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€31 Metric Spoce

® X = nonempty set, metvic on X is a function

O X x X —s R
such thet
(CI) [O(x,%)—-:o v+ xe X

(i) {OCX;S)>O ‘j x =Y
(iii) PCx;&):ﬁ(g,x) v,y e X

4

L Giv) /OCX) 2)< PCX) ¥) +,/O(g ) ("tvfa.chuIam {ne%uo“(i{itg}

® (X//O> IS & mebric gpace , aeX , ¥v>o0, A ball

Ry (@) = %xeX | fxx,&><\(3

@ ASX , Ails open 5—) v ae A (E‘ X>0) Br@)SA.
@) EVSQS Rall 7o Open

@ (X, f’) & metric Spaca . Then
)Y @ ond X are open.
n
i i) z, T 7LY\ ) v .
Gy W, W are open = \LD‘ Wi s open

(i) W s Q-Fo;mi‘\tg Q\Q open ée‘i& = U is open.

© ASX, diameter diam (A)=sup§poo | X YEA?
*{5— daom (A) <o A s \‘DMQXect
}5— diam (Ad=co , A s unbounded .

@ Asx, xeX, dist(x, Ad=mfipocw [§eAn}.
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ASX, X,SGX=>{c&\‘s’ch/A)—disth,A)IS/DCX,LQD‘

§3.2 ToFo\'ogrca‘ Spaces X = nenempty st

® A topology s & set 7 of subsets of X such thet
) € %7 and X e
G Wi, Uer ) Un € 7 = t(:\lux & 9,
Gy e = Unc o

[AQCQYC&TQ% to the text beck_ P95, members o? 7T aye e:ch:n-[

@ (X , C’Z/\> :"\'BFC)[O&TCCL‘ SFQQQ , ae X 3 A Y\%\'\Bov"\cﬂc{ Q'P Qv

'S Q. open set thot centaung U .

® D= X, ae D, & g on mterier ‘Dornt‘ 0% D rg a has o

hei@)h\bof‘ho{cr that liegs in D. L(E e or &QHEDJ .

® Titertoy o(l D=D° = %)(le- D , o 1§ on interior point QQ D‘>

J

4 D s on open set
A 1 is open i ¥ xe W (T nbhd G of x) G,

A U=D , s spen => 1t 8 Do,

YD is the lcugeat open aubset e-\1 D!
A D“:U%m[ux‘s open , usb}
A T g spen Iff =D° .

® D e desed & D e spen where D = XN\D .
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A (xX,7) :—_-to?o\oﬁiccﬂ Space
(O @ and X are closed.

n
G F, R, -~ Frn closed = sz R Jdesed

Gii) F {:mm 5 closed sete = N F closed.

A D° s open
A USD, Wcepen = uUsD®

‘D iw the &mﬁeg‘&* sFen qset contaimed n D
= U%lk‘uksb Y W ¢ SFGY‘\§

A D s open tjf De DO

@ DeX, aeX , a ig a limit pont  of D iff eoexi nehd

6’» o ontaing o point OP D ether than o .
A D s lesed »f} D econtains its )inak Pom’t%.
® Closuve D =DU ECLE Xl & o a limit point of DE

A D % doged .
A E=§qexf(vme?)(aeu_ﬁ>Bbebﬂm)}

4 Deh HBidesd = b op
T s the QMO:,“Q,Q{— ciogeci coet contoan rn\cg D)
=NSFIF2D,F & dosed 2

A D s Nosed F‘Sag D ‘:B .

4 (DY= (D)
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A oD is a cdosed set and 2D = B\DQ

® Haucdorfd Space

A Hau%&sfﬁz gpace T8 ‘tDPD\O&fCQ‘ Space such QV' X € X)

“6—’ axrb , then = open Wa and Ue such that
A€ Ua » be U ond Ua N Uy = ¢ .

A Eue@ metric space iy @ Housdorff spoce.

4 X is a Hausdodf spoce = finite subsete are closed

A X v a Housderf] epace , DEX, aeX ond a s a
| foit point of D = ¥ open U %Mn?ﬂ& a, UND has
ir&(m"ve[j man\c& peints .

@

0{1 the seguence %

¥V open W) (XeUD (AN) = (n=2N = X cw)
a4 T, o Houskerfp Spoce , a seguence Can hove ot mest one

a (1) Tn o +topel tcal gpace £ (Xn) & D and Xn—> x.
PR pox

Gi) Im a metrie pace 15 Xe D, ;'5(3 (%) S—D> Ky —=

4 Coml\ou’g: In a metric space , XED RS (3(9(“)§“D> Py B

(Xn) co‘n\/eY‘&QS to X DQ emevg nbhd of X conteing o +=il

04

‘Tm‘u’k’.

> xeD.
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® Subspaces
(X, F7) = ropelogical space
SeX ., Relative toplogy on S
Ts = {GHSI G e ?7’} => (S, 7T:) s a tepelogical space.

(%, ]0) = metric Space

BEA P :"flsxs,

(S, /os) IS @& metyic &‘Dc\ce a

A The TDPO[OSS on o veduced bﬂ the metric s the some as the

velative %opotogg .

. CDYY\PQCET\Q&%
X, )= 'tOPG‘OSTCCk‘ Spoce | K = X,
An open sover ig cx-{zcm\i[j AW S T such that K E Uw .

r)

® K s CQW\FQx:'t- 5 euewfs open cevey hag a Tinite aubesver-.

h X = Cemg:xkef, Kgx " K s Q‘osec; p Then K s Q‘Q“’\‘)C\Q—i'
4 X is Haowedofp - KX , K is es:m‘scxcb Then K ts closed .
4 X = metric Spoce Kex , k is @chxc:t', _ﬁ\er\ K is bowncl&c‘ 5

® X ig a metric gpace , Ke X, K s sud to be ‘Ec‘ccﬂ&g beunded

it ¥€>0, K can be cavered bﬁ a Pmite number of balls QP

yadii & .

A X = metric space, Kex, K QQmFQJ:i“‘, T‘\ev\ K e Jtctcx\\\tg betung

To ‘C&((@ \OG*L\J\&EA Tn'\F\ tes be uv\'\ciec“ .

ed
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A4 KSR", K is bouwnded imF\Te& KK = hﬁ\\iﬁ bounded .

@ Box n ﬁln
X2

Xy
B:EQQ/ ‘biTX[(ll/ bs I X k\\x[aw/bh] = %\ X::(
t Xn

eR"

asXighby, 1=

2SNy ‘y\j

& LQ'C Bt?/ Bz?@g - be QSE%&LenCE O'P \aaxeg m Rn ‘&w:i\ *l-*i\ci.‘t

iam (Bg) —0 os koo, Then
R

A Heine — Revel Theovem: B < R" e Qmm‘ooa‘l’j ?fg F = deoved & ‘a@um&gq\ ]

A X=wmebric space . Then +the ?‘s\\ow\‘r& gredements oxe e%mv&[e.n‘t (ke XD
Gy Kooos Compest
G Buery Wnfmite subast of K has a limit pernt n K.
Gi) Eve_r\“\g sguence ™ K hos « %ubﬁe(eaence Hhok cenueyged +o

a Fbir\t’ n K

. Cormed‘hesg

(X, T) = fefologica‘ Space
(i) X is digconnected DE (FwveT) uto, VFo,

unv=aqo auch thet LUV = X .

(i) X s connected ij: it s wnet discennected

& X s connected tf s on&j subscte that ave beth open andd
closed ave X and @ .

@ S<X is connected \\f (. Te) is a connected space .

A JScSX s a disconnected iﬁ (IW,V € 7)) such that

WNS*=8 , VASE®, UNVN_=¢® and S UNV.
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A S<SR ig connected ¥ S i an interuel. Ty pesrticudar, KR is connedted

® Completenesg s (X, P) = metric space
@ A C&LLd'\S seguence in X i a gepuenc® guch that
(ve>o) (N (¥ w,mn =N P&m, x> <&

A C@hugr@eni‘ FmF(te& Cmgﬁx but Cq,,.m{n\(g Aoen net Emg\\\i Qﬁ\'\véxfent,

(X, (D) e Qmmr\ei:e 15 eue\QS Caw&h& weQuence i X C@anx@Be& to
aC Fainft in X. (ﬂa/ RW, C,C" are %mﬁ@t%)

A X c,omP{efreg L keXx, K e comr\@&e rﬁl K s c(gge& ‘
E Ue*r\tg C@mF&QTt metric QPQQQ i Qsamﬁb\fe-%;é .

Th metric spoce Ke X and K QamFQs:"’C = K COmP(QJ@ el &oml\ij beumdeci,

e U= nonemp{x set , BE)= beunded complex — yalued Fonakieng onf S
JeBe ¥ supf Pl ‘ Se%} < oo
PE.3 = sup { Ifo-geol | 8e 33

A R is CemP\e;te metrie @Fem@

e s denge in X \JQ B =K

'S nowhere denze n X Tf <«”'E\>O: 2

> >

s DJF Liret caiem in X i§ A s o cewntalle unien
O€ newhere dense sotg . ~

A s 0{‘2 2ecend codcvegmtg in X Ijz it 'z neot GP 1=t Q&&Q&d
A set ESX s called vesidual X R E/ ts of et Qedegs

e

A BOLL\'Q Coﬁsetpe‘cﬁf Tf\@g{@m ! X s a wﬁ\?‘éﬁ% Mmeftric @FCmQ y
o9

AcX , A ;s 0? 1et mﬁg&a{% = A = dence in X .

* E\/ey\t,g o,amP{q&e metyic space s a? 2&3 Oodte&cgmﬁ n Itgef,

% d
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Review S"\eots
A X je Cam\D\QkQ metyic epoce . Then eueg countablie Inteycection 61‘1

®Toen denae <ete (& denze .

® | i and Cen‘t‘\‘v\.uki%\&)f

X and Y xye {—ePotogfcq\ ‘SPOLQQ&, Fﬁ X — Y

b ST X ae X, q?&q\?w&%\boiv\'\‘es%g

Jm fod=1b. beY  means
XeS

¥ orbhd V. oof b (2 vbhd W o a) = ¥ xeUNS\Ka?, '{)DOG

&

A ]\:5 Y iz a chrsc&enrﬁl SPQQQ_

foxo—b as x—a (xXe)
= b= ,

§OO —>c e x-—a (Xe3)

® X ond YT arw Jmpoic&icd Spacey, , Pr: X —Y

pe X . Then ? is continsua ok P 75
¥ nbhd  V cf £ e (F nbhd W o ) Fans Vv , where

§Fao =$foolxeuy,
* \j: IS continsug on X lj? CJV‘FG‘X) ? (8 contimeur ok P
' § g contimeus af P fﬁ’y

> p = an isoleted pomt of X

Gii) )};P foo = Popy

Y

A §:X—=Y. The %o“ou_ﬂ\ii are eguivolent
Eiey= ?xeX | Sy &

/)

o J\b' X centincus on X
G V epen in YT = f“(\/) open X
(i) B <losed v YT = f”‘(%) it clesed i, X

AN |
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A (X/P) , (Y, 6) = metric spaces f: X = Y, +the *@o(iom?w\(ﬁ
ove e%uiua‘ev\‘t»_
CI) § 1 contineasy ot P:
Gi) (#£>0) (3%>0)((0(9<)6><{; = & (oo, Ty <e)
G (¥ (x> EX ) (Xn—=>p = §xad >R pd) .
® Uniform Covt‘cinuitg
(X, (07 ’cm<§ (Y, &) are metric spaces
f: X — Y.
j: is \mifcm&f cont imuoug \5 (#e>0) (3 $>0) (¥ Xlgex>
((O(X,g)< & == 6’(§(x>,fcg‘>)< e ).
A X ie QomFag:‘c, Ft X —> Y s contineus “—“>§ = ww‘»?@ymkg ks .
A ComPud‘:‘ne&s P Ceo nnected nesg cmc\ Qéh‘i:iﬂuiE
X, Y = i*s‘:oﬁﬁtcai Spoces F: R ¥ 12 cbe on X
A< X . Then
Gy A :gcngmk = F;) e compast
Gi) A is commected = FAY s connected |
A 5§+ X —= R ie ets. and X i compoct . (F w,vex)
such +hat §ws:§;§ Fooy and 3@(»,\{):0;2%( Foxy .,
A _5: X =R is ots and X ¢ conncrked . then §O<> s an intevual |

A [, elJeR, F:l,bl =R ad ate s then (3 <. deR)

sueh +hat f(t&,bj) ={c,d7.
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A Toiermedicte Volue Theovem
§: bl =R et . T §, is between f) ond $CB then

(Txoe Lo, bl ) Fxod=Y,

A X: C‘,GY\TPOLC:% J Y = HQQ&(&(%YW
5:= K== T R entineu our\ci one —teo— onae |, H\QY\

=5 D =) . .
5 N j D X s econtineul .

= Uni?orm Conveyrgence
2 J
X = hien en\P%ﬁ‘ cet

f: X —> C

J

@ () is Pointwise Ca.uc&\_{ 5 (FE>)(xex) END (Fm,m =N

& (f—n‘) s U«mf@f\mi&j Qoucln\xs ¥ (We>o)EN) (FxeX) (Wrmn=N

A T, C.

{ pomi:mise} f poinfwise

conveygent <«
L uﬁfowﬂ\\\j N j

b Bk
Lun?form\\k&} \LS ‘

® Servies of Funchions

>0 n
> 5o, SnOO= = S

K=1

Pointwige

kZ:‘ §e (XD convevges :LTTTj;D;ﬁ:\g ?E %Sn(m} cmw&@gg Rﬁgis&‘f\\s‘ )

e T — & pointwise j— TeE>a (¥ xeX ) EN)Wn=N) [jfncx -foolc g

® (. ->JC mﬂfovmt\tf Eji Ve >0 (HN)(VXGX)(VV\ZN> 1Tn O _§(x3\<g_

‘JCMLX) —.ﬁl\ 0O \ =% ;

1jzm (x> “f N (X-D\< Si )
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& Weiorstrogss M —test

Suppose (F D (3 Mg 20) feCOISMe (¥ xeX)

oo

and =

A X=+DPoto@tm\ Space gﬂf Pry X — @ ‘s ote .
Sn—=F% &h?farm&j = § s ots.

A Dinis Theovems

X = eochmi' Space
Suppore ¥%“§ s o nen cgeemaQQQT [eguence eje contimeus %(?Lmo:ttg
C Y

P 50osfioos s v xeX I and Fa—=F pointwize axd

\f— IS contivieul . ‘ﬂr\en fh -~>§3 wﬂtfefm{d .

11

o=, Mp <o . Then é‘ Lo 00 c,em;e&e& wyxfc?ovm& (qhgui;gii,%)'

R, .S,
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® Spaces CIX) and CY(XD X={”°P°‘o&“co~\ Space

BX) = bounded {)vmch‘m-\g j}: X —
PS> — mp |0 ~geo

fe R(X> ¢ &up%)'fcx)}}xeX§<co.

CXD = % ?eBQ{) I  is centinucug en X}

= " ‘bou,nciecx and continuous ‘FUT\Q‘\‘EOY\& en ><”

C(x) =54 | §: x —RZ .

& CX) and CV(X) ave ComP\e’ce .

@ A\geﬁomm Sm(c;we 2 o
F.3e CXY, Erpoo=Foo +gedel(XD
o= 3}00&00 e C 0
Xe € (=PHoo =xFooeCx)

COX T an dgebra sver complex €.

CYO(> s an Q%e&ar& cuey R

] &ubaﬂge‘om AN &C\’oa%@%fq 6}? CX) = o suhret A thoet

S ojg&ec& umcier o\cﬂci—tm\/ m\dt\\‘b\tcc\iron cu\oi &Qa_\cu« mv\i*’ct‘s\tc

® Special cose ; X =compack space
COO = all continuous Punctiong en X
X=Ca, bl Cla, bl = continuens Punctions on Ca, b]
Pla, b= Pc\ghemioj% w tth Comlo\ex coeflicrents

PTa, b]= FQ‘& vomials wWith  yeal ceeffraientg
Px> s %ubogﬁe\om o%— CCx)D %« m@ cemporel X .

bot-cor.
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A Jasicol Weierstvoss Theovem

PY\[CK) b] = éen&e n QYtC\, L.
P tO\} \D] = c‘en%e m C EQ) &33 g

® |t A ke Q,S\xSoa%dc‘(“q Dg CX) or CY(X)

(3

A sepavekes points i (- YEX D X+§ s then (3 Fe A foo+ .

A vanigheg mewhere ‘f (¥ xeX) (aj’e/—\) PO #o0.

A Stone —(Weterstrase Theoyem T

X = Cbmpo\o% A< CY(X) i a veal Swiaa%ie%ro\ thot

&eFavoieg Fatn‘\'s Cunc& \)oam“eke& nou,);\eye . Tg\en KV:QY(‘X}.

® A is=lf—o ot 1 PeA implies thex FEeA Ceomplex cery

A Stone — Weierstass TE\eovem I

X = compoct- A SCOO 1= a eemrlex @uha%%r&,. “threck Sspavatelr

Pc?n‘b& and vanitshes newC\ex'e, and e Re(f»o%semt“. Tf'\en

O § and 8 axe Y@Q‘ VO—QA«LECF %VV\OZ%COY\&

upper emro\oFQ (d“om) — fvg () = vaax § oy, &OOE
lower &Y\VO\OFG Cmeet) = § ’\&OO =min ?‘P‘CK}»&C\OE .

A4 Fvg = (F+3+15-3D/2 §ag= F+3-18-3D /2.

A A< (X)) rveal suka%@\om ~ Then A s C\gw\oo%ek\ro\ G’P
CY(XY. Furthermoye J\Q/S e B = [§], %VS 5 WQ/\S E—,E: .

A A . QTCX> = qu‘ &UJD aQ&Q&am ‘b\\odc &Q&ocxrm:ﬁ'eg \pa? s G./Y\é‘

wgwf&) .

AL,

vaniches nowhere | Then v, yrzeX, §¥2) (o, eeRHGE fl&eAd

Fd =a., Lar=b,
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A Stone — Weievetvags C Cemgb&cf yeal cose )

X is Cemf)cvd%} ASCY(X) g « veal a%oseﬁom thak &QFQYQ:tE_S

)D@'\“n'\*& ounch vanighes newheve . Then A =CY(XD.

WW 1D T A seporates points , then 1t can uanish ot most one poi it
2 ket peX . CGp=7Pe OO | £ =03, then Co s a
clesed su&)aQ@gimx o CY(XD . Cange%gmﬂ»\cg s 18 A vantsles

ot p . then ASCp . so KSCP~

A X=compact, AC CY(X) is a veal &ub@gogebvm thedk &eiacxm&e%

w7

3

points 15 A vaniches ot p, then A= T €O | fepr=¢

A Stone — (x\)@\uexg%ruﬁg ﬁeorem C Q@m‘oaeit — Cﬁn\P\ex 3

—_ eem‘acx‘c‘\"' S ASCO)) vt o oomF\ex B gg(e.w Q%QTY{t
Suko%e‘z"“’\ thadk EQ‘DO&YO&QQ ?«atr{‘tg 2 T(?\er\
Gid ty— A vanisheg newhere , A= C(X)

G i§ A vanighes ot p th{iec,ﬁxﬂﬂch):oi.
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@ Loccdiﬁ Comgocmi
A Hausderff space X is [oca\\ﬂ Ce)mr)qui_“ DC @ueﬁ x e X had
a h@{,@"\kw}\ood‘ whose closure e compect.
® A (oc&((\\g Qemf;qcij Hm&&o«(ﬂ:’ Space X P PGC(K) m&
]D vanishee at fn?\‘nﬂ& Y? (e >0) %’XQX ' bGCK)IZ‘EE s wmrapi‘.

Colx) = {PeC00 | £ vaniches ar oo}
CIXO=S¢e G| foo =R}

[ GO0 ard €0 are subolqpbrma o €00 ord CY00)]

a XZ»QOG:»% compast Hauvsd scfp Space . ket AS GOO <ov CQY(X\>

be a s<fp -otdd‘oinf, wha%e&om thok aparates point el

Vanishes nowheye = A = Co(X) <ov‘ A=Cr (X)) |

® = %}Li continu f{’\\)f

het 3] Coe a set OP ‘F\»nQ%COY\S W\qﬁ:ﬁng X ™mto Y, F@x

F s g%,ujcof\*\*\‘f\u&us at P sz (% nbohd V 0{3 ?CP))
S nkhd U o Y PaosV wfer) .
top

F K E%L\T C‘D\’\f\‘r\u.ou& an X Tf F Ts Q%Lk%h{-\‘y\u_o% at QCL(‘.\'\

Slloe cial cnses

== 1 B 's eguicentinueous <t p Tf re>od
(F nbhd W of P Y yeu Fep—Spdf<e (¥ fem)

X = webtric Space : F s equicks aﬁtﬁ: rjE (Fe>o) (m1%>0)
P, p)= § = 15—0<)—‘§CF)I<Q V’feF‘

peX .

* 1
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2 X = metyic space

B e un ikovm Wy cgircontinuoug on X ff
L] \] \v4

(ve>0) (7 $>0) (Wfe ) (#x, yexO ((Dcx/ < = |foo -5
A KSCX) . K {-ota\i\i beurnded = K i eguicentinuous on X .

A X cem\oo&f metric gpoace = X Sepoum\«)\e

A X &EBPOLYCLX’JQ > ?{?nz < CCX). g“Fn} boufnaeci and e%,\,@@bh't}y\meug .

ﬁ\en gfn} has o Sm\ogeccmuenee thot car\\/er&e% poratwotse on

X, T£\€ Ctn\ve@enee 'R un?%ﬂrm o ecmsbo;e‘% %u&sge\’g Q% X .

A AYZQ\EL—ASQQ\? T‘\eovem

X == 00“’130@& metric Space |, ?'@n? S CCX ) bswnc&ecs p e%u)\c:\rs/
= ?‘Fn} has a eudoseguence ‘H‘\ock— e@nuejeg U/Y\({}cvwr\(d +o
cseme e CX.

T‘ﬁs ends ub all material eeuered b exam Mo 1
I J

e
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| cbesque Thtegration
) d

§ Le%enge Outer meoxgx&ygw
3

@ [t T be an imtevyval in RY with end points @ and b,

asb. The (ex@-ﬂq 0{3 T = H:'“—:‘D“CL‘

@ Ecp 7 ﬁe LQ\'D@SL\Q Ouwter Meas uye OP E s
AE)=inf ({IE,QH:‘ : M = ceuntoble collection ol spen

mtevvale such that UL D E ?

A (H EcsR = osAE®B)sco
G X(B) =0
G ESFE = 7AE) <AE)
W A(TEDs £ AGE)
W) TSR, C it countable = A(C) =o
GO T=intewwal = X (THY=1T]|

Wi B4+ x=F4+x |xe ER > A(E+X) =2(E)

@ ]Sf MEY=0 , E g called oo A—nall get oy o =et

o measure zeyo |

a @ F is A—nulf , EsF = E s A —aull.
G C 18 coumtabble = C s N~ hull .
Y C&M‘\*&B\? wniaas 01\2 KX* null setrs axe (k“ Y\u.n .

() B f$‘1~nu” = X(EU\:>:7\(_E).
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8 S‘%@p Function

® x -_—nonem[o‘cg get, ESX
XE & § 1 ot Characteriatic ‘Qx«me'%‘iov\
0 XE E '
® Step Functions + &0 = Z ot ’X"—'J L, X € R,
; J=t
Il/ Iz/ is S Iv\ axe &LijOn\i‘ ‘“‘teYVa(S Ql\g R\ Y\ I\
= J
and =0 \jl I\ "t tnboun ded -
& Mo = set OSP =d{ &&@P ‘P&)«heﬁt‘tcﬁg )
A b, Ve Ms = &+ Ve ,
}3 Mo is a veal vector %ul:&ch
be Mo , xeR=> =d e Mo
dbe M = Idle Mo } = Mo ©® a lattice .
® <P+O<) _ dooy dxy=0 . .
O POO< O § = = 43 i
& Oxy = gﬂboo SIESENY b= = — &
© dLOS> o § - Vo =-(¢n0)=
A deMo, = oY, ¢~ M, ¢ = o7 — &~
@ e Mo y = % & (I . (Q v we efine
$ REE -t Rkl (§re weit deprned)
A @ {orv =T +Cy

Us) 5(}( o = O(S¢
¢

() >0 = Scbzo

& ey > S)Cbsg\y

O
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2.8
@ PTGP&Y{‘& S, XG‘Q,/ s true ollmest ewg,ﬁu\)t'\efg (&)
if Q{‘XGR l 8 ) s 'FCJ&Q% has Meas ure zZzevo.
A (an} geexxehee b\z {ium«:,tEOn m Mas =uch thet
¢l$ CDZ_ <\: @& S & % ([__emmqh I\)
y?/;& ycbn < oo = —g/_;/;q PnX) <o o e .
A (Cbn) RS Seguence ™ Me , Pu>0 , ¥n
= b= b3 = - (LEmmq o)
_\K)ﬁ ‘%{:‘;‘;o Prtxy =0 a.e. then %\;‘ofosﬁcbn =
7N (va\) ) (Wm) € Mo hon&ecvemsCCE ée%wence,% .
»9\/«;/;/0 D OO s Y%:;”OQ \(JW\CK) XL,
= L. 5@»\ T Lo ¥
n=00 Mmoo
A <<p"‘>1 (\Pm> G—‘Mc) hoh&e(}r@u&\\ﬁj «Q;chﬁncwz‘%;‘;o WO ae.
= & n= 2§,
Q M\ == ‘Ejé\e et U‘P ‘P\zw\c‘“ioy\@; ‘P Euct\ ‘\"‘\O'J: <3 (@v’\)SMO Bwt&\ P'q’ey\ts

)y dshes Py s~

GO Jim duixy = Lo ave.
Nn->o0o

i) }\\i;“m\S)Cbn < co .

J# = s fon

A §,3eM, x>0

(h f g e My Gy =P em, (oo

Gt jz\/S & N, Civ) f/\@ eM  ( loattice ) |,
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A 5: R —(o, o], C=§{X€R_ : fCX)=oo or § s discts Q&XE

Suppose AlC)=0 . Then = (dn)y Mo, @Dn) s \\e\f\&e@*@o&?’ﬂ&

and Yll;‘;\o @n(X)z‘FC"() . oAaase

The Second Extension — Ih*eﬁ‘f&hke Function

® The set ot Tntegm(o(e funmctions L= LT(R) is the

set o% Suil 53 such t{f\oct (E{S,h%M‘B \p—:&wt\ SN0
Se=-03-04.

B LY o sl pesbeibifie s omoij s a posttive <Y\'\ono%on@>
ltnear fumcttenal on LV, e, 5,8, Pel), xer
Fi+fae Y «Pe 1Y vecter space
fivi. e [y §af. eV R lowice
Sttt =08+ 0., Juf=ofe
fsfe = o< fr. . I78Usi,

& vfeij (T (Pn) € Mo) such that lim Pud =foo . ace.

and Nz, f1E-6nl=0.

A jﬁ@[_\\rl %ao, a.e. €>0, T&en CESJHQM\> @zo/hzo

Jj_’:\o&,\k a.@ and Sf\i&.

A fe L‘w = ‘52(’0(<co a.e. . V

A MO‘no’roY\Q COY\VQY\QQ Tf\eo\f’em q@&r LT .
U ¥
Lot (R ELT hondecrecxsh\\o& , Ag‘”‘;@f?n <eco, ?ooé Jim ?“ e

> §etl ond Fo=lm §9., Clin fuco=lun T80
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L The MCT }‘\o[c(& QQSQ%\‘* non Fnc*reo.&?vﬁ %erg/uenceS) lbmvfc(ecf
%;\qi -'Q/k\“—" '&2\(\ e " T

n—>00

a4 fFeil . Then jiﬂzo 9% f=o aw<.

Letoesﬁue's Tromiradeel Convergence Theovem ( LDCTDO

A Foell, (=g3el) . Ifalsg e v
Suppese fovthey \i;wg% '?n Oy == ?00 a.e.

= fm) e LY a-d jl’r = lim f%n

n-oco

m eqsmeHQ Functiens

2 f:exlcenc{g{ veal valuwed ?wﬂe’ctor\ delined o e en R

§ is Yheqs\bmja‘e T\SZ (_:_(q)“)g\\/(o} [Ty <f)n () = %QK} Qe ,

h->00

MY = set of measurable Pometiona .

(Fr)s M7 muppese i, Preo=Ffco ae Then Rem™,

€ FeM', T f20 and Fel’ depine JP oo
Otherwine  §=§F-2~ $f.>20, P =0
S8 =58t -8 provided whar F8rseo Mjig-w_
T f5t =ec and S{—‘““—: oo . = (B s not dePined.

A §.3eM’, DSg sippone §5 ond Py ove defined > i< f3,




i
Review Sheets ? Regd Ar\c&,&&\\& 501 ] Ben M. Chen

A Monotene Com;e@e Tf\e@fem

gﬁn)s MY nondecma@@ . 5,- & LT @\J?‘L“g; ?n(K) :,\\l“ooji}“(‘ .

A S-GMTJ;\S)-? delrned ond NQR;:BSNQQ&SQ
a (frdeMmMT, Fazo wn, jéfnrffﬁ.

Nt

& FO&%GU&”@ Lemma : C\fn)S‘—Mr/ j}néﬁ Z5Nn

= j \;\me\;\';? fn I Tgliggxy‘?n
@ C@mg:)[ex — \/’CLQu@A Fume’r(oﬂ&
jl =cam‘>\e>( valued ‘@w\s\“teh &e?ir\eé\ ae. on R .

M = the meastable Qume&te.ns — g‘\E:QQ? + T T ? ’
Qe‘? QMT\, Im‘PC‘T\/\\(j
InJce&m(: Iy = gf | Ref el ov“.o\ L&e&f}

J8=Freg v tfmmg
A-If FEMT and (lfooltee v %)= e M

el Malmest
"Jo3eM, e €= fFrgeM, xfem. 30&@,.(\4
§/8 € M provided % §x | goo=¢
F=Ref-1T® eM . flem.
Fyem o, Jim Froo =Feo = fem.
Flel,xe€ = frgel, ofel, fek,.

Rut 58 ¢ |, (W\C;tg net true in &&znev’m‘ Ve

- fel = Iflel (gI=es> . JFf = T8

N
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A Lekésgugls TDemrm&ecS CQV\\)@){QS@X\CQ Tf\emre/m

let (fn)gﬁvu &Ppo&e ft\()zy\ig&?,.\&x) . R.e, OW\A
Qﬁ‘jei‘) P W eey S&CK) o . Y¥n , Then

s =Ju Ufa.

A (&(,/O't) s cxsm«F\Q&Q, —ﬂ:\cd‘ = \\53 ny\)g L ax\c( Cfn) TR
Ca;ucg}\“j 9 -G\en (35’@[.,\> &&LQC\ ‘H\o&r Yg‘;@cf[—?"\‘ %‘:O :

Meovresver (?v\) has @udo&e%uevxcg (?n%‘) B é\;mm ?nkOQ:%Cx) o Q,

@ Meocwable Lets
ESR s weasurakle TjE‘ e €M .

M = set of measwable subsete of R
A (DO RemM., dem

G Eem =E’em

Gi) (Eamv =M = U Enem  and

Gv) f_j E.s M

) A,Befm = A\B em.

vi) AE)}=8b == Eem

i) USSR, U gpen => uem .

Qi) FsR, F cleed = Fem.

A Ecm, = K(E)=F’Xa
AP =0
(E)aei €M, EnAEm=¢ i nem, AT ED = EAE)

A,Bem, ANR=@E = AATRI=AAY+ A(R)

* EEM, xeR = Ex = E+XeM,
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2.8

- ABem , ResA, AANRI =AM -AMR).

(B SEM, En € Ene = ACEED = lim AED

* (Edper €M » Ea 2Eny, ¥ n, 152 @ P NEp<c)
ACH B = g AED.

A Outer Repuflavity
N J

ESR = AW =" §A00 |Esw, u ie QPQY\}

Thner Regu\uxﬂlg
3 U

A A=sm, N®<oco , ES A, Esm iff A=)

Remark_ = ALA) < ALE) + A(ANE) .

Styuctuve ﬁP’ Measurable Funckieng

5: HZ——>(P\’* a.€. TE\Q -P@Houohj\gg axe e%\'*i\nﬁqv\‘t

(Y § s wmeasurable .

(@) (FxeR> jXeR| foosx} em
3 (YxelR) §Xe R | §3c>0>0<§ cm

@) (¥xeR) {xeR | foo<x?em

(5) (txeR) § xerR | foo 23T em

&
Covollovies t o 5= R—=R aec. = meosuwrakle Fg 4~ spen USSR
7O em.

e &E\QS contimuoul ‘Puv\c\‘teh AN LQ\)S??SULQ MQDJQU&GL‘Q\QV

A E\?Q\rﬁys T‘\m“;
Eem, AN(E)<eo, Suppose CEV\) sm, ,\f;’;}, Froo = Poo aqg

ler $>0o . Then (= compaat e E) such thax A(E\NK)< G Y.

-

ESR = AG=spIAGR | KSE, K i compast }

tACANE)

gn —éf wm%nm\(s on K
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2.?

A Jysivs Theoyem: 561\4 . $>0. Then T continuous

S: R —= C sudh thot 7\{%{&00:#300}< B . Moresver.

f ]f(x)\s/& a.e. , then g oan be cheogen so that
ljc»ots Ao xeR.

& 5@ M S <3 (&Th)::t anffnuou%> SL\C"\ ‘(‘xf\a‘t 7‘\;720 SHCX):€CK>

@ Ih%eﬁmh‘on eveyr Measuvalle <ets

et EemMm. Let f be defrmed a.e. on E (cunci Perkogg elsew

n E
'F(XE Y ? Foeo s whidh e defned ae. on R )
0 x¢ E

Delinitiona = 'F s measuroble on E Tf ‘FXE &M,
J‘Q— 'S in&eﬁm\ﬂe ovex E ,‘f WD’)(E el .

Fi(E) = sst of Runctrons \‘nte@mio\e_ over E.

Jef = fexe.

A Absolute Cewtrm&\w‘ of stes@ues In&er&m‘ 2

let Feli (We>o) (38>0) (Eem, A@<s = [LI1fi<e).

- ® Monstone Functions C C‘\apter 3, PP |28~i2‘f)

e Suppose ? =3 C(E{thecl on (C,C+8> (8>O)

— & -(X) — f o %)
fCC'i-) x-;z+ ? X{'IC %

* § § s defmed on (c-e,c) (e>0)

Prop - f: (2s%) —= €L , €& (a,b); £ s cts ot < WP

§CQ__) = %(C) :th-‘\—) .

1e.fe,) .
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® { has « Stmple cirseonﬂnutjqi ar < f both f@-s and ?Qcﬁ-)

exist and are -? mite .

AJC:(Q)\D>‘—>R Mﬂ&mixx, C € (a,bv). Then
() f(c~)-=mp%\eoo|x<cf e R.
Gi) }Co’-):fn?%‘i(x)l X>ci e R,

Gi) § ce-y < feo s f(c-n ,
A f t(a.b) =R non&ecreosiﬁ, Then f hag ot wost QOLLY\'%C\B\S many
discontinuities , each 05% which s &tm‘:\e.
(Tf\e same T8 true Tj—’ ? =3 ~h, where Sané h ove nendecreasin

A NMonoctone ]:umcffoh$ axe Meoxguxeda\ﬁ .

@ Totel Variantion C(chapter 3. poisg)

o A subdiviston (Pcur-brt—fon> OP Ca,bl s an ovdered fFinite

subsets
p= %O\='X°<X\<Xz< ~~~<x“=b}

Let §:fabl —€ . VP =2 | § G — § g

c A total variation DP f on Ca, bl is

\/;g = =Sup gV(P,Q) b P s @ partition of- [u,b]} j

° f has %‘n‘d—e vayiation ( Eou.nctec‘ \/oxfakcon> on Ca, bl '_JG qu§3<m

s WErH <V + W8
Vo f = V:f + \/ebf cefa,b]

j— w‘ni)cumc‘»ec‘ on [a,b] = \/:S» -




|
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- L?p&cﬁﬁ‘cz Continuous f ? Da, bl —= C

j %a:t?&%‘e& =S Lthcfﬁ’cz candition on Ca, bl TJD- (I M>a0)

|§cx)—§ cg),s M-\'x-u\kg( , ¥ x.Y ela,bl.

A“ such %wnch‘en& ave wni?omﬁ continueus.

A Prolpos‘\ﬁong
¢id f S L/TFSCRH,‘Z continusus on Lo, b1, then j‘- has beunded

13
vax-iatiten on [Q./ ‘D:( o tee., vo, ? bl o< I8 QQ"\QDQ{Q& )

G Fovs carﬁ—fnumxas&\f differentiable on Ca, k1= § is Lipschitz.

CHid 5:‘:“’&’]_’“(,1—%@,“}} %Ylom:\ecmoshxgg = U

non 'n cvea&?r&*

Civ) Suppese ‘Q-_-S-F\, wheve N h ave nencgecreq&YYS on [a, b]. V

A Jordan Demn?es“h‘on Theovrem

Frla, b —R, W< =(s nch&ecxeqs?n\g g g_—_\i_h'

corollaries ¢ (D \)0 :fea,b] = C , V:ji Koo, Tg\e,n =] Y\DY\&QQ,YWQTY\&
‘3” SL/ hl/ F\‘L 9' '?:(3\“‘\\}—‘—1(32_‘*‘\1)
Cn) \/ok: < oo = [\C’\S ot me et cen
5 3 mest QH\JV\ Flictny
oﬁrgcem—memxtf, eoch of which s simple .
In ‘?o\u"\' 5 % S cevtinusus OQ\'-’\O&“\* e&)@ﬁt‘\e& o

-? 'S measuroble .

) 'D;‘F-Feyenﬁq‘oﬂﬁ-\\}

j: s differentiakle ot x 353 Rim fﬁ"*i\:“?(’() e

k=0

7 I_f §' is differentiable ot % . +hen ch) s oentinueus on X |

xbf <eQ

(rrn C)
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& LeLesSwa’S DT?PQYQ‘MTFQB\ ?{'S Tf\eovem

\/:5 < oo —> JF iz differentiakle a.e. on Ta.kl.

& ABSB‘L&Q Gown‘bfnbd‘ﬁ( CCROP'\"QY‘ 2_ Pore2)
\) i}

g s c&aedwce&g contineus on Ca bl |£3 (¥e€>0) (5 §8>0)

such thot Pu«r |l Prm“re stz ﬁ% &:gd‘o:n'r open Qu&ain“rev\)mtg

of Ta bl saq, (b)), (@b, s (anbw) i
é, (bg—apd< g , then é‘ [}CB&)-—?(O\&) < e
A o&:&o‘w{-eirs contirwoul =—> L‘/“‘FQ“’Y\LS continuweus .
A )E < L?F&c;ﬁ{—z on [a, Lkl = F ‘\‘s u&a&b‘u&e‘smm‘h‘r\ex&s on

A f : [, \33 — C_ Q/EDSQtKL{'Q[j contimeug é’ \/ab &l < o .

A f is ah&du*q‘d contimuous on Lo, bl = 'F/ exists «xe. on (oL W]

a Letj?eL. (@, 6), Defme & ‘ﬂ

F Cx) -._-.jax @ ) -t—?xen F s oja&o\w[-g&g cantineusy

& H f&T‘OLY‘CEl\\[S D‘P QOY\{”TT‘LQ\,\Q Funett andy

Class %ﬂ‘é\:&
Qontinous&}(’ i Leventiakle e, sin¥
Lrpechitz  centineus foo=0{x| on -1, ]
Akso‘ute‘\\g continous %(»o = JxX ©on Lo, 1]
Beunded \_/JR, un f{}m\m’\‘{ C;%S Le ke& ueyg &\n&m\o,r ek tan

x ain NTC“)MMTC o
Step 1}00 - ( f bt
functions X =0

tOu \>-)
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A F s mnéec*easirx on Coubl . Then F € L (o, ) and
b
I F s F®-Fo

o

A YoF <oco => F’/el Ca,b)

o V$F<c>o, Hixy — Fila) :J: R YXela, bl

= B i GS)S(:‘W’CE‘\\& contineus on Ca, b7 |

A et SGL(&,‘o) , F(,»()?J:(JQ, Tﬁen K7 =f o.e.

A Fungqmerﬁm( TF\QOTGW\‘ C:‘Q ch\culus,

let R be Ctb&b‘kd‘d\kj‘ contineus on o, k1. Then Frel, (a, k) and

X
FOO - Fla) —:&& F/ ¥ xeCa, bl .

@ | tegration by ports
J 06 S

A 5 F,G ae e&)&bﬁu&e&g contineus on [a, b, 'E@\ev\ PG iR &Lse&uefei\ug

continuous on Ca, bl (E-F\WD .

a F, G S Q&)Qe‘ud‘eg mntineus = (FG‘>/:FIG““FG‘/ .

A Inte\q;mxfon b‘j Pox‘!rs TF\m? W, G are ojsaotute& Ccontimous oN

b
fa,b] = \S; F'G = FO G- F@G&) —52 Fe.

@‘ F, & are cr&)s:otud‘e& continsus omd ¢ s Rbﬁeﬂﬁ monotone on

fa, b, Tkeh Fed 1= onk%o\w&e(ﬁ continuons on [Ca, bl |

A F, & are LIPQQE«H—Z ?mP‘?e% Fed s L{Pe&\rfzs
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& dmn Rule - F, © ave m‘a@o‘w&e‘\xg contineug , b s s’cﬂc{&ﬁ
movnctone . ket f‘ = F’ ae. Then
(Fbcb) =(jl°¢’> P’ a.e.
A Substitution Theovem
Let & = Ca, L] — te,d1 be ojo&o\\xkg‘ﬁ contineous and “ﬁdﬁ
monotone . Let § el (e, d)d
= $Cb)
J e =" ¢
Halder and Minkowski Ine(g\xq‘iﬁes
® o<p<co . Lp=F%fem]| §I°cli}
. P : S |
@ CQY\J&A&O&Q QXPOV\EV\W v P = b —1 =l P>‘,{ p +'§7 ‘—1k

P/
%
L e A W
ab & P * P/
A Hslder - P, P > T°L+_}1;=1 5 8eM

JIsgl S%‘“‘D"YJIS\P/

EQ_WL’S’E._. Hé‘fier e valid ch p=1 Cmcg P’ =co .

A Min&om&hl + ISP <o ?,8 eM

s+ alP s YTiere + g | 18tglhs nsip

lgip.
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A 5:/86 LP , Xe ¢
Gy oS lp =lo]- 1§ h
@ I§lp=o w= ¥ P=o awe.

i AF+Slp s i5fp +0-Hp (minkewski ) .

@ /OP (f,j) =”5: _SHP IR & metric on "LP‘

A Isp<oo , C&p, /OP) 18 chP\eke . That = %ar euqx& Repuence
(fh ) < LP such thar lim “fm- S‘)h “F:D , theve extsts

f < L’P such that /%/‘E}\?c “F “‘\3“ “F =0. vam% Cﬂ (%nQ@)
&uc‘r\ ‘\-"\O\i"

Q_f;;\o \Qn&(m = %QXB a.e.

‘ '\45 é CB\'\’\P‘QX, — VOS(,&QA Q{-QP %,w\c'\‘ca“& ; r\/\oQ R A QU\&)&FO&Q. @'Q

Remindey CoolR) = continous fmetion with cempact support

c

a f$P<°° ~ Mo o Coo(‘ﬁ) axe Q)o{’;\ c&ef\SQ n LP

In’cecgmﬁon on R"

® A box (interval) in R B=T,xT,x..xTI, 6 where

% ’ J-‘“"“‘/ 2, %<, N are '—Y\'&EY‘\I‘OSQ T R 5

® ﬁQ hgx =S cPev\ l\f I;, IL, i 3 Yy I“ avre OPEY\ Tn‘\-ewuﬁg‘

s \/Q\LLW\Q OP B: IB\:iIs(‘[Iz""‘IV\{ ’

o n— erenstonat L_Q\aeg Pue Ouker measure
Q Bl

E<R', ANE)=A"E)=nf§ z &l |® & countable collection of o

e E = null set 1:53 A LED) =6,

pben ¥oxes z
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Qevievo &‘\ee’cs Rea‘ Av\a%stg 5ot Ren mMm. Qtwen

A 1) 0sAUBYS s
i) AP =0
M) ESH = AE)<AE)
W AT E) s EaE
V) E is countable mehes A(EY=0
Vi) A(Et+a)= A(E)

Vio - AN =0 = ACEUN)=A(E)

L] S\T&p Qumc’(ffon

n
¢=gl N&&Bg

Q\%K:“?\“ .

Uot\QVt B‘, ~--_Bn axe cLisJetv\t E)oxes Sue‘;\ ‘\Jvr\q:t o

XY, vae, X ave yeal P S =i le Re = mﬁ:m&@c‘ .
¢ M.=MsRY) :T‘&Q‘—VQLH/Q:S g&e? ?U’Y\C-‘{*{QY\.
A Mg \"& (s & Y’QQ‘ Vec%ey“ - [R%EQQ .

] 5(‘) = &"% NK‘B&\ Iz a moanctone . {Fneouﬂ Q/wxcﬂtc-:mm( on Mo_

@ M, = M (R"Y fGM\ le = nen&eemh@ ssguence  (ba) CM,
sudh that '{“;";o PO :I\}CX) e, ond ALW\jJ@n(M‘

. J? zvsir\bcf(b“

e Ll-_—Llopj): {§ i(E&,hQMQ f:&»ﬁ Q\Q‘E

e {5 =03 -4,
& Lx s @ veal vecter [attice .

A j s o monctene lineas ?u\f\c{"ﬁen&‘ ,
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; Real Qmoiq@\‘s Sul
J

@ f s measavable f (TP € M) sudh that “[f

A M. €., ; Fq:\—ou/s Lemma., L~ D: C., T,

A ESMRY) = ?\Y\(E)?j')(a.
-49- Egmu, Lugtn , Hasldev, [V\fnkomsk\‘, L‘O(R“) Q:a‘mF\ek(}'

s\-eF Ponctions owe devse LF , Ceo(RM) ik denze i LF(R“> .

- % Fundamentel Thesvem tfP Calleulus cgoes nat extend Y‘m’-d“hvgkﬁ +o [R"

® X E€(X1, Xz, >+ 7 Km) € Rm) S’z (gu Ka, >y gn) QRn
2= (X, &> = ((tXn Kz, v+ Xm) v (3\, o, g-«))

= <(X\/ Xz, ~~-, Q(m, g\,\&z, it %h) & Rm+“
5 =§c><,3) e M(R™M)

me+n -.\C - J)me\ FCE)AC%) =5RMk“ ?CX"{\) AC“‘J‘&) :

A Thinvs Theorem $EMo (R™") | Then

() v xelR™, yr=>=900ougd R in Mo (R |
G ‘V‘&QR“/ xg-—><b(‘x/tg) st MJ(R™) .
G X b— 5 " (b(x,&) &S S ™ Mo(Rm)

V) §—> S,Rm¢>(x't§>&>< 'S tn MOCR™

v jR‘“jR“ box, 3)&«;\\«5 :\S)R““"“ PO ) dex, 65> :kS’)R“S)\‘P\'“ $ee KD c!);s&x '

a E<R® Then WWEY=0 5§ ($ MR, (du) s “m&@m@§
4?1‘-;“00 e $p (Brde < oo

and (¥ xeE) g, Py =os.

o =f 2o (Fem)
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2.8

® Notation: E SR™=R"xR"
© Lot AeR™, Ex=3F4cR"| . > € ER

©let SeR", EY={xeR™) o, pe ER

A E & R“’H—“/ 7\1“%71 (E) =0 —r—e\en
) JQD#\ almost Q,\)?x\\g ’)C%Rm P X"(EX) =0 _
QD) fmw @a{mu&t‘ Quevd \‘fS%R“ , A" (E¥¢)y=o,

A Fubinis Theorem ,Q‘W Mo (Por L, Qi\amse Mi to koD

Let £ e M CR™™) . Then
i fm\ a.-e XeR", Yi— Fw,gd & W M(RY)
6 S}crr a.Q 8€‘R“/ x> ?CX,QS) TR on MuCK"“)
(553 XHJ&&“%CX'&)&S in MLOR™Y
vy !—-->jw foogrdx = MIRY

w )j\Rm S@ oo, $rdydix ?\gjkmw Foop decy =§ R_“§ R"“%(X A &XC%

A Tone“?’s Tt\eovem

[ SieMv‘CRm—m) o< %(x,(é)soo &)Cx,&)

P %\n ae. xeR" g fou gy te o MYCRM
G for ot JeR" x> Poold s 5 MYCR™
) x"i—éjﬁm ‘%Cm_\j)c&g 'R MYCOR™D
(0 G = fgm Peogrdix et MYRD

(W fRﬂ‘g‘{m T, a)&x&a :\FR“""“ -ch W) dlex, e :\53\?\"“ §R"‘ %(‘C)&

N

DB
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A Fe MR

52 5R"‘§R‘“ 'Cg:(xﬁ),&)c&g oY S‘ng'p\“ HECX:\S)|&3J\X <co

Tﬁ\er\ 33 e[, CR™"Y ]

& Lot E€mMR™M) . Then
(> For ae xelR™, BEx € MUR"Y)
G For ae YyeR", EYe m®r™
Movesver , the Pollowing are equivalent
aiy . A" (E)=o0
vy ¥ ae xe R™, A"N(EO=0.

(v Vo ye R, A" EYy=o.
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