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/Dwolbfe.m - 9.(.+(X2+3‘(?—l)32 L0 o ()

le:‘iag Po[ar cocrdinate ]D:‘no( e Pmr-f?cu[cu* solutiere to +hig eguﬂﬁ

Henece ., Shetch the associoted phase J&&SM.

et ) .
=% = §= —x— 0487 -1Y
\(::
= e%ui[-‘kvt,u,m Pe‘m“t“ =
% — X = (XT+Y =Y Y=
bk X = ¥oose
=7 8™Q
E - XXFYY XY - XY= (XEYD Y
(¥F—1) ¥ 8
= — — = ¥« (1—¥%).
= (=7,
5= XE-UX =X O xy — Y
Y= ¥
s 2 2 on
4
= ¥ = ¥(-¥2)sin2Q

) = (1= ¥2) WO coss —]

Ij} we chooge ¥ =1 , we will ehtein o ibexfecwtow solution

%%:o | Ny
& =r

Hence , +he phase &xﬁmm\ — //->

Shobiliby ¢

o
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@'rol:[em 2 ;
X=— XY+ u
: where pox mso.
— = AXY—7Y
Obtain the e@.u:\\i\mr?um Pcﬁn‘k o% the &&&s&mm. Dvew the F\r\qse PQ:H‘\S
neor  this eguilibrium point emd Hetenine whe m‘)ﬂdﬁ\\;&' ;%3 L < Ax?,

foog)y=—pxg+u =0
% pras

= = =
g =Axy—¥Y§ =0 A M= = 8-

_ - M . B
\/
F4 §=-2-R,

Henece . the e%m\ibvtwm Fo?n% rs %X:

Lfnecxﬁ‘ze this &3s‘rem okt the Q%),\L[\‘\mriu,m \’botn't'.

v’
3 =—py x=%'5=#—:“‘%
%_;fﬁzﬁ’u x=goy=5 = 7F
,_3___/&3__%* ; —2%_ AX—Y =0
> Lincoriged sgstem is 3
%=- LA g ¥y
i- L Vv
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det SA-ATI= (G -A) (0-A)+ AN =0

= 7\l+l(ﬁ#)ﬂ+/&n =0

My Ae = hEL) B RN L avD
v

L(,Y\&Q‘\ condlition /61/\ <4 \(z/ A oo A ave e:swmys(es( wﬁuﬂ pto ol .

lﬁ\@n Qmm +he clast note | +his s Cosce 2 OP L ineox a@s‘rem.

we have %}l(&w M\T phq;e deae yeom :

L f

=|x

vd

\
36“

I3

The eguih\aﬂwm \aem’r NEY Q%jm?‘%ottcaﬂ&\.g etalole .
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Problem 1 é-i—??lé -\"68%\8:0 ., k>0, 2>o (g> £2)

Determime  the egzwi\rhvtwm pont Sk&bﬂ?&g and f?ha&e Hraovoem .

ket _ .
Wi 3 ak ‘
y=246 y =—2ky—gsnx

/

= e%w‘\‘?‘m\"?wm FOU\'\”S a¥ye (%’T\’, O) > % axe aﬂ\\lj Tnt%gf .

‘?(X\)'):y.
(X, Y):—z&y - 2 &in X
J gt

® ?o“ow@ devide +he e%wihhnwm {be?ﬁﬂ mto -tu.:sog ?W‘”ﬁ’&‘\
p

<§qu§4= 2nT , O
( + ) N=0, £1,t2, --.

Freep 22 (20w, 0)

Coss 4 Kows lat v [inemrizes 4he Non-|inecor S\Ssd-em ak ni‘\jh\oor‘r\oocs‘(

o% +he e%uj,[ibriu,m Fe?\f\«‘ts ™ Squ 1. We F\ObUQ

=y

3 = (—geonx) X+ C“/Z%) J

(2nT,0)

= Ltv\ewr{ge;g; &Qgts'tem ?\:M Sm‘b T

g&zg $(®=C;;QG>

3:—@%—2&3 |

Jdet (A—xx): 7€+2%?x+% /
> A a=—btriJT - B2

the e?,uihh‘v"{wn\ Points in GWM_F‘ ‘

which will G?ue a_ stakle %F‘\m\ ™
v
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Case TL: We limevrize the nen=lineay %Ss-tem ok +the @%w‘\h\aﬂu,m

peivts ™ 6\*’@&\5 2. we hoawe

%=
\\'j = (- geosx)

[P T+r, 0)

x - R y
= LThewn*gecQ 8d§«\—em %:r group 2=

x =Y o X\ _ )
%&3 = zx—2Ry Kl (§>“(<§ ~>‘_¢<)(§>
det (A-AT) =T +2kn— ¢

= U=t Sl A

which wm@we an wnstable goddie .

tho, we censtruet the Pho\%Q HAra yaum:

DO In erder to determine the fype of gpival Tn case , we let =, o

we {?;“c& \% =—-3%X <O, ThOQ,iccct:\‘VS thet the votation i® Q/QQG_«&L
> Qx Case 2, we use

| 8

%—3— = —:&(ﬁf‘i p) d\eose \‘S: P(X\/
_ _ %2k ’
== o = X szpx = - S B £ PZ+2€{P —&=0

VIR .

=g =(~k-d“{?§“)'>i/mo\ Y=Ck+lerg ) x

e

Phase diagyom
\J

ot the ocguilibmtwm
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(&)

%T’es‘t = \\S:-(&fmm>x omd X >0

5 = - (ke JEFE ) X <O
5 = ex +zk(k+JR=+¢ )X>o0

Hence, we +he divections 0% +he saddie pPrevisus P&&Qj

IE)Q C@m%\@jﬁ ﬁw_ggg dﬁ‘%immﬂ;

Shalks Lﬁ\-\j s Jha Q%,Ltbriu_:m points Cgfw‘b T oaxre
qgijfoficmLﬁ stakle | /

P, dhose @me > axe wnstable. -
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a2u o A s
e +u-—'h_2u (/R,Y‘,OQ>O>

Problem 2.

Cra&%?f&f the egudlibrium Fom‘t& ordl determine the mbwl:X;CS,

X= u % =Y
bt y= i = %7=—x+—%;9(°‘“2

ey :>>f=:o_

7‘“’0 = %(2 XX =0 = TX =Rx=0
= x(¥x¥ —h*)=0

Hew:e) we houoe {zu\\owiij e%»ih\aﬁum an‘tgi <we aSSwme 0(:#:37

® §X=o; Qszoj y ) %x-—-(%z—)agfj/,@g:o}

%Amr&?g +to p*roblem I8 on ‘ooﬁe ST P u:,*(“\, YFog SANS0 .,
If x=3 , there I8 on% Dne‘ e%kb\\?\o\r?um point ok (}0,0)}

g&g; L»‘v\eom‘éaﬁon ok -Prrs-b e%ul\:\aﬁm point (o, 0)

xX= 4
= (~1+ %@—mx"‘“f’]

= (o)-(2 2 )6)

det (A-AT)= N+l =0 =5 A, A==fl

= — K

x
(0,0)

This Stve% . centye .
" ,
/\ The drrestion s detexmined as Pollow
Aan ) & R
NVEE |
, J=-x<o = dochune.

N

2Ny
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(&)

= 1
Case T = Linearization %r +the secondl eguilibriam pes nt-@%]&?% ’ Q) '

k=35
F= 01 g X ((Hyeh,0) X = DX
. (x):( o | )(’x)
§ o-3 0 /\J§ ra
= det (A-AT)= X— (2-3)=0
Sub—case O = =<3, > A A=TT 3o

v

which wv‘ﬂdin & centre as ?0\(&«.0?:3

N|
//—\\ divecttons et 3& =0, X3>O

\CS = (¢=-3)K<O0

M this case , both eeguilibrium points are cewters. Hence,

-Hna axe stelble |
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of
sub-cose {3 w>3 = A7 = Tx-@
which ® o caddle <Kencq ) uhsﬁth>
4 _ - x-3)x
ax \3 choose d = & x
s

£ X

=> & = (D&h%—}'%“ = ‘B\Z = (—3) = %F’Jo—tzg P @2::7[ O(—“

Hence , the e%m{:bvmm chc (o,0) is ctable . wop\

R =
([?]“ 3,0) s unstablo |
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Problem 3. X + € (e e=0

Find  limit Sde ond Tte kafli‘(tuéce . gﬁh:h’t\‘\;g .

bet  y='% = Y=—s@@xt-1§-x

= h(x, Y= (x*—1 )5 P fite, 60 =0 = (0,0) i an egut thyiom ‘oo‘mt;

Ce:ns?&e\"

pAll
0 ::5 'P'L(QOOS{’) —asint) sint o&t/

-_—_5:“ (Q*co%‘“c -1) (— asint ) Lt

277 " 2T . e
= j) asmt dt — ab sttt et It
(2]
[e]

2T o ; 5 zn o Zpn )
_ &-, E(\-@&Zﬁ)oﬂt—a A\, [Z (1+coszt)] [Z(l-cogz‘c)]cil;c

Qs 270

= GPLi= o [1+eos2t =~ cos?2t —eog a2t L

©

& S 2w
= @ — %:Ir 2% .f;_ (00&12174—&)&321’) At

2T 5 2w &)
acr _9551 [Jf(wcosqr‘t)]o&—\—%‘g‘ eo/g%—'b/?&smzt
O [e]

e T g
:aﬁf—@ﬁ—ﬁzg = 0¢t=3 = Ao=18 =1.682
4 8 \/

6
= g@) = earw — G

Searas = aw(za;— —85 af):-s.mss’n’ <O

3’(0@ = IEN 0= §
/

tahreh ?mFlIes that +the Limit -.Tjde s stekle | l.f &>o
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(@34
To tind a eomﬁe’cﬂ phase oﬁ&?jﬂ:ﬂn %r» this problem.
LA\V‘emr!‘ge +he rnon-limear ﬁs;tgm st (o, ©), we howe
Y A . 3 : . _ :
G =1 -4exy) oy X e Y
= -x+ey
/% B 1 %X 5
S ():( ) ) S et (r-p)= A= €A+ | =O
)= o)
=> A= S(etiditer)
Let &\S::O , % 70
ot

ﬁ\\ = § =-x<o (00
“D L

Hence , we have %\lum Phusg &x@mm:

- pake
AL
oo e -

,me"t Of&

Tfms, we con &j ,  the Timit Cﬁde s stable . /

Tke e%uihhriwn Potn&“ iR unstealble |
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o1

¥+ e(x*+52—4)X +X =0

X=2e08t s a [imit c\(jci'e.

S%uh;hi\ij s Paﬁq cloge to limit %cle; Feﬁoci with an eyror O

£2).

Solution :

hex, 0= 0C+X>-4) %
f (acose, agime)= (AWE0+ 0leine - 4 ) ASnG
= (a*-4)asing

= R@= zl-rrj ZTran (axse , asin@)sine Lo

1 2T
= Wjo (- ) aswee do |

_— M QJr_L - ) S & 2
= o ﬁ L (1—coe20) 9 = ZGL(CL 4).

v’

Py
= fola)= "i"F . R(acoss, asme ) cecs L8

1 2T e
a7 Q(Qz“‘4~> 8‘“900&80&@ = O

ve

a@—9 a at2 Y a2 T Fat Tz T3

d = g
\ja(ai%i?: _—}4:£~1&+—é—,?m(a+z)+~%~ bn(@a-2D=—_&Et+ C

et (o) =00 =

C —.—.—i—ymao + "%‘%(Qu*‘z)“’ —%—«Qn(ao —?>

v/
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o2
= —z2ha + W(a*=-4) = —4et - 2o +n(a5-4)
o “‘;ff }= -4t + zmg-ﬁ—;im}
= (—C—%;‘E)( —O:%;c) = % o g az-4ad = (e Fe
=| Q= T (1854) e-zpet\// !

g 50 , /J?:V—;Vc;g a{e) = 4. == Ofoe) =2 which g the vasly

the Iimit %cﬁe-

%:-1—%\(0(&):—\ = @=~—t+Co£ /

Hence +he selution 0{9 pecth  clese +o ltmit edde, R3

X(4) = @) cos 9ft) = 40 5L eo&(—'wr Co)
as—(ac—-4a)e /

AhCS( since QCoo)=2 => Limit a(‘.\Q, =2 &i‘C\.‘B\Q \if £50.

+he eguilibrium peint ot (0,0) is unstable , \f >0

» e 2w
W= |+ mi /?\Cgvces@, a&?n@)cg&@&,@

= 1+ zevo + O(e?)

e et & e fe OGRS /

f £<0O , +the Liwmit eﬂcle = wnstable |
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@2 % — 0.1 X® + 0.6 X=cost

Find first two harmonics of the sdlution of pertodl T

Assume the <ofwtion we are —Qeo{é\‘ci %«\ S
X, t)= X+ & X&)+ Q(e*)

Then we haweo . 5&“*“0\6%‘?'8%3 = ot \/

X+ eX+ 00+ = (‘X03+3€‘K§(>(‘+ Oce?))

+ 0.6 (Xt X ) = cont

=  Xo T 0.6 %o = cost

{5€I+®‘6 K= — f

D)} {Xn+o‘6 Koe=0O = (X,Q tH) = AG’QQ 0‘774‘6'{1'{' B@Tt’\ 0‘7'[4.,61'

wohich can net have a FQXTQO\ cg 2 = A=R=0Q.

@ /]

= ), + 0.6 X;=15.625 0t

@ (')é‘ + 06X, =0O = mnNo sslutien E"P Pertod‘( :z“\rr/,

e = 1 0
=X, = m LI‘S«GZ‘S %&&f]

- L (et (rmnetia]

15625
= _‘DT;%_\Z: [ Leost + 4 (ot +eo23t)]

2

L% (L -0 Y, _%;ﬁ%%ﬁg-[wgst]

= — 2§.296875 cost — 046503 co> 3t
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Thus, we howe

X(e 1) = —2.5cest — & (29 27¢8TBcos t+0.46 503 conzt) +O

And

X(=o0d,1)= 0.4296875 cost + 0.046503 cos 3T i

v

(3) The DLL’F'FTYU Sguation with mec\g\ excitation

X+ QA = & (yeos t + %)
0 8 ypear yegenance af 3. Shew Ahat theve are =olutiens

sz Pev?o& T jl’ +he &mFYr—tﬁo\e erF the zevo - ovder

Seflution ™R O or 2?2 Find the solution to oxder & ™ the

latter case.

Let ©F =9+ €@ . #en we howe
X + IX+ELX= g (Yeost +%3)
= X+ 9+ (X —XP—Yert) =0
We ave imﬁgﬁ R o solution of FHorm

K, T) = Ke )+ X (1) + OCgr) wwh T=o7

= (Fo+ 2%+ 0(2))+ G (xet € X+ 0(eD)

y

Eo'- (S{o“‘- ?XOZO

+ a[(,&(xo+ € A%, - X3 —32 XZ K, — Veout +

g &+ 9N = Yeost—RXe+ XS

e®)

Dcszﬂ: =




|

0%

Jrom Kot TAe=0 > Xe= AgS St BEiNat

=

%y F Xy = ¥eost ‘[& (Ao e 3t + Rosin3t) +(Accosst + Boaintt

= Yeost- Acﬂ cosat — BOF ein3t + BS am3at

+ Aleon® 3t + BAIR.®ST 3ttt +2 AcBZens 2t sin23t

= Yot — AO/S con3t — Ro /Jb &m 3t

+ Ro [SVY\ 2t (1 —ocos 6%3/2] - A§ [[eonzt ((+cos 6t )/2]

1+ 3AZR. [L Cr+coset) szt

S BARE [£ (1—conet) cos3]

= Yeost — Ao(& cosat — Re /&(J Qn Y

-+ ;4% RS Essrn at — sm?f] 5 z‘pAé [3cos3t +eos 3{\

+ FAIR, [Sin3t + emqt] + £ ABS [con st —conft]

— Yoot + [F AT+ 2 ARE — Aop]eosat
+ (2B + FABo - B pJsinat
+ (- B+ & ATB] s gt

+ [ g A& - S ARZ) w23t

A - : e
N, ()= e eost? + [FAS+ %AOBQ—»AV&] > $ ed

+ [2BI+ S ATRe- Bl .DJ+?~~‘{ s

AN [Z% AS Bo— %ngﬁ—ggmﬁf e (7};/&3— 23; AeBZ] o

3
/- (3 B3+ 2 ATB.— BoL ] 5 oosat

= — Teost + [$AS+FABI- ALT 2 sinat
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[ Ao BO

72 LR smgt — %2- [(4AS— FAcE] comqt

Tn order t© howe a Fgr:o&, > =olution , we must houve

TAS T FARI-AR =0

= Ao=0 and SATT3RI=4L

And
%BE-\-—% Bo— Bt =0
= B.=o0 am\eﬁ/ A+ 3B =44

Thus f Ac=Bo =0, we hawe <« peried om selwtten .
And DG A4+ BE = —%‘— Fs , we alte howe a oo Fwaﬁg& as\wtton .
ok in this ecaze we heawe Agé%,&* Be = Aozid’%—/g:g?

X.o = Ao  const 4 R.Sn3T

Xy = — Feoat + 75 [ BS - BTt + 75 Ac[BZ~ £ 4] cont
Selution 1 = B < JE &

K ) = JEL T RE west+ Bosin3t — feost

Solution 27

y

X, )=

+ s RS- BaIS e + < T (B2 Seostt
B!

¥

SdEp
—W@SB\”‘+.&°&T“%V~?G»&$%+ %(Bag—ﬁ&:
— 75 JEE-BF (BI-Ep)en Tt

Sm ?t

/Z><:O = No soluwtlen
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o1
1. Grven
Find +the Fhae.e PQ‘\’P\ and o(efev\mh\e DE POTncowe’s @{‘a‘o[e ?
> nX=t+C = x=¢e “2pet (pA=e%)
. t
X= AL o
) E
@ Y =3£<3g . g >o bj@%& :fdtt
= j—%—-’eﬂ :—”foQ;t = /Q"\</QA’\3> =14+ Censt.
\ w Y
- et
= /Qm\ﬁ =B€ =" =¢a v’
Hence , we obtean
P{wase Poc%h:
™ <O
&8 =0 5 |
o Soble =
The phase pocthes  in T‘e&?on mavked b\\j ':f;:‘ are Poitncafers stable

Anc&. tnstakle Qj&eu)t’\%‘(e, S (‘%e ‘ni?_ %713 af 9
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2. Detevwine the g'mlo*.ﬁxﬁd ol +he celutrons
5(12%1 sint 9.(a=0

(a)
9’(2 = O = Ks = & CQ %ﬂ&ﬁﬂ“t} )
= X,=XeInt = K= ~<>(.coa.‘t"'+/\7>
\/ X, = — x ol *‘/35
A= o<
1 -~ eosf]
P =,
/ 0 e
Al columns of T are bourded , the sclution i cfoble,
(b)) %,=0, Xe= Ki+Xe
]/ 'Xn} 0 O 1 (r X!
L. = N
L% - I ) [ Xe )
det (AT—A)= N(A-D=0 = =0, N2
\/’ O O & ] [ a, 1 [O\E
. =N = Y= f y V= |
LT 1) la. Q- = 1)
(1 0)
=2 §:: & = the golution e wnstable
e et

k}\()Q hxw&‘\" iﬁ <ome. ‘(‘\’\e SO[,UC%(:VOY\& Bg» ‘&Le @g&ﬁ»@_ﬁw\

= wn atal\e N Qv} % notk all +the sslatiang €s$

+the ﬂg‘\*@)\m axe stadele




2. (o) :
(7 D)
g, 4T g 2 Xz -2
Acc_@(‘c;@ +o Thesyem 3.1 c? the text , all sclutton @Q +he
Tautoc(‘ &&\S@em '>'(==/\(“c)‘x+&3ct) hoawe +he same 8&:@@‘:{:‘{\(‘5 pmgeﬁ-tg
N4

as +hat Df@ the =evo solution oP @ =AML Thus, let

us cx:r\&?cie\"
é[ _ qL 1 &El
\/{ir>“ ( 1 ”Z><@L>

det (AT-A)= (A2 == A+3YAED =0 => A=-1 ond Re==~38

i) ith sut j:m&nuj the solution , we /Qx\éu) the scluttons to this

%‘S‘t@m s Stable .

(d) X+ K+ X=€",  Defme X=X, K=%X
= ’)'Q‘:: K2 P (.).(2—.: f}i:_x\_ ey‘t»vxz +e;t

b

Fellews (o), e Oitj need to determine +he &{‘eﬂ)?[a—a DP

NS e

L@"' ns GLeosQ a LEqFonu\} %ncfﬁo_n
\/ e (gl §z> <§l \:_§‘2,+ —Zf > 0 (:‘O Ff z\:iz,:o()

-Tt\eh ‘%(g\é— cal w{a&sc& m‘g\nj *\—‘r\e_ tre mﬁgx\tj (3¢) gafe %9’?63%
° r : kgl ; %t o / O © f| )
V:(gl ﬁz)(2L)+(§‘ ?1)(§}) (21 ) [ 0 _Zé't)<§2’,

\ A
. \

e e i s 0
ah el waPlieg that +he aslution e% +he fﬁ%‘\'&m & Q‘\Q&;(SCL?QF?HWV)
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3. \: ind the Pwnon/men'\nl moactrix o% -the %&t@m <haracter Eiec\ 1:3

6(\ - XZ
’5('2,: (XS
Ra = —2% 4 Xn +2%s

And +hen \@.‘v\ci ‘he solutions ]er “the @d’&'i‘em \DQ‘ouJ N

R = Kt €F '
Ty == Ks Xlo) = (O )
. 0
Ky = — 2%, + N+ 2Kx S

% o | o X
&)I O o 1 )(xl
\ Xe / -2 I 2 /X

N ©
det (AT-A) = det / o X =\
k 2 =] A=/

= N(-2)+2 — A= (A=) (X"—1)

= (7\'—2)(%‘!)(?\\'1‘ \) =0 = ?\l:‘/ 7\2'::2/ 7\&2“1

And -Prem /

1 4 T
Thas ot et @t
@: et Ze?'t ebt .
L et 4 %)




| i
%
- |

0S5.

3. (second Fow’tr). Tt = g\‘mxa\e +o Ue:r?gs ot +he roxtacu{'aw

solufren oP +he xgcﬁu,\cxw linecr %S&*em (e

(X\: t@t
Xe= te*

S Xe=tetier

Then we have Hhe gelution ap +the &em@nc& S\j@@m

+ _
IX| Qt ez e N S8
Xz =| e* ZeZ& *eht &Y
X3 - et 4™ €77 /=<y
Since ,
l
X = | o
| l ( =)
@ <Xo — ' 2 "‘ O<Z
/ I 4 [ By
' =
e L\owe u‘z—% ) Hx = g

5 5 +
nw=2et-2e™ LeTrte

= T
xeo=20 -5 - Lo+ te

v o —t
Yolr= S -Fe g€+ tet

tet
+ | tet
t—eﬁr—thJr




