ Y\cj ?

Hustyate 'Tf\eoxem 4.23-3 . Let X be the Euddean P{ane R*

Se

luttons et o = (%')eﬂaz ,

+0
Xoz Xo '

Xoz < .
et g, = <_X°l> € R>. O&autau&kg , Xo e are (?Y\eaf‘\ﬁ
dependent . =>  (FxeR?) @eox, fAeRD
X = Xx Xo t+ /&xgo
Nou.\ J cie?me o ‘Purr\c'\‘tor\oj f on ‘RZ &35 Qe’th‘rj

- Foo = s tixl.
We shall show +hat ? has all the propeviies we need .
?Cx—%g) =5€/(c><x'xb+ /&x g, + 0(35(0+/&&gg>
= (otx + ) I = A‘T;oo +?cg)
?(“"0 = ?Uxux'xo + xR o) = otetx uxg\\zx{?&)

¥ X,y e R, vxe R, :>f R [tneax |

‘?(K)[ = ‘?/(0(5(9(0‘('/&7( 'ﬁa)l = [ | ~ (%ol
= [xXx Xoll S jlxxXoll + \(/&x Woll

= "N'x ‘)(0‘*‘(6% go“ (Oﬁ‘*e o 9<o—‘—§§o>

I

it il

o~

= & =1.

Nste thet  Plrod= lIxol = (FI=1. Qe
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Homewmg No: § !Funchonu\ AY\O.(\\J[S?& 502z Rea ™. Clen

Rge 246, Pyoblem |0
Show that j? a noymed QFQQQ X has o hnecui\ug {nc&e‘:encier\f

subset o¥ n e‘emer\f&/ so does the dual Spae X,

PToojE: Lei— g’)ﬁ ) Xz, ~~~ 'Kng be a [\‘r\eax{& \‘n&ePer\clenf subss
O‘ov“eua(\\g , Xi¥+0 .,

Let

T=V,2;, 5=, 0.

Yo =
Tg\eh b\\& Lemma 4—\6‘7‘, treve exist a jt GX/ such 284

[Ull“ 21)

We Q(Cvim ‘t{7\ak such %L ; =L1, 2,~~.,n oare hneoo(\&

BPAN 5 i, v, Koy, Kat, o

FL(T‘L):Q , Fi("(c)¢0.
TY\CLEFen&eV\J\‘. Su{bpose net. = (E{ 2 €EF, U=),2, v, n)
such -HAa:,t' at (eqs& eone e@ Xz, gqii Nk, s Nonzevo .

‘O(:]Dz, =0

?IIM =3

M oW Con e?&ev‘

i Pl = qk%lbq@ +

T’,Mj '

(Z:‘ o o) (xp) =

which ts o controdictian . Hence , we show that

X/ ch‘s. < ‘l‘r\ecnr‘(s rncgeFan(er\‘b subseot @P n é{eme

g'{l‘; '?z, Tescl g Pn§ \

Y\o.mQKS 5

',\(“E Y t:llzl s, M.

A.E .

ol X

M sveover

o,

nte
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l

Qhew thet 353 X oand Y ave Y@‘P\QKTUQ , then T ond T

Preblem 4

Ef TEBOGY), then T/E€B(Y/, XD ond T"€eBWX”Y”) .

are Q%QV\HM&S the [ %;me\, 1€, Hheve exists an igomoYFl"Cgm
A RO, Y) —> BXZ, Y7) such +hat @l s 1—1, &Ca)=B(X,Y)
R(A) = BRX”.Y7) @) =T7. {acoi=hT"i=uTil.

i*‘ﬁg. ¥ x& X |, debme §, €X” b\‘g Cx (Br= PO v Pe X

| e Y, dePme Jye Y7 by Iy Rr=Reo yhey
aim: I X =X”, ¥ =Y

Then Tx =g B TY5= 3y

/ D T e T ? ) ~
o L N 7 z\/ ) i - g i - a. ./
e 14 5 d 5, / pAX
¥ y
— /
~/ . N < i ;] /,/
7 o 7y — / £ — - 7 p
ok T %
. o i /
g % " = af el ‘ ! /)
= { o y / %




Fvuhc{-(cnoi Aho&a gt 502
Ren M. CE\QY\\ z% O

APTT‘ 29 . 1?9 E

Hemewcﬁ& As&?&anV\t G




Homewor%\ No:= 10 Functronal Andlyeis 502 I Ren M. Chen
N

of

Page 255, Problem 10
[et H=O}U;) ) Wd—e@:, be =such that 2%7‘3 cenue@e% Pmngue\&
x = (i\f> € Q,, where &, C 0% e the QL&;S‘OCLCQ DP adl Qem}:\ex

Seguances O@Y\ve@\‘n& to mevo - Show that Z:[ﬂdl <co .

PTOOE < 83 G- previeus Rcmewcvg\ PTDB\QM , we PLnouo that Co e o
OQmF(ete guSanacQ o? £ T\t'\ug Co e o Ranadh pace it neuad
norm M 2%, Now, let us buld a sspuence fincar gpercc\-cnf‘Q

(Qg'so {L«nc’cwnojs f this case D

Ta 3 C ——= ‘ n=1,2,3, ~~--
& Loy ‘
Th x = % 5 %\’ ewev& X=C§S3 € Cs.
O‘avteus.ﬁﬁ, T » m=V,2,8, vy foxe. |inear,
| Tax | =[Z & ' Rz = | -
nX =1 8 M| s max R e R Z ’U'Sdzz‘l’gl«nxn
Tt s Sasyq (some simple alﬁehm)t-c chew thet (Fxecs) Ixi={ and
N } L4 7
I Toxl = 2 Il Thas, ITall =2 151 s baunded, Pue o Z & converges,
we fet Ué G = 3. Then (¥ xec) (F0<&<oo)
n
IGZ:‘EJ n\ghg)({g a V Y\:—IJZ,B,‘\’
n
R R R IR S S P - SR

BS the Ltnt?c‘(’m Bounded ness Tﬁeo‘revn/ (3£

n

T =

U:tlT\IS( < < < Cco gi Y\:‘leg, & ws

Hehc@ "

0
= Ml < e <0 a =D,

J=roJd




Homewsd No: 6 Functional Aho[gtx‘& =or Ren M. chen 02
91%@ 262, Poblem 4
( Shew thot  xn == %o implees v R lIXnll = 1%
Preof s Firet we note ?j? Xo=0 . 1im I Ixnll > © = IXal.
New, suppere Xo®o . %\as Theovem 4.3-3, there exists a bownded
o linear Fonctional f on X such that
nEu=1 ond : f('&e)=[(%o[!.
= Thus . l}v(xn)r s nj?\h fXuil = Xl . ~-. e
:2(5 An —> %o »‘m]::lres. that §CX¥\) — ?Cxo)':- Wxoll =
(B [ — xell . as w-soo. SECE'S)
T&en s *h;tvicxt to =ee \D-rem x) omd (xx%x) that
h\;\_f}rﬁ IxXall > y'\'_flo lj—N’Om){ = || Xoll . QE.D.
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03

:7 ~ ; QLEDD,

Pcege 262, Proklem &

T:‘f “Xn —2> e M O normed space X, shew that e &Y , where

Y = SPOJ\ (”Qn) .

Py‘mg : We prove this Pmb(em b\\S contradtetiton. ngPese that %x.¢Y]|.

Tet Q= mf 1T-xol >0. Ry theovem 4.6-7, (s?’exw

Fey
=1, f&¥y=o0, Foar=¢.
Hence ?(Xn) = O, so0 +hat (f(%n)) does net %Y\\;é\ﬁe

[0 5% e
t+o fﬁxo)‘: e >0 . 'Tgxrs s o OE)Y\WA?Q&'EOY\( -FE\LL%) Xo€ Y,




SQUARE
SQUARE
SQUARE

H:emeubmg\ No =6 R;.nt“‘iov\g\‘ A“a‘&%t& %Z] Ben A - CC\QY\ 04

%ge 262, Problem &

Y

I:f (X“) s <« wea;Q\(\LS eanuexgenf |sSpuence M o nmrmec\ space X; Sﬁ-&
Kn = Ko s‘/\ow thot fe\erq s o SLG‘EJ.LQT\QQ (8»«“) DP f\‘r\eo.x etamta

eP e(gmen%g oP C'Xn) vsh e c&nuerﬁes Q'\'rw&{“ o Xo .

ngt BS the previeus problem , we Qmem thet Xn 2> Xo Pmplies

ot SRS R
Ko € @‘{bom (Kh )

TE‘H&%) 'L":\e\\g exists o ssguence CSWO S Span CXY\> whech
@en\;e\@e& o XKe , 1.€-

"SW\_()(O“ = ) A M = oo |

= CSM) eor\ue\aee. o Ka w@(‘%'

f\)st"e, ﬂ\q& (SW‘> < SPCLY\ (Xn), ’\'EentQ, QO\OR Sm TS G (Fnécur

c@m‘tﬁnc\:‘vt‘on o% e‘emer\'&-s. ﬁP' CKn3 ‘ AE.D.

PQQQ z62, P‘fb k(em 7.
)

Show that @nyg cloved %uh&‘:ch T of a nemmed space X eontaing

the limits Q?— adl weq@e__{g ef.w\\;@n@en‘t sSpuen ces o{l e elements

P‘r‘bcg B Le-t- (Hm) C_:-Y \)Q an eraj{(\lg c,er\\)QT&@n’t' Seze,uencgg, LQ*\_‘
Xo be Tts limat. E‘\S Problem 5, Xo& sSpan (8m> S Y

sSinee Y = e(o&ecl. ' QRE. .
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1
!/4’

t,
//’l

'!‘_/ = \)C)ang‘) gt {lcx(‘,) VLfGX’ as fsoo

Heme u)oxg‘ No:6 Eiictoanel Ar\a(t(‘&?s Ren M. Chen Ot

f%ge 263, Problem 1o .

A rormed space X it s:oid to ke weo.&(& complete T‘f each w@& \

CQ/ULOI/\S seguence m X converges wm&‘\xg m X lf X & veflexte

Show Hhat X = w@o&\Kd Q@m)a(e-tg..

(¢4

Pmof:: First e note fhat E\xg theovem 4.6—4¢ ¢+ X 1% re?(exwe me:[te

X is cem‘:‘e%e .

Now 0 (E ¥ ( ’Xv\> Be o} u.aeag GO-&LQ;\\\S @Q%uen ce o X . Bﬁ
: o
T?J\UJ// . Poblem @ G-P thie sectton  (Xn) e Bounded . H%nce,

e Rqs e Ccu,\ej’\s (Fr\ hwm> %ujoee%wence C%h¥\> o

X is cng\e’c@ = C’S Xo GX> SuQ‘r\ '\“r\Ovt'

/ Xn&ﬁ Xo S &—>oo

Stnce () s Qauchy = ¥ FexX’, (f(x@)rg.w‘ﬁ
\ -

Buv’v s cbm?{e“k’e = ECXA) mae & cev\vé,ﬁ'e'&b &
alemerd in T ewhidh dn i T PCKO) , el

?C’(n} —_— ‘?CKQ) ;i AV‘ %Q—X/ .

w
= ) X n = Xe & X . Henae . X s wecg&a
cem?\e’ce . . RLE. D
\\

o - {/ 4))4 ) (/7-%[’41 (7/47 f\’."/ ‘{)lf’ A /7 jQ« ) /3 VAo &/ >/

/ 4

" ) 2 ) " , A &
(i(/’( L ¢ v yu N gs N U éj"z/p 1 nd i< 7

[/ p -, P j Vel g”

- U

§ ——

N m—
e —
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50 SHEETS 5 SQUARE
100 SHEETS 5 SQUARE
200 SHEETS 5 SQUARE

{ .381
382
| 22389

&
%&V

nvariaonAaL

R'.Se 269, Poblem 10 .

Let X be « SQPG.XGJQ\Q Banach space and M € X’ o« bounded seft.
S"\ew that eue\r\(g sSeguence e@ ele mente C—P M centains o

contaant o subgeguence wohich s weclkX Gev\\)@,@@'\t‘ o an elemept

of x7.

M Since X 3 8@wa‘&h\€, there s a csuntable cet -
F%0s Ray v b K 4 ey wr\tct; fs dense m X.
Supposa  the seguence (5.\) gk &%, M ps bounded |
Then +the numerical seguence,
ST 8P O Yy, et Bl Y ) s
te beunded. Hence, (fn) contarns a subseguence

SR A -
R ‘“’fh)“*

such tHhat 4the numericdl [spuence

F oo, 5000, oL £y, o
cenverges . By the same token , the subseguence (Fa”) ™ +wim
contfouns & subeepuence (fh“’) such that the wepusnce

j:lu)Qh) , gzcm (XY i :\\,/ 5;23(’)(1) T
Cuwe@e& . C::mtrmm\‘cﬁ this censtructien, we §ot A sepuence
e% Sepuence Cfn&)) k=12, .. such thet

) ()an&“)) s a S&ﬂov.e?r-ue.nvce DP Cfndb> %\rcu\\ Q\Fl,z, ek

S
2) (&n )Oamue@e& ox  all points ()C\,Xz,“')')(g{_
‘}\)awl ‘H)Q‘Tn@ ’é’\e “Gcecﬁur\ci ge(‘@uence "

j:U) ?c_y,) oy
ro, . L, Ny n pERE

Lo e &Q‘_ o [eRuence ®P ‘oeumo(lec{ f(‘y\-@qr }@unc{-im\a,(& Mmoo M osuch '\L\cdi
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Poklem 10 Coont.)

\ﬁ(n (%) , f}(n(x‘o s

converges S\QD‘V\ all n. Hence, ‘36 theoyem 4—\9"—7 . Feo.
<P thc"’ ) € M = The sepuence (Il\slnc“) W) s bounded
(&) (Sﬁ”"('}()) vs QCLLLQ"\Q SPDY‘ ¥ X=E%, X, v, X, U.}

tshich e o dense  eubset OP X -

= (53“&“\) e,eh\yQ\'&e& anak\ts* to an §e‘><’ . (= o




