EE 2402 Engineering Mathematics 111

Tutorial 1
1. Convergence Test of Series:
(a) Show that the series
h  h? h?
1 h)=1 -———+——,a>0
n(a+ h) na—l—a 2a2+3a3 ca >0,

converges for |h| < a.

(b) Find the open interval of absolute convergence for the power series Y>> | u,(x) for

(=4)"

up(x) = 2+ 1) (z +2)*".

2. Use the recurrence equations of Bessel functions in the lecture notes and the fact that
for any integer n, J_,(x) = (=1)".J,(x) to show that:
(@) Jo(z) = —Ji(x)
(b) /xJo(x)dx — 2 Jy(x)

3. The generating function for Bessel function is
e%x(tf%) = Z t" T, ().

By differentiating both sides of the equation with respect to ¢ and equating coefficients

of like powers of ¢, show that
2n,
Jn,l(x) + Jn+1(:€) = ?Jn(x)

4. Use the fact that .J, is a solution of Bessel's equation of order v to show that z*.J, (bx*)

is a solution of the equation

20 — 1 2 2C2
y" - ( ax ) Yy + <5262$20_2 cL-re x: y=0.

5. Use the fact that [z7"J,(2)] = —27"J,41(x) and
2 |sin(x)
Top =) — | —
3/2 — [ " cos(x)]

Tsjal) = | = Ki - 1) sin(z) — > cos(x)}

T

to show that



6. It is proved in the lecture notes that x*.J,(bx¢) and x*Y,,(bx®) are solutions of

29 — 1 2 2.2
y”—(a )y'—i—(chQxQC_Z—i—a ch>y=0
x x

for constants a, b and ¢ and any nonnegative integer n. Use the above fact to write the

general solutions to the following differential equations:

1 3
(a) yll—;@//‘f‘(l—P)y:O

3 1 3
SRV IR AP

dr  x?
3 1
1 !
e — =0
(c) ¥ + AR

3 60
(d) ¥" - ;?/’ + <49€2 - ﬁ) y=20
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EE 2402 Engineering Mathematics 111
Tutorial 2
Interactive Problems

Remark: This tutorial set is to be conducted in a series of two tutorial sessions on Weeks
5 and 6. Tutors are free to have their own ways to conduct this tutorial set, as long as
each student has a chance to solve at least one of the following 4 problems and present it
in the tutorial class. Tutors are requested to mark the performance of each student in a
scale from 0 to 10, which will consist of 10% of the student’s final grade, and submit the

completed record to the class lecturer after the completion of the tutorial series.

1. Show that if a polynomial P(x) = Zak:pk =0, thena, =0 forall k. =0,1,2,---,n.
k=0

oo

Show also that if a power series > aza® = 0, then a; = 0 for all k = 0,1,2,---, cc.
k=0

Note that these properties are used in the class without proofs.

1 5 Tsi
2. Prove that I’ <§> = /7 and then use it to show that Js (x) =] — [SIH(I)
: mr T

- cos@)] |

3. How does a Bessel’s equation arise from real-life problems? Give a practical application of
Bessel's equations and/or Bessel functions with details. Note: Do not use those examples

in the lecture notes.

4. How does a Legendre's equation arise from real-life problems? Give a practical application
of Legendre's equations and/or Legendre functions with details. Note: Do not use those

examples in the lecture notes.
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EE 2402 Engineering Mathematics III
Tutorial 3
. Forn=0,1,2,3,4,5 verify that P,(x) is a solution of Legendre's equation with oo = n.
. Expand each of the following in a series of Legendre’s polynomials:
(a) 1+ 2z —a?
(b) 2z + a2 — 52?
(c) 2 — 2%+ 42*

. Let n be a nonnegative integer. Use the fact that P,(x) is one solution of Legendre's
equation with @ = n to obtain a second, linearly independent solution
Qu(r) = Pula) [ g
n\T) = I'p(x T
Po(x)?(1 = 2?)
Hint: Let Q,(x) = P,(x)z(x) and then substitute it to the Legendre’s equation to find

. Use the result in Problem 3 to obtain

= (12)
0= (1)
o=t (122) .

. Show the following properties of Legendre polynomials:

(@) P.(—z) =(-1)"P,(z) for -1 <z <landn=0,1,2,---
(b) For any integer n > 0,
1
/ P,(x)dx =0
-1

Hint: P,(x) = P,(x)Py(x).

. Practice: O’Neil, Sections 6.3 and 6.4.
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EE 2402 Engineering Mathematics 111
Tutorial 4

1. Show that

y(x,t) = sin(x) cos(at) + 2 cos(x) sin(at)

is a solution of
— =a"= O<zx<mt>0)

with boundary conditions

y(x,0) = sin(x), (2,0) =cos(z) (0<x<m)

ot
2. Solve the boundary value problem

0%y 02 )

@=9@+x (0<z<4, t>0)
y(0,1) =y(4,t) =0 (t>0)
y(z,0) =0 (0<x<4)
Qﬂxm—o (0 <z <4)
ot T !

Hint: Let z(x,t) = y(x,t)+h(x) and substitute into the partial differential equation and
boundary conditions to determine h(z) that would wash out the x term in the partial

differential equation.

3. Show that the partial differential equation

ou 9%u ou

can be transformed into a partial differential equation of the form

oo _ o
ot Ox2

by choosing o and /3 appropriately and using the change of variables
u(z,t) = e Py (a,t)

Hint: Substitute u(x,t) = e**+Py(x,t) into the partial differential equation and deter-

mine how to choose v and 3.



4. Use the method of Problem 3 to solve the boundary value problem

2
Ou [au aau] 0<z <L, t>0)

ot "o Lox
u(0,t) = u(L,t) =0 (t>0)
L

= _k[l — gme(1=2/L)] (0<z <L)
a

u(x,0)

Here u(x, t) measures the concentration of positive charge carriers on the base of length

L of a transistor, £ > 0 and @ > 0 are constants.
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