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EE 2402 Engineering Mathematics II1
Solutions to Tutorial 3

1. Forn=0,1,2,3,4,5 verify that P,(z) is a solution of Legendre’s equation with o« = n.

Solution: Recall the Legendre’s equation from your text or lecture notes
(1—2?)y" — 22y + a(a+ 1)y =0
For « = n =0, we have Py(z) =1 = Pj(x) = Pj(z) = 0 and
(1 —2*)P)(x) — 22Pj(z) +0- (0 + 1) Py(z) = 0

Hence Py(z) = 1 is the solution for Legendre’s equation with o = 0.

For « =n =1, we have Pi(z) =2 = P|(z) =1, P/'(z) = 0 and
(1—2*)P/'(z) —22P(z) +1- (1 + 1)Pi(z) = 22+ 22 =0

Hence P;(x) = z is the solution for Legendre’s equation with oo = 1.

For a = n = 2, we have Py(z) = (32> — 1)/2 = Py(x) = 3z, Py(z) = 3 and
(1 — 23 Py (z) —2zPy(x) +2- (2+ 1)Py(z) = 3(1 — 2°) — 62° +6(32> — 1)/2 =0

Hence Py(x) is the solution for Legendre’s equation with o = 2.

For a = 5, we have Ps(z) = (632° — 7023 + 152) /8, Pi(z) = (315z* — 2102% + 15)/8,
P!(z) = (3152® — 1052)/2 and
(1 — 2®)P!(z) —22Pi(x) +5- (54 1)Ps(2)
= (1—2%)(3152° —1057) /2 —22(3152* — 2102 +15) /8 +30(632° — 702° +152) /8
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Hence Ps(x) is the solution for Legendre’s equation with o = 5. OO0
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. Expand each of the following in a series of Legendre's polynomials:
(a) 1+ 2z — 2?

(b) 2z + 2? — 52?

(c) 2 — 2%+ 4z*

Solution: Using a bit of matrix notation and the formulas given in the text or your

lecture notes for Py(x), Pi(z), - -+, Py(x), we can write
Py(x) 1 0 0 0 0 1
Pi(x) 0 1 0o 0 0 ||z
Px)|=|-12 0o 32 0 0 ||
Py(x) 0 -3/2 0 52 0 ||
Py() 3/8 0 -30/8 0 35/8] La*
Inverting the above matrix gives
1 1 0 0 0 0 1P
v 0 1 0 0 0 ||[P()
2=1/3 0 2/3 0 0 ||P)
o 0 3/5 0 2/5 0 ||P)
o 1/5 0 4/7 0 8/35] LPy(x)

which easily allows us to express powers of z through z* in terms of Legendre poly-
nomials. Then

(a) 1422 —2° = gpo(x) + 2P (7) — §P2(x).

(b) 22+ 2% — 52° = %Pg(x) _Pa) + §P2(x) _ 2Py(x)

37 34 32
(c) 2— 2 +42" = 1—5P0(:17) + ﬁPQ(x) + £P4(:1:)

OO0
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3. Let n be a nonnegative integer. Use the fact that P,(z) is one solution of Legendre's
equation with o = n to obtain a second, linearly independent solution

@) = Pofo) [ oz

Hint: Let Q,(z) = P,(x)z(x) and then substitute it to the Legendre's equation to find
Solution: Let Q,(z) = P,(x)z(z). We have

Qn(x) = By (2)2(x) + Po(x)7 (z)

and
Qn(x) = P, (2)2(x) + 2P, ()2 (x) + Pu(2)2" (z)

n

Substituting into Legendre’s equation, we have
(1 —2H)[P'z+ 2Pz + P,2"] — 22[P.z + P,2'| + n(n + 1) P,z
=2[(1 = 2*)P) — 22P, + n(n+ 1)P,] + 2"(1 — 2°) P, + 2'[2(1 — 2*)] P} — 2z P,]
=0+2"(1—2*)P, + 2'[2(1 — 2%)]P. — 22 P,)]
Thus, we see that @, () is a solution of Legendre’s equation if and only if we choose

z(z) such that
Z'(1 — 2*)P, + 2'[2(1 — 23)]P! — 22P,] =0

¢
2" 2P 2z

2! Pn_l—:v2

Integrating this equation, we have

=0

In|z'| +In|l —2?|+2In|P,| = ¢

4
In|2'(1— xQ)(Pn)Q‘ =c
4
Z(1-2*)(P)? =K
4
2 (x) = K

(1 = 22)[P(2)]?
Integrate again the above equation to get
1
@ =K | T mmmp
4
1
@) =P [ T mpt

which is a second linearly independent solution. Note that we have dropped K in
Qn(z) as it plays no role at all. OO0
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4. Use the result in Problem 3 to obtain

= (1)
= (1)
=t (122)

Solution: From Problem 3 we get

for —1 < x < 1. Similarly,

@ (x) :x/ﬁdx

= f [mrg (s s
-7 2 2\1l+z 1—=z v

T 1+2x
=—-14+-=1
+2 n(l—x)

Qs(x) = 2(32% — 1)/ G 1)12(1 —yi
1, | 1 | |
:Z(&E _1)/ :U+1_:U—1+(x+%)2

L, 5 1+ 3
—Z(Bx —1)1n<1 >—§x

— X

for -1 <z < 1. OOO
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5. Show the following properties of Legendre polynomials:

(@) P.(—z) =(-1)"P,(z) for -1 <z <landn=0,1,2,---
(b) For any integer n > 0,

1

/ P,(z)dx =0

-1
Hint: P,(z) = P,(z)Py(x).

Solution:

(a) From the lecture notes or the text, we have

n/2] k
B (=1)*(2n — 2k)!
P®) = 2 it ot — 2t

k=0

n—2k

and also note that
(_x)nf% — (_1)n72kxnf2k — (_1)nxn72k

y
[n/2] k
B (=1)*(2n — 2k)!
Pn(_x) = kz:% an!(n — k)’(n — Qk)!
y
b B (/2] (=1)*(2n — 2k)!
(=) = 2k — 1)\ — 28)

k=0

(—x)n_%

(=12 = (—1) Py (0)

/_11 Py(x)dx = /_11 Po(x)Py(x) =0

since P,(z) and Py(x) =1 are orthogonal on [—1, 1] for each n > 1.

OO0



