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Math 502

Second Midterm Examination, Part I February 20, 1991

1. (15 points) Prove that £; is separable.

2. (15 points) Let X and Y be normed linear spaces, andlet T : X — Y
be a linear operator with D(T') = X. Prove that T is bounded if and
only if T is continuous at 0.

3. (20 points) Let X be the space of continuous functions on [0,1], en-
dowed with the norm ||z||; = f; |z(¢)|dt. Determine whether or not
each of the following linear functionals on X is bounded.

(a) f(z) ==z(.5)
(b) g(z) = Jy =(t) sin(nt)dt
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Math 502

Second Midterm Examination, Part 1I February 22, 1991

4. (20 points) Prove that £3 is complete.

5. (15 points) Let K be a convex set in an inner product space, let
&= 1£1}f( ||, and let (z,) be a sequence in K such that lim ha,ll = 4
Prove that (z,) is a Cauchy sequence.

6. (15 points) Let e, ez,..., €n be orthonormal vectors in a Hilbert
space H, and let Y = span{ey, ..., en}. Given z € H, let

n

Yy = E(z, ek)ek.

k=1

Show that y is the best approximation to z from Y.
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Second Midterm Examination, Part I April 3, 1991

1. (20 points) State and prove the Riesz representation theorem for bounded
linear functionals on a Hilbert space.

2. (15 points) Let H be a Hilbert space. Prove that for every T €
B(H, H),
% 2
IT=T| = 1T

3. (a) (10 points) Prove that the polynomials are dense in Ly(—1,1).
(Quote the appropriate theorems from Math 501 and use one sim-
ple inequality.)

(b) (5 points) Prove that the polynomials in Ly(—o00,00) are not
dense in Ly(—00,00).
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. (10 points) Define the canonical map of a normed space into its second
dual. Prove that the canonical map is a norm-preserving map. At what
point in the proof is.the Hahn-Banach theorem used? Define reflexivity.

. (10 points) Let X be a normed space, and let T € B(X, X). Prove
that M(T) = +R(T’). At what point in the proof is the Hahn-Banach
Theorem used?

. (15 points) Let £., denote the vector space of bounded sequences of
real numbers. Prove that there exists a linear functional f on £, such
that f(z) = T}Lrgo r, for all convergent sequences z = (z,), and f(z) <
limsup z,, for all z = (z,) € £u.
n—>00

. (15 points) Let X be a vector space over the complex field, and let
X, denote the same vector space, viewed as a vector space over the
real number field. State and prove the relationship between linear
functionals on X and linear functionals on X,.
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