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Pa&e 111 . Pyoblem 4 «’%}
et X be a metric space and let A and B be nonveid subsete
of X . Define
dist (A, BY = "5 P gD XeA , §e BYR.
Then
@ I Aand B are compact , then there exnt aeA and beR
such that deet (ALR D=, b,
(L) Theve extat oQ,tstn’c nonvoid cflosed subsete A and R
of R B which dist (A, R) =

<

WA~ 1, 1‘

Prooft(ﬁ) B\(f the &E{)Tni‘t‘fon U’Q cﬁéa% (AR , Tt s obuteus to sheu
'H\ctl' We can conatruet the Pﬁi(e«» Cn\c§ ge%uenceg :
¥ qen fp=dista®+ L, noq,2, -
J ance A and bneR , n=1t,2,--
> (O(O(,V\/ b\f\> < \&h ’ M=, By os

New, since A and B ove m;axetg[ugw@ theavewm (3.43)
Yy thek ES Refucence T G compact set ( metric space) hog
a &Lkb&@%\k@\’\CQ “(,-L\CGC %UQY&@& Rvi T < Potvf\f Q*P Hn€g cam\*»euc,& %etJ

J?§ we génem +theve exist %mbge%uence% Q (Q >Y\ ; and ;

z’.

1 C\O )n (I %ots (Qn&B&_ cune& <bng{>& » w‘\\QP\ wnveﬁg
¥ e cx\ocvd’ o—% A (806 Q) and qFonf e% R <%c«ﬁ b),

YeEFQQXLuQ&S ‘ Tﬁen it s ’C‘r?cw{oj to =ee +hak

7‘ B ﬁu’»‘-{ 7

sengepe > £ T + 4] - drtne

V\&» [ %Y

Hence, pro k) =dist (A, B) .
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PaSe 2 Poblem ¥

If X s a wmetric Spoce then X is second coutable ij— and on[t\

nf X has o cowrtoble denge subeet .

'Pre@g: ‘ (@) Ij? X has a ceuntable dense wubeot.
S’:—%'X;/ XZ/ ;\;/ Xn/ ~~~}

‘r!hev‘w we Q,on&irruc‘% X, og«m‘c-q\oig ?;m\\ﬁ % O“P c’a]aen

gebts as '%T\ow&: :

% N § B%‘(XO/ m={[, 2, -,

BF‘T (X“L) 9 wEleR, <o,

‘7 B;‘;('Xn)) =ty ) e

Tﬁen Siuen Qhﬁ open eéi‘; vc X el X & V/ Hhere
e an Spen boll B_YL“ (xh> such that X B (X‘QC\/
-?m'* suttolele m and n. [|ince DQ thig Cu&u.men't '] %cdse
+then we howe either ’I) X¢ B% (‘)(,\) %wr omﬁ m omd N

N //)! cohich €mF\€e$ < s net dence awd o of;;:a&acxa@“

X - ,

oh o 2) Y ™ amdl n,> Xe& B%\ (Xn) but %‘W(XV\)CIL V.
Tkrg S(N\F% \\m‘)\ies that V ie nhet o‘ber\ whieh g

@QB -4 ;Mtaon .
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7 othevwise +the nonem cpen set X\§ weould
Vs ///I’

Preblem % (cont))

(==>> ..53 X e second countable 7 then E\j ch{-)H\iﬁon

theve exist some ceuntable Fa/m"\ts &K of open vets such
that each open set VC X con be QX?\QQSL‘EQK os the union

QJ% OmMe &u\o%qmdtg e(\é B .

Le% %:%B\; Rz, ~--, B'n, “‘\} Bl Bheons - o Poh&’

Kn in edch Bn. Then the eet
S=§%|)Xz, bV Xh, A E

s countable . mowe,over, S s dense in X/ sSince

comiain N pents of S. Rur X\T s open

P

X\g can be exsr(ﬁqgec‘ o Q\e. uonton a% [Reme
SAEWP—QMRS QP = (ar seme sets GP' B > VRN

Bn centaine the ‘:btn“c Xn € & .

MHence |, & ¢ ceuntable dense subset UF X .
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Pa&e 112 . Boblem 4.

et A be cm:s &Euen beunded scbact QQ R that s not closed|.

Construct exF‘rct'Hd cn open covexr o—@ A et hos no fiviee tukcofer.

e
\@

<

)
Proogi Since A is bsuu{:ec\ Qubset 0? %8 and &ince A
s not closed theve must exict a limit POT\'\’C DP

A Say @ and —oco< AaA<+tos, such that

ot A . Then censtruct the {Qe\\o\.uhqi open csuey

cLC_' C_°°> (6 S jﬁ>: n=1, 3, -
U it - e peamiat e

- Ll

\’v
i

DJF\TCF\ \/\)iﬂ covey A Heweue(‘, it s cbuiteus

1 ’;[\"
that om\‘& Linite gugé%e@ o? U canrot couey A %

_Sover n=1\,35,--- <covey n=2.4,6, 1
r g-f 3 f 3 T X ]
C 0 S I e ~ 3|

o

This point cannot be cevered b\LS Linite aubeouer o‘? L,

- _ , :
I VA L S U7 g

Eaa. L A

- Gy W b y .
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page 120, Problem 3. (a) (L) ()

P and let f be Qfm\c’cton fmm X inte Y. Define the oscillatien

%amcjr{csv‘\ W Ci? ~P on X {o\(_!

(X)) = inf {Ax‘qm f(u) : W is o n%hbeﬁmoo\ e% X}

Then (a) 5 ie continusuy at FQX, \f and or\{ug ES CUCP720.

Llet X be a hFo(cg\‘eoJ space , let Y be a metric spoce with metr

pY‘OO 2 (:7&>> Since \I/ IS a mebric SP&QQ,, YE>0, we can d@%nQ

a “@58”“0‘“‘“006‘ V& Of j‘—CP) oS j’-c({ouas:
Ve=Be(fed=FyeY | Py 5p) <53

N ow Since 5 S Qoﬁ%inwu% ak P p -k;\eh kﬁ &Q-ani\—?o\'\/

theve existe a v\ex&hbsfkaoci Ue of p such that -

j:(ng) SeVe-

B\\j del inition o% ameter , we have

/ ) .
jam Ue) < Hiam V -
7] bt is)

@\xg definition 0%3 WX) , we have Wk < &, - E =,

This ;mpheg W) = 0.

LS&FPOGQ, WY = a>o0, then let =& , we hawe

WY (el whieh e a mn&mgﬁi@itmﬂ, ]
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Problem 3 (a) (cont.)

(&) Since Y i a metric spoc® . then fw any he@‘nﬁmﬁwwé\
V tﬁz ECP), theve exiets ¥ > 0. such thet .

Br (FCP)=§ ye Y| P8, £p)<¥3 S V.
[Q he\tg\'\iéoﬂ\e«ca \/?f?CP) IRy th\-e\)ev\ %el' ooh%oan'hﬁ %CP) .
And n a metric spoce V is open = (FY¥>0) BY\Cch))Q\/.]

Now . wep>=in§ fdiam £y + U is @ neghberheod o p2-lo
implies that there exists « T\F{ﬁhhe‘r‘\eo& U, ef p
such that onmfcux)< Y.
%\5 the defimition 59 drameter , we have ¥ [ f(ur)
/0(‘5, &P = diam Fuyd < ¥ which implies Y& R (B v,
Hence , $Cuyd € Br@EEOEV: Thar is
Vrbhd V oof £E> (3 vbhd  Ue of P osuch that

j:‘CU:r> < Rvr (f(P))S—_ V.

B\j the di‘e{-‘rn‘\-h‘on/ we conclude thet Sg S eantinuouwy ock P

A.ED
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%Se 120 , Rroblem 2 (&)

) fm' cach ﬁ$oo) the =set }:XC.-X : tocxo<l&} s open i X .

Proof: Lot us define
D= {XEX T WCO<RE
I fso. +hen Sp=0 and & is open. TIn case of >
¥V s€Sp, we howe
w(s>=/&g</&

which me\Ies t+hax (3 a nbhd G o}? S) sudh that
diam fCa) = L5 and R, < /[‘SG<{@'

New) V\(‘(GG, we note that G s also a nbhd

of S Cand meyeouer

L~ wcﬁx dliam f(&)=/&g< /&

)
( wp\tch meheS SG Sj@ oarnd  hence GQSF

Thus S[\g 'S epen {or iy F)soq

O,
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%Qe 120, Roblem 3(c)
9

© the set §pe X : § s continuous ax pl is @ Gg set in X

p’mof: Tt is shown in Problem 3 ) on pege 02 that
SES:% X e X < bo(x)</&§
R oan spen et fov each ﬂsoo. ot ug mew comstruchh
a Seguence 0{3 open sets ES let—trnﬁ
S S
fg— 7 >3 7 3 Y] = n v
In +hig \,\)0.,\&_& we shktain
S 28 D,S'g),m’;g%), ReE
Neow ., let us define
Se = % PQX: § s continuous ok P}
Fvem Problem (@) on pege of , we have
e % Pe X = wCP)=o}‘
co
Mow, we need to ghow S :rQ S% 1t s simP\e

o)
to see that So & M S"n’ since O< %) n=\,2,3, .
n=\

~ which me(ree, OO :/&s =10 Bwf
S & S—é‘— Por Mm> —/é— -
s
_ﬁ»ug 84‘: ﬁ S{; whreh e a contradickion . Hehce,
n=l

e fj S-T ond hﬁ definition R is a G% m X

cm&umen‘c b\\g contvadliction . gvvFFqSe C-:-‘ S e f\:‘ g%) ¢ Se

e
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Page 121 Problem 8

Suppoge that j and 8 axe continuouyg f‘rmm o topo‘agi‘cq‘ Space X
into & Howedorff space Y and ﬁa’tf(d) =2 @ Jorall debD,

where D g o dense subset of X. Then fb() :SCK) fr all xeX .

Prool: Since D s dence X, D=X. And since we
.%T\ow Jc(d)zg(d) ¥ de D . hence we can prove
that  £oo =300 ¥ xe X \raﬁ @.\\momﬁ

jl(s)=3c%> e \D= D\D-
ng definttion , we frew that ¥se BA\D . = is o
limit pont of . Fom the definition of limit,
we hewe

f‘c»o -3 ch &Y a8 X—9 (xe D)

<

ﬁcm T \33 = B aR X —> (xe D).

C

Since § amd § ove continueus Fometiong on X, we |hawe
Ty e Fed' as x—=a  (xeD)
go =™ as x—=>s  (xeDD.
Meoveover , aince %cx)z, x> ¥ Xe D, we howe
fof:SC»o hﬁ'ﬁ“) o x->s (xeD).
omd since T s Howedodfl . Theovem 2.64 &Qﬁs
gs):&c@ s e X\D .
Thus, we howe

‘%CH:SC‘Ky , %%QDU(X\D>:X( &5 15
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. G

che 124, Problem 1
If X ig cxa:mpqc’t’ metvic space ard ASX e nonveid, then there i

some UEX such that dist (1, A = dist (x, A Bor ol xeX.,

EM%* [et us %)rvs;-t define a Punction f: X —> R as follows
FOooO = dist (., A), ¥ xeX ( AsX is honvo:d) .

We nete that f—()()’-: S with normal wetcic D-? R veduced on S
i~ ‘GL metric gpace. T(;\en fmr am\\g peX ond VnH\c{ vV O\Q
§CP), CH Br(f(p))> for some Y¥>0 such that

Brf®)={seS|is-fpl<v aV.

New , assume thet the metric space X with a metric /’0

and consider o nbhd of p +o be a ball,
%rCF) = {‘xe X { PO po< ‘(E ,

Then, v geBr(p>, it follews from theovem 3.8 in text thpt

|§3>— Fpf= |&cg*c(3,m~c&sb(pfm|s/0c3,p>< Y,

Hence SR G PD V. This chews that F is contiheus

an X. Since X s oem‘aaei‘“ , it Poltews %e»m tHheorem 5‘7‘8 tHhook

Joo= SR is cempoct - Mercover—itie—cloredord—leewndhd
Thee (TS S ) such that = $SSe ¥ 8€ 83, which

Imp\‘:e& thot +here exists o 'u:f"' () € X such +hat

Jo=dist(WL,A) = sc 2 Poo=distx, A, yxeX |
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Page 124-, Pyoblem 3

et 5— and & be continueus yeal— valued func’h‘cn on Cau bl C R such

that Ja><gca> and §b > § o>, Then ?cmw@mo for ceme x.cl9

Px@oE: Let us &e?me a hew %mc‘ctoh
G =85 =5 .

Hence , hcon= 33(00 -gccu) <0 oand K> = ?C‘b)~&(b) >0|.

Nex-t, we need to shew thot *91 e continacug on La, bl .

Since § and S ave eentinous on la, bl , ¥ pela, k]

ond ¥+ E>0 , (J 8¢ and SJ) such that

¥ xela bl ond Ix-F|< 85'/ ]?(x)—?(p)’<§

omd

¥ xela, by ond ’%‘P’< %j , 30<>~3q>)]<%.

Hence , we howe ¥ x€Ta, bl ond ]»<——g>|<m:ncs§,33)
[foor- <5 emd | goo - gepl<x -
New we econsider
| hoo —hepd|=] §e0O- 300 — £y + 3p>| ¥ Ix—Pl<
< | 800 =§ @+ [ger - g epd|
< e
Hence, K s continuous on Tau b omd R(La,bI), Since
Aty <o and hib) >0 . i Bsllewos Prom thesrem 2.1

(9ntermediote Vslue Theorem ) +het ©= hxe) Por some

%o € Ca, bl Thet fo@) :80“3‘

[\

Q.E.T>.

b7,

mm(%,%>
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que [25 13 (&) (b
(@ A JmPo‘oSrch gpace X s connected ‘\f and o‘h&g 733 cvery
centimuous @,mdfron ‘From X nte the discrete two e(emevﬁ,‘

Space ?O) ’(3 e @ constant .

Prook : ( =) <Preo{3 B& ecnhac@ie;%ren). Su.PPoaQ Hat X s

connected and JG 'S @ conttnueug Punction fFem X into
I SRR SR AN space §0, 1 s mot a constont—
Thet s £(XD =0, 13. New, it Pollows From thesrem
(3.7%) that X is oonected implies $(X) =50, (3 i¢ connpcted.

But constder subsets 305 and §i3 o o, 13, S03N§3=o
and 03 U {12 =50, 13 which mplies §0,13 is diseonnected

ond s o centradictceon . Hence ?(X) TR A censtowt .

(&) (Proor By Contrad iction ) Suppose cvery continuous
Junction frem X iwto o, [} s constent, but. X i3 disconnpeted .
Thot s theve exiut open sets W and V 6\2 X, swek Hhak
Ut + VYV, UNV=0c, X=UUV. New let us define
R frm X o 50,13 o= Pellews s

0 ¥ XeW
§C><)=§

1 YV X & V.
5 - - ) o - .
1S @& continuocus g—bmchon buwt e (X ) s net a conerant .

This s a centrodickion. Herme . X & c:m’\r\@c:keci\_

7

QE.D.
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P
‘fbage 125 Boblem /3 (k)
Let X be a @coéegreai space Lot A SX be cormeated and _let
ASBCA. Then B it convected.
Pyeo;p ( Prosp BS Contradiction )
Suppose thatr B = dxsconnected . Tc\cc(' is theve exist open gets
W ond V such that BNUFG+ BNV, BAUNYV =@ ond

Re WUV. Now ebseyve that

ANuUNYV<sBRuNvV=s = ANUNV=09 (%)
and
AERe LUy = ASUUV - - (%%)

The Yema,tm‘rj tosk 18 to shew ANU+¢P + ANV.

let X € RNU oomd since B c A . Hence, either xe A

o X fe o limit peint of AL (M xeA = ANUF $.
(2) Ijx is a [imit Fo:n’c o§3 A ond Since W s open conig
x , then \g& deRinition , we Rnow W contains ak least
one peint Y oP A Hence , ANUF¢. In beth cases
we hawve ANU =*= & ~(?>\c§ similar ch@uument‘, we will alse

obtaxn ANV = ¢ . Te&e&\ev* with the focts of wo end @

we g‘now A s &Csc@nredveA ard which s a cen'hu&xei—tq“'

He!\CQ ) R s cbmned-ec\ . (K s Qohhoc\*ecx eiﬁx&r) g

AQ.E.V.

hAN \\nS

DY
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'Pa\q)e 125 Pyroblem 17 (0
let X be a metric space and let f- and S be Oem‘a\qx—vq[uec‘ functiens
on X thot ave m%vmi& tontimusus on X - Then
.\'S: o 8 [N W:\T}ecwm\ts Contimucus on X |
me : \j: is Lu\a‘%pmis continueus on X . =
ey §>° (v/%>o) (3 3) (¥ X, §€X)  such that
PUx Y < gj)_ = [foo — gy | < -9%- ,
S?mﬂomis 5 5 = \)m?%am\{tg continuouz en X =
IU ('V%’>O‘) (3 %j) (v 'X:&SQX) such thet
= s
= . £
( 0 [OQx,g) < %\3 LG8y = R04) |< =
New (#e>0) (3 3=mm(%s, 8g)) (¥ X §e X))
PLYY < 8 =
f (F+PHOCO — (§ £3) ) ‘ :’fcx)+goo ~§c%)-8(g)!
& l fexy — ﬁicg)l + ]800-»8(3‘) l
< & +5
%, B
Hence v L}\SS é‘@?ﬁ\t{"‘fcﬁ y 53«\-3 T2 und %‘""’“\\‘S,Q’m‘*?““m"‘& o
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Breblem 2 on Poi\@e 156

g X is a *boFo\o&Tca\ Space and 5 X —> € is & function, we define

the support of f to be the set (Xxe X : FxO+0?. Write

Coo(Xx>=§ § € Cx) ¢+ § has compact =upport 3.

If X s a iom\{\\S compact metyie space , then Ceo(X) s dense m

D feCo)>§ e C(x) = (ve>0) fxex: [Roo|2ef i losed

Hence ? e Co ) O““c‘ Coo(K} < COCX)

(ii) If feCul) = (xeX - POO#03 s compact .

We nete thax ?6 C(X) o~d ?Q\q:o L Loy =0 ¥ x.

%Xex B ?Cx)#:og = %i'x%x 2 Qny#og rs cOmFo@r_

B\LS c{e?\‘m"\*\‘on, 'E = CcoCX) : ( Se‘J%— Q&Sotn*z4

G ¥ € ColX) and xe ©

gXQX . B(‘\?CX) #:OE =(;Z‘) rs eom‘)acf ,‘{2 Q:o

' EXGX: NFK)?&OE =§Xe>< E 1\300 #OE 'S eem‘aqe:t’_

Hence, Af € CoolX). ¥ xe€ and v e Cul.

Proor: We will chow Coo(x) is dense m ColXD Lj Showfrg that
Coo(X) £ GO e o self adjont, subalgebra thax separates

move over §XeX: [fOO] 223 & §xe X foozro§ which

i cbmsoqg-(— ‘D&(S cﬂe?rn‘\ﬁon = (‘VL8>0) %xexr l’?(ﬁ()) EE 'S

Co ).

Hence
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V5 3 € CalX)

%‘xex: 5300 800#‘—O§ :§xe><: {ioo:bo} N § xeX t&(x) ;tog

c gxex : %—Q()#O§ ﬂixex 3 ch}:ﬁoi

(,ufwcc*\ 'S Qom{z)&riv ozmc& -c(osec\. Hean

gxex: chﬁootog = gxe»X:%cm#% N{xeX:goo+os

s cgmlnct.ﬂ/%‘ Thus . (WQ‘8> e G (X).

E/xex : F(X)—FSOO*Oi c %xg)( S ?CK)#OE U%xenggx):::oj

HQY\(‘,Q

ixeX : footgoo+od = fxeX sfeorofUixeX s Jeo+0]

= {xeX = foo *0¢{ U %Xex§§(,0,_#o§

which s a&ou:n compact = Hence $’><e-><:¥’(’<>+§c»<>:ko§ 'S compaf

Thus . Ceo(X) is a subalasbve. .
\J
Qv) [et (0 be the metric @% metric &F&CQ X . ket xe& X and
\Jj’-(x)é—(o(ﬁ(o, KD ¥ e X. ‘(2 % g /X\
\ k.,/(:/ b /

= 5
‘F‘ Seporotes Fo?rﬁ:@ s

%fxeX: foo +0}

o5
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P%qe 157 , Pwhblem 7 (oD

Let X be a compact space and et L € C'X) be a lattice

[£.8€ 1 implies AT A & bl

@ If PeCiX) and if for each %, yeX and €>0 there
is some fie b such that |f@®@—h@ <& for z=x ond

Z‘-’\‘S/ then theve e an h € . such that HECZ)~F\Q%)’<‘E’_ reX.

LA f/». Y
l/ .

Peooe: ¥x.geX, (¥e>0)(2 F\x‘\\g e Ly ( [fo-hogy@l<e  ve=%x, 4 )
Let  Viy:=§ zexX | kK,xcz) < fla>+ e} oyt \/_\;f
As shoswn in the clase, V"’ﬁ TS open. New Pix x, then

%v'x,g[ Je XE %wﬁg&e% X, ond since X
/oy

- {/ ]
s cemfnct', Tﬁ\ere exist a {imte subcever

fo,g‘, VK, 31’ S = Vx,\\S“ i —Deg’f“e
3,)('% hxgl N F\’(XL (O L A %Xaﬂ &= L\,
= J,@®><f@+e v oz e X .

Le'fc WX = g %C‘XI SXCE) = %(E)“ EE' Aﬁm}.n \/\}x e OFQV\

/ and X E—Wx - Moeover %Wx’ XGXE 'z another open

coyer Q‘r\} )( . Hence ‘tﬁeve exigts a «Fini‘ce 8tdaeevex* G»F X

Wx,, Wxs, ~=*» Wxm . New dePine
3 = 8\(\ V&x’LV‘~-V§XY\ e
Then

f@ - <y < P>+ g W o 2e X

Wy !
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J\LTQ 43“25,:@@% ae and  [om YV, Zt -%21- X e,

I =D oo

Hence fga :@gt\g -~ R%IJ =17 N j=t2 o N, which f‘vv)b\?E

\‘S)'(b“‘ i gng SN

d

?’
il
19
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PQGE 277 . Pwblem 13 (a0
Bﬁ EGLT and P e Mo, then 5¢6L‘:.
&‘ﬁf Let b = QZ i]: & Mo, where NJQR)J\:"Z"")‘V
Then
e & = d?:—‘ 04 j}gt )
New we need o prove thodt fgrj %L.T 'Eoy’ S:f/z, ~ee, M,
FELY implies thox (= §- h eMielY) such thar £ =g—ha=,
an ol Sggzggtj_%grd’q‘e"' [83 &egrn-ifz~en u% M, , +here
exist honc&eg-reasini seguences (On) and (Pn) SMo  such
thet
A;w;o q)no() _ &cx) o and &Lm%\[/“b():l\ﬁx) o.e .
/‘1} Then it & e?m‘b\e +o see thot (&%) end (Wnfr) & Mol
[ § 8
Y T . .
; ) mevecve*r% %QS oxe hcn&eoxqu\rg with chngti‘Sg};‘\k‘g%lsk omci
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PO‘SQ 277, Problem 15 (o
Su.ppoge 'l:F\o.:bf e a veal—valued ?m\c’cfon c@e{lmecﬁ on the P(ome R>

such that . %reacf\ F?xecx x , the function S —95‘0(,3) [E:3

5 ¥ B N
i L\ 6“4 qu,‘\ ‘Ffs(eci \Lf p -&\Q %U/Y\Qh\DY\ X——>53CX,5) IS continuwousy

on R . ’De‘?me 95 on R E\\S
x> = 5_: Foogrdy.

(o0 g theve s some g,mch:en (S < L}r Such that ‘ECK,/S)(s \SC&S)‘ %‘f‘

all 4 e R and all x i some open mtevuel T SR, 4hen $ i conti

Pmofi v xeI , we will shoew P 3t continueu at X \03 <he

that (F(Xn) €T) ( Xn = X implies P — SO ) |
S ince ?orﬁ each ereé‘ 3 , the ?u«r\c’rtor\ X —> {3 C&,t&) I’ ee
Hence , ("VL(XV\) o I) ( om0 X f‘“‘\P[tQ& 'PC)(Y\ » \\S> — ?’Q() byl

Fov each -F:xect K ?(X w, YD € LY. mMeeover,

[ F O 2180 | el (gen’ = Igl< LY

APF‘% LBCT . we howe ?Q(, g) & LT Further meve ,

mji?(xr\/ 8)&3 = L~ Cb(')(h)‘: 5_2 ?Q’(z 3)&3 = i

n=cQ

'S centi ug on . '
Hence, ¢ nuous on [ Q.E.D.

nuouws on L

N?v@

tivusug |

) .

G .
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Parr 16

The ge%,u,ence O‘D- @uﬁ\c‘ft’[cn& fn &e{thec‘ BS 'ic‘(3=&?“ (,Y\X) hog

ne &u‘ose@uenGQ which coﬂUeva@S oa.e. an R .

Preof e proeve this problem LOCS controdiction. Suppese §“ hag
o gv&,&e%uencg (Jenk>f::s which GBY\VEGGS sSome §L,md'ann§3 a-€. on
let

\Sk i Cf"k_ g“k-\»\ >2 :

Then
%:\;Q 8?{ e M (fn{,\" f“&w\ >Z

k>0

— (f ~5_)z w0 : a.e, on Lo, 21]

Le“t‘:
%(x>=4'9(to, 27171

Tf\en it s &(m‘é‘e +o |ee 'ET;IC\i? ‘Q\_G L:{: Omc{

]‘Sero,zm’ = Hery

AFPEg LDCT, we howve

ar

%:;gojlgflxto,zwa :\S: o = 0.

Bwi’
2T »
\j‘gk XE“/ZT\'] =§Q [STn(T\KX) = giﬁ (“K—%\ X>]1 C‘( )%
— r 2T
Henee %& S)3K XYD)ZTv‘l =l and this fs a cmn‘waﬁzﬁ:sﬁirt‘an‘

TELW% > -Et\q &Qé;uence o% ‘?V\ X)) =< (nx) ng ne gu‘aea%xﬁfmvg

which cenverges xR, ©n R
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Porg . Roblem 19 @
-g' a<b in R¥* and Ef (qu:z‘ I8 @ sepuence DP functions K (CL) b)

SG)H%%S\‘nS

Y:Z.: j’: | Wn (0 [dx < oo,

then the sevies
o0

JCoo = Z, Us0

n=1

SHRUSTIeS qb%shﬁcets for allmest suery xe(a,b), and the fumerien

§ thereby defined i in K b) and sorsfres

b oo b
\S)ov FQX)O{X = ES‘“ LKnO()d)( :

’ *
m et SK(’OZ Z= |un(x)l, We note thok \O&‘t Ts non‘-&ecveom?v&

\SSK ’*5 iu ool dx = Z 5 lUn OO dx < Z§ | Ul [dX < 80

He.nccz, @KQ— I YraskY.
\% = % oo @K -

so
Hence, = Un0O c:enVeﬁeg cn{c:&o\wceiﬂ ae. on (o, k) to &ECK

APplQ‘r MCT . we hwe

bz: uv\( < LT(Q" ‘3} 2

&
» B
7 {31KIZ|,§,7’L“|S”Z=||M“1:3K<S e, @eLrC%B
/ [/
APP‘:S LDPCT 5 we hewe
e i)

oo
yl\‘m Fee OO = Z Unln) = \ng o e
oa n=_\

5:?0()0&( = :%L‘Zoy f\((so dix
S; Z_‘T Un 0O R

M&B\’QOUQV »

K-s oo

k.;oo n=

— P % P mnoodx = f&f’ Un 0O Ex . AE D
n=1
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]

Pa'?q 22 (B)

']Ef el s defined euer\xsu\)c\exe on R and is LLnTg—)om[d continwsus

on R, then Lk\wFCx)zii_\:\\%PC&):D/ and  So % te beundad

Pmo§ = j‘e LT = ,fl GLY; {?ﬁv\roxreovev* lf} s Ae?me.c( eoeﬁmc\ere
on R and ¢ L»n?%ﬂntxﬁ cortinuweuws on R Let

X
\\ A
Sn C’@ = VY)C’Ql /X‘C*'n,n] )
\

Then we howe - \'\Q(fne—-LT, v ne N, o~d [im

h>00

Moreover, [§n| = I§]. Apdy LDAT, we obtain

[IEFENE

oY

f Sm-g o

\ ,
= (VE>O) (3 N %N)\‘zl&ud\ that ?@P N SN

{

JIE =B < &4

|
S\W\QQ 152‘ i uﬂi%vm&ﬂ c%eﬂ{-?nweus an K = (;‘U‘8>D) (3

(b(-—\kgl<% :—:>,f(><>——§%;§),<g>.
|

(%)

New Swfppoge thot there exiet

a NeR <[X1(Z\\}> and

G0 =IFe0].

h int.

DOr. Watking: T ecant {')tm‘s'}\ thos problem Please give me a
:/13/ el
j —f— - y /w 3
Nprle it 1, Tuppe < b Hof
| F o« 7/ % AL \ T
— / — ! \ A 1 | / ,‘ ; A ) F""’l\‘ =
/ { / ! / v ‘
B(30) ( Iyt = | 1for-lpl] <%
L SRl s = LRI (fY) &
Tin Oy CHCE, < Tiack the ! /’W>V<4g Ve @
/ Shew Tl
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Pagce 310 . Bblem 4

]3‘ fe bor and E>0, then there exists o continuous Pumcffon
J:R— C which vanishes ?Aen‘b?eo;“\xg sutside seme bownded Tnteyuval

and mhfe-?res j[f—8‘< e .

me: Firet we consider the QPeotoI cose wkeve fGLT Then it
flonwas %ﬁem Theovem (6.18) thok there exisks a seguence
(q)n)vexi( g Mo &uct\ 't—r'\ok

Lirs §\§-©“\=O anch ‘l\i_;nm(b“oo:?oq a.e .
Hence (¥8>0) (I NeN ond $ye& Mo) such that

Jis-oul<c £

Feom the definttion 0% strep Lunetion , we can vewrtte
M ~
By x> = > N, Boe seme M e N ond disgost i
w=1 :

T, m=(,~-, M. Alss, we Bnouws N Vanshee jdenttcall
J j
cutstde seme Bm&eé \\vﬁ@x\JcLQ e, Xu=0 sz Tin s on

(note that U Im= R . New let sc=maxfisul, = kel } o

=1\

D = % X & (R l @M(Xﬁ s &i&w\*?nuu—u& on xg
We note that D comterns ot mest M points - let us ré(e@i
M
= o <
De — mg <xm 4—MD() At 4-.MOL> P XNED

amd

CPN (XY ]\f /X¢:‘DQ
oo =
3 2 Mo s e &
B [cp“ (xm+ 2o ) = G (X = 4_0[':4)}' (X=%mt+ 155
+ OnOm—z2 ) F K& (o 20 X

cw\Ag (Xme‘t

evvale

\aenw:ie& .

ol

ne

\ |
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Problem 14 (Cconmt.)
Hence P S X)) g continuous oN R and vamshes ?é@nt?ml&s ouwkside
seme beunded mteyyal ond Sccitts{-)tea
€ g e

JIen—38l s v G+ S)=%
Tﬁu&,

g —g1 ::y\%»@wdm-@ts5<(g~m\>+<r¢u~g&>

=ji§i — b +fl¢m~j[ < 2+E% <2

Now. let us considey the Tenexmf exse , (.©, )Q% L\ Hence)
we (‘\w\ze 5-—“ ng . I I.mji - wheve Qef %L; amd Imf%l.::

Then Ifjfo[\oqu ?rmvw the &F&uo& cogo We ‘zsm,gcl ohove thedt

‘\TE\QY‘Q exTst continusus veol uo.,QuecK Fwncﬁoﬂss Re j cvnc‘ Im\‘

w‘\te_}x vantsh TA%&:Q«J{&S s s idve fQeme %smc&eo& l\nicemet& C’W‘Q\
&Q%t&?t&
\YIRef—Rej | < .g_ and jf]:mf - Im3!<§

Lt \Ox = Qe@-{— Ifm& >, then

S5 -8 1= R -reg + 1 (rag -1 9)|
| sj|ge§~ke31+|Ll-5)!‘rm§~1mj‘
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que 314, Problem 2% d)

Let (En)uey be any sspuence uf measurchle sets. Define

oo o

Iim E, = U En. Then Allm EDNS Lm AGE).
T >00 k=l n=k v

Pmogi g %G N, since ﬁ
n=%

t\enCQ 7\<n(j?{E“> = 7\CEh) 5 n=%, &-\-‘, ~--

E“ = EY\ p) n:‘%/ &+‘/ BER gy ST

T_F\ue. we %owQ

oo i
ACQEED s Inf ACEL) . e
New

‘eir us onns?&e\’“

A B =AY, QREHB =A(U Dx)

A)ﬁ
/[:, Uot\ere.
Y =M B
D h&
We note thak De s iy v &‘% N . Henee

7\(_&‘4\?_‘»5“) = ﬁf_\;‘; A(D) = é'_';‘m 7\(,65\‘(:\“)*

Mat@ (> , we p\,owe
Al ED < In i AEd =l A ) ges

LS

Sub Em? of epuation (%) : BCS contradictiony. Suppese ‘)\(:(SRE“>>Y‘;:.

/
;j:
which Imf_s\te& that (%S defimition of J{,iv’i%{gfmum ) (FEW, N2k)

ALED) < BE AED + LA ED- meAED] < (]

Thies e a centmdiction Since f,?((EN) > 7\()‘@7&5“)_ g-e.d.

/

AV 4

i?\(&)

such +hat

D&En).
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Page 315 , Problem 29 ()

et (5“),:‘ =M be&rven, gwﬁms;e that

bim  A(fxeR: [§.00 - Foo|282) =0

N, M —>oco

fbx‘ ese«rg $>0. Ih thie cose we saﬁ +hat (Jcn)::‘ s CMLJ’S in

measuve. Then there exists a sub sequence Cf"k)?:-:‘ amd  an ?G M
such thet f&)zg_;& :th_\ OO ace. Moreover, the cf@;t;&?no& seguenc

Gbu\)e‘@es N wmeasuwye +to f which weans that

hli;ﬂlo?\(g{"(e“l’ [f(x)-f.\(x)\z %E) =0
féf ewe,rtg §>0.

_P_""L’g.: BoseJ on ’rRe ch{—- '(-F\o;i Y >0,

nm—=oo

Loy A(fxeR: [§.00 -j’nmla SE) =0,

let us construct a sepuence as Fellows =
() Let $=8=2"" (FnelN) suich that ¥ m>n,
A(FxeR : [§.00=F, 00| 25=2")<e=2"

(i) ket $=8=2"7, (e, N2>Nn,) such that ¥)

ALfxeR: [F,00-fp0[>8=27F) < =22

%‘S inbution , we 6c>+0-1ﬂ o 8@%&QHQ€

5 g:—f,z,, L

M
wohieh Sochs{;ze&

ALFEY = 2~&

wﬁere

Fre= § xR [fis, 00 = fr 0] 278}

m>n,
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S AVIR
"y

We new prove that %:‘330 {y)nkoq = ?co a.e. %r Qeme &De M.

Te do this suppose that

Thien  Sines §| NCER)

We will show +hox @mﬂ mﬁ X & R\E .
¥ Xo €R\E ,

the defirttions o? P\f

for all &= Jo-

Since

cenveyees ,

l'/'V "i Y/

UJC\ tch ?mPi tes

SInece \?“k [ M J ‘P < 1\4 .

JR

us-\n\i

Ng xeR:
?o‘r o»“ sw@ieg&—{ﬂ large n. Hence :S*)n OOhV@(SeS M measuwe WE

o
14
i N

ao
E__&J F“k-\—\ 0(03 -

- J

k=j§ —‘=QP

P =3 g=t 5 = gam, Bk

J

O

&Pnk(xo) com:er&eg,
(EJOQN) such that "qu::pd:o, So +hot ‘?mm

and B
. N 4:- E&_—_ %‘XER: \g“k+\ )= fhg\b()\‘z 2-&\?
Tt follows that

| F g O “fmk("“) = 2

ng (X| §
fﬂkCXO) > E\:\/ 2z, >

.e,

—

¥ Xe € R\E

FCxe

(due o AE)=D )

&900 7\& (X))

%;;m "Pnkb(> =Py ae.

Ne\'ice thot

xelR = |Fx *3(3“00 = S?S & __“D.({XGR ‘ np OO T )
h—>oo

() (4D , e Rowé

| foo = $n RS }P_\m?\gxe\k | $rpc>— Fa | =

why o

o\
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Pq&é 315, Problem 29 ()

1[5: i S)‘fm f l__o , then g n) s ecuxC‘ﬂ\\S T measune |

Proof

We il prove this p\roh\em E& contrecliction . Tuppose Cfn> i

nat ch&cg ™ measpuwye , 1.€, %T IeMme 95 >0

lim A (§xeR:If00-$oo0]288)+0,

N, M >0

(qn>?) s

T&ws n—nP[(eg +1\cct(‘b‘\em exist seme m,p>}\)/%~o cund NC“}}S\LQF\

A
N (§xe R (fmoo ?“bo\ %§> = >0

let ws ch? ine

Dm: ?xe R » Wm(m—fh(xwla S}

and A new ?wnu‘h‘cn

% ? i xXeD
OGO =
Hean
|§oo| < [Fm00— Proo| v xeR P
y - /0
Meveoyey ‘7 4./T

- Sl 5l =58 = 55 Xom sacmy 2 w850

which ?mi:\teeq. Hhot n[;"m}xj[fm— fn( == Qo .TE\rs e a contradl

Heth ""‘:\Q Ye&%-"t. Q\E\bn

T

ctiean |,

-
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que 163, Pm‘o(eh’\ 1

let [oubT CR and et BV(La,b1) be the set of all complex-
Votueé -Pumc%foh& 53 on [Ca, bl Suctr\ Hhad Va‘f‘f <o | Fw-f\
j: e BV(La bT) dePine the vaviation norm GP f ts be the

“nwmtoer

I$1, = I5w@] + vo§

and ek
1§, =sup§ 1§00l + xela)bl g

dencte , as wsual , the U,Y»?Pn‘rm neYm o? JP' If ‘?)SGBVQB\;‘DK>

Q/V\A 0(@:@:/ +{’\QY\

> §£3 e BV(Ca,bT) and 1PgH, < uflmgjuv FIF .

Pvre_o:[‘: Consider o subdivision o? la, b

P: % A= Ko <X <K< ~~i Xn :‘a:g)

We howe

|F O §0xp ) — F ) g% )|

= [$0 g0 — £ (g S + Foe-03 X = 060§ 0xam)|

D < 05 o[ g omr= goxeo] + 121 [§06>- Fexey |

This implies V2 (E9) < 51V g + IS - VoF <o since

5, §ervita,b]) :mF(aes thet l)§\1u<co,\/e‘3&<w, NQMu <oo oy

Hence, $E€BV(Ta, b1) . Then we have

182 1y = [$ e || geo [+ VRS I§ (- |§ee0 [+ | feo] 8], + Vr(3g)

< £l 18|+ (Sl + (1§ -Veg + 11 QM- Va"§

s [3000] - | fow = o) [+ [Foaa [ goxes - goxgn |

RRVAS ?an.

= “‘f“»v H&Mv + |l iy ‘"&”w R.E.D,




Homewer‘{ Ne. 6 ! R eal Ahagu\l‘sTS 5of !t Bew Mm: Chen

(2

i \ & e

Piez, Problem 1 (%)

(P Defrnmg P38 =15 -glly mokes BU(Ta,6T) « comlete metw

thot

¢ =
Nor

p‘(bog : Fiet we hew that (O 'S @ melvyic. 1t s arm‘:\e 4o vexty

vy P85, 8) = [§ey ~gooo| + Vo (F = %)

Tﬁug /0 is @ melwe ™m BVTa,bID-

¢y pegsy=lol =0 ¥ Fervitabl).
G p &)= II5-3lv

= [fo-g@|+ Vo (§ -2 >0 f F+3.
G e, g) = 1§ -8y = ‘§<Q>‘§(“>\+V§5(’3“3>

— |ger = §eo| + V> (3-8 )

=PR §) ¥ §F.3eRry(Cabl).

= [ §@ ke + ?\ccx)-&h)[ + Vo (§ -8+ R-
= ‘f@«)— ‘\CO\)"“'V: (s-Ry+ ‘R(a)“SCQ)Y+M

:/OC§,R) +/<>(P\,g) ]

c SF&@Q.

Py

%>
> (R-¢)
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Page 164,
.

Lgtj:[‘q, bl — R be o@ Pintte voriation on Ca,lbl . Define G on

Ta b

on‘\\s Tf 8 = contineuyx ok N .

E\tg g =Vc,’f§ Tﬁenj s contimeus ab x & Cau b3 rji and

Proof =

(’3

(=) Assume thok g e eontinous at X Then ¥& >0
(2 >0 such thex fux\ alf geta kbl I —xl= 8.
NMESER(CTIEEN

fase 13 Yz |30 -geo|=[ls -V |

—Vx§ <& inplees that
l?%)—§oolivgf<:%
Cane 20 $<x, 180>~ qoo )= [W§ - Vg |
— \/ﬁX f=e oshich ?wx?‘fe\g thet

[Fady—Foo s V§ <& .

Hence ? e centinuscus ot X .

P

($> Since § is T\othQOTQasTsS v ith 3(‘0):\/;’%)‘ (C’Q[

\3 ;\QS akmost Sgawn{“a[o‘s h’\cvn& &IMHQ, &R.&cw:\*\?ﬁ‘ivxu[cjcie% . Ns
cuppose t{'\o& X% “ {s §ne OP ‘eur_t\ &A\-Qw\ﬁ‘?i\m& FD?»JC on oy
cmcx mQac w‘t{—‘r\mﬁ% (gg& QP Tenero&f&& we assuwme \TC')(-H
[ha‘be '(-Snat n chte eP a(x——)%ﬁ\‘i(ﬂ), Sang ; newt "‘f’?“e*
We note +hat S\Y\?\:Q ?CX&A exists e 4o VG,%Q%
‘K+—3
0 <8(x+)~80§) = .L.‘_‘: fﬂ&’cx*—) ~§cx)!
T\;'»us % S OQSO &‘us:, At nous X . ._(%.‘L':‘A_E-

-

s b)

*@(x).

\
<,

-\/\4}&'

7R VA
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Page 343, Beblem 1.
et 0<¥<sS<oo be geven .
(0 1‘5 fQM and E € M. then
(S8 < (L151°) (e 5
ngE : et P = %>L Tﬁen
P = PPA\( - _§{§i‘ ¥ sei\( - ;_(is_>‘
Us?@ Hesldev Tne%uc&i{’\\j, we havo
§, 15175 57560 - Jls-xel” o
CHslder) swl?\XEIY'P)—‘\;‘ j’lx \P/)Tl‘;
-(Fiee ¥ jxs_)““
= (Je |§!S)"§'QNE>) e )

—[’Jf\ s \‘W\P{ e {—Yr\cﬁc

j |51 ) {o1gre ) (ne %“%

R.ELD




§
Hcmewcrﬁ& Ne. 6 J Qenx A%Qt& S } Ren . Chen

P 2343, Problem 1 Ceont.)

(> If Eem ond AE) <o, then e B) Cclv (B).

PTcog;: L' j? s Lg CE> . B\(S ciePTﬂ itien , e hcwe

1818 <oe
wc\ rotx s‘mF\tes ‘E‘%qi‘

(LJﬂﬁ%<%.

Qeccp“ (%) n the PT@QE DP Pcw"“sj CYN

Jels1v & (§Em8)%- (o)™ ¥

< O

” o~
AN 4-

wY\eck fmf)‘teg *Aqoci“ f < L\r () CVﬁQ( “\Q“CQ

LsCED g LYLE> GLE::D“_'__.
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P.343 Problem | Ceont.)

Co Ly (To, ‘]>\LS(EO/\3> * b,

P’me? = let

{
fcso:‘)(””s‘ ¥ xeCo, 1],

Then
i < I |
Jn |5 =£ x =o= = § ¢ | ¢lo1D
Rut &ince Y<<S,

{ | ¥ Y
- — =)
\go "§‘Y:50 A g ‘—‘Xs’ XO )
S

& T Ry WER

|

o]

! HEhCQ J) ? e LY (EQ, (]) Moreo—ve\",

f" e lv(Co)\ Le (To,17),

Thue
Ly (Lo, 1IN Le(lo 7)) = &,
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T
Rage 343, Preblem 3 ca)
I
'.l:.f O<¥<2<t<co and feLfﬂ Lo . then JGGL,S omd
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