Math 501

First Midterm Examination October 5, 1990

1. (20 points) Let (X,7) be a topological space, and let F' C X. Prove

that if F' contains all of its limit points, then F' is closed. (Do not

invoke theorems; proceed from the definition of closed.)

. Let (X,7T) be a locally compact Hausdorff space, and let p be a point

not in X. Define a topological space (Y,) by ¥ = X U {p} and
U=TU{GU{p} | G € T and X \ G is compact. }. (Reminder:

a space is locally compact iff every point has a neighborhood whose
closure is compact.)

(a) (20 points) Show that (Y,U/) is compact.
(b) (20 points) Show that (Y,4/) is a Hausdorff space.

. Let Q be theset-following set of even polynomials:

Q:{Z AmZ>™ | nZZ,‘az,...,anER}

m=2
Notice that the sum starts at m = 2.

(a) (10 points) Prove or disprove that Q is dense in C[0, 1].
(b) (10 points) Prove or disprove that @ is dense in C"[1,2].

. (20 points) Let X be a topological space, and let D be a dense subset

of X. Let {f.} be an equicontinuous sequence of functions mapping
X into IR. Suppose that for each d € D, {f.(d)} is a convergent
sequence. Show that for each ¢ € X, {f.(z)} is convergent. (Hint;
Show it’s Cauchy. Use an €¢/3 argument.)



— e e e e

t\,«f
n b
1 %4
//i;
L
Nt

Ben M. Chen (

2y -~ [ I?
Problem 132 ,,,{, *’/i“’

F oo closed I% F’ is open
We proef- 4hus proklem L)\Lj centradition i Suppose thoit-
F7 s net open. Ry definstion thok Hheve exists
X € T/ such that eueva hehd Vv o%- X 1t net cgmtained

M F/ O\J[ru‘c(h FMP[Teg V' contaang ar least ome
point @F F . Hence %X e a Linck poi—~k 018 =3

Ang& +—L\,‘\ 3 \‘3 oL QO n {-Y\Q\CQ_; ot cesvy - HQ_V\C,Q_ F (< QQO se <; .




|
| Ben M. Chew

~—

Problem 2

A\

(> (X,7 ) s o ng&m{lﬂ? SpRee /@?
—&Lx,\xgex x # U éu,ve"(
SL\C‘/\ Jt—l/\o.i"

XeW ==X eV bt UNY=¢

W New, ¥ x,yeY if X feX . We noke that
W, v & Q}( c&so . Hence, F?c& e zame
N, V e QSO@'UQ. will Lo +he J\ﬁc.‘) .

Cied Tﬁw %‘P%WA(\ Case je that we can m\% houue
oMNe e—? x ot Eg Q-E W
W-L.0.& : astume X& X ook Y =pr.




Th

Roblem 3.

BQV\ AW Qhen

@a=3 2

|

Y\>/Z J Qa,“‘zan%ﬁ{g

ot §o3 € Lo, 1]

2m
Am X

2

) Q s net dence
UOtst[neg

¢
7 DN
~ b 2m

Y GU is denga %)

©

Let VOLGH{ ok P

e, 27

ey €LY to/ i)

QineQ

SN

= 2oex” e
= « B, = V\%Z (tam) X™ e @
S o % Q. =R, m=
© et

P, -

Move cveY -

Vount s\neg

&L

AN
m=2

n

=2

Pe

h A
R D G
wm=2

P=ax"ec &

o whaey-e

(< er/vxe,@

N QYT\/ i

X
\
\

i AP

/s

w = (<4

L1 I

N
Pot P = S (an+aS)X  + T anX
G

| &
'S 2m
2 am X &

'S %efwro&e s Po.‘wd‘

FYom Q—w) they

Y w 2m
WO{’\ PK:Ez QW\X
U\)L{Jn (@g} g% ae,ne.\fag/iﬁ\: . we agsuwwme Wn

2




{ Ben m. chen

Problem 4

© S;gm i 1 on Q%Meefy\%(hu:uu& gg%wean GQ

‘P“M\O/Q' LN Y app ;Wﬁ >< LYo [Kﬁ \\V\/\P( te

(’\7"%23\>O) (3 M,QN) (’VL‘XQX> (v m,n>M(>

_
l‘?’v\ OO — %m (‘X,\)] < % . {NG‘)

@ d C—/D %‘@n(d)\g s @& eenvq.ﬁci&w*\* g&%@u@»’\céi }

Hence -

—

[Fntd)y — do| < 2

@ “e«u\} E-P 'X%D o L&{ &SSMW“LW *‘Kf\o& ‘?r\(“{\/’ T 9
Igi (XQL\—D - Bin e

X s o Linot yﬁiwf(” OP’ B

Con \IQAF@ ev\;& %.Q,E)uacw\ leX >Ny
D 4N &,ev\ Qe |,

Hence

(JVL§<5>O) (EX nhhd \/ D;P %> (= &@\/D N
VIFHQX>—\QH(4>{<%

'v

(4

C4!
@ Let mn> max'%’x\j”y\)li 4

‘?“CX) - d{o[ :I '@v\ (G — ?mcx>+‘?m(\{>w9m (c‘()
+ Fo b = Lo 7

(v £/3>0) (3 Nee WD) (+ n> N.) (LoeR

\-\7" ™ & 0\) § J (/:’VM

|
Hev\CQ 5

s ¥n (g)i s %nve{gen?ﬁ *V‘ %X e X, &&E\D,

£ 18000 = £ GO+ [Frn 0 = o (@) + | ey~ s < <.



%é}h m . C‘(\QYW

Math 501

Second Midterm Examination, Part I November 7, 1990

1. (15 points) Given £ C IR and a € IR, define E, C Rby E, = E+a =
{z+a |z € E}. Show that E, € M if E € M. (Note: M denotes the

set of Lebesgue measurable sets. )

2. (15 points) Give a sequence of functions (f,) C L; and f € L, such
that lim fa(z) = f(z) a.e., but 1}13.10/](” - /f

3. (20 points) State and prove Fatou’s lemma.
(Hint: liminf f,(z) = klim 12172 fa(z), so consider the sequence (gi) de-

fined by gx(z) = inf,>x fo(z).)
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Math 501

Second Midterm Examination, Part II November 9, 1990

4. (10 points) Show that if f € L] and o € R, then af € L}. (You may
use any relevant facts about M; without proving them.)

5. (20 points) Show that if f € L;, then JLIEO /" f= /f

6. (20 points) Let (f,)22; € M be a sequence that converges uniformly
to f € M. Suppose there is a set £ € M with A(E) < oo, such that

for all n, f,(z) =0if z ¢ E. Show that nlgg/] f—=fal=0.
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Final Examination December 18, 1990

There are 175 points possible.

. (10\{)oints) Prove that every countable subset of IR has Lebesgue outer

1
measure zero.
2. (a\)/ (10 points) Give an example of a sequence (f,) C L; such that
Jim fa(z) = 0 a.e., but Jim / | fn| # 0.
(b) (10 points) Give an example of a sequence (f,) C L; such that
Jim | fo| = 0, but (f.) does not converge to 0 uniformly.
3. (a\)/»(lO points) What does Lusin’s Theorem say?
(b) (10 points) Give an example that shows that Lusin’s Theorem
does not imply that for every ¢ > 0 there is a set S, € M such
that A(S.) < € and f is continuous.at each point of IR\ S..
4, (a\}' (10 points) Show that L,(0,1) C L;(0,1).
(b\)/(IO points) Show that L,(1,00) € L(1, c0).
5. (20 points) Let (f.) be a sequence in C[0,1], and suppose f, — f
uniformly on [0,1]. Prove that f is uniformly continuous on [0, 1].
6. Let Q be the set of all even polynomials:

Q:{Zamxzm | n >0, ao,...,aned'}

m=0

(a)\/(lo points) Prove or disprove that Q is dense in C[0, 1].

(b)\/(IO points) Prove or disprove that Q is dense in C[—1,1].



7.\/(15 points) Use the appropriate convergence theorem to prove the
following result directly: If (E,)2, € M, E, D E,;; for all n,

n=1

A(E1) < oo, and E = N2, E,, then A(E) = lim A(E,).

8. Let f, g€ Ll(R)

(a) (Mfgpoints) Show that the function h(z,y) = f(z — y)g(y) is in
Li(IR?).

(b) (150points) Define the convolution f * g by
fra(@) = [, fla =)y

Show that f*g € Li(IR) and || f * gl; < [ f]l1/lg]l;-
In each part state clearly which theorem(s) you are using.

9. Let f and g be absolutely continuous, real-valued functions defined on

[0,1].
(a) (5 points) Then, of course, f and g are bounded. Explain why
“this is so. -

(b) (10 points) Let M be an upper bound for both |f(z)| and |g(z)|
¥ on [0, 1]. Derive an upper bound for the expression

[f(z)g(z) — f(y)9(w)| (=, y €[0,1])

that will be useful to you in part (c).
(c) (10 points) Show that the product fg is absolutely continuous.
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