EE/TE2008 Circuits — Part 1 — Tutorial Solutions (Prepared by Ben M. Chen)

Solution to Tutorial Set 3

Q.1

Voltages and currents fort <0

Taking the switches to be in the positions shown starting from ¢ = — «, all the
voltages and currents will have settled down to constant values for practically all
t<0.

Cd"g(t) ~ 0
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Voltages and currents just after closing switch at t =0

Since the voltage across a capacitor and the current through an inductor must be
continuous, the initial conditions are

. 9 P

10 4

Voltages and currents for t >0

Cdvg(t)
. Al
i(t) —~
M T \TA0) S
R;

ve rSEm
R

==t + 3R

10

dvc(t) dvc(t) vc(t) %

v=veld) + CR, a CR, CR,
, di, () di,(t) R, . v
v="Ryi,(t)+ L 0= a1 i(t)= i
The general solutions are
vc(t) = vss(t) + vtr(t)
i (0)=i(t)+i, (1)
The steady state responses are
v (t)=k,,t>0
dv. (t) v. (1) k %
SS SS — )4 — k — t — tZO
i TCR Ccr - cr = Ev = owld=y

i(t)=k,t>0
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di (t) R Rk,
Ailt) By, g Rk v V9= o
dt L L L R, R,
The transient responses are given by
dv, (¢) v, () —C%
—+——=0 t)=h 1, 1>0
dt CR, vield)=he 7,
di,(t) R, . _ Bt
;[—t+721t,(t):0 = i(t)=he L ,t>0
Combining and applying initial conditions:
_t
vc(t)=vss(t)+v[,(t)=v+hve CR‘,tZO
t
ve(0)=v+h, =0 = h =—v = vo(t)=v—-ve >0
v Rt
i,(t)=i(t)+i (t)=—+he L ,t>0
2
v v v v —ﬁ
0)=—+h=0 = h=—"=1i(t)=———¢e L ,t>0
lL( ) R2 i i R2 ZL( ) R2 R2 e
Source current: for t > 0
, i )
dv(t Cv — Rt CR L
i(t)=C VC()+iL(t)+L=—ve L TS L S SR
dt R, CR R, R, R, R, R, R, R

For this to be time independent:

R =R,

CR, Lo R*=R =
R2
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Q.2

Voltages and currents for t < 0 before the switch is opened

5

All units in

10

—O—

® /v\ ® ® VAQ,F

100TC> —— 5 § 4 T|v(t) =100]

w(¢t) at t =0 just after the switch is opened

Since the voltage across the capacitor must be continuous, v(0) must be

v(0) =100

w¢) for t >0 after the switch is opened

4@ v g

5
\ 4 /v\ \ 4 \ 4
10 10 v(7) 4dL(Q

100TC> G 5 ? 4::Tv(t)

100 = 5{4 d‘;,(;) +¥—10}+ w(t) = 20 d:[(tt)

+21(¢) =150

The general solution of this is given by
v(t) = vss(t) + v,r(t)
v, (t) is the steady state response and can be found by trying

v (t)=k,t>0
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dvss(t)
207+2vss(t):0+2k:150 = k=75 = v (t)=751>0

v, (¢) is the transient response and is equal to the general solution of

v, (t L
20%)&%(;):0 = v, (t)=he 10,1>0

Combining:

t

W) =v () +v,(t) =75+ he 10,120

L
W0)=75+h=100 = h=25 = w(t)=75+25 10,¢t>0

Q.3

(a) Voltage and current before closing switch

[ =10|T__ C L§

(b) Voltages and current just after closing switch at t =0

Since the voltage across a capacitor and the current through an inductor must be
continuous, the initial conditions are

2
—— AN
R
[ (©)=10] T C L § T

(c) Governing differential equation for current for t >0

. ‘ dv.(1)
Ri(t) it)=C dCt
o — M_e
R

v ==c 13 4
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dizgtt) +Ri(1) +ve () =0 = 4’ +£di(t) Laveld) _ 0

L
a2 L & L dr

d%i(t) Rdi(t) 1
— /| = >
it YL oa T rct=020

with initial conditions

i(0)=0
di(¢) di(¢) 10
0)=10 L =— =——
vel0) R o d|_, L
Substituting
1
Resonant frequency = w = ——
y NLC
ol L
=% T\Vrc
the governing differential equation is
d*i(t) odi(t)
— (1) =0,¢>
- + 0 di +0°i(t)=0,t>0
(d) Overdamped situation when Q <+
The roots of the polynomial
d*i(t di(t
dl(z)Jr2 ;E)+a)2i(t) ' _ 2 L
! Q t %replaced by z
are

10}
21,2 = € 2Q =%(1i\/@)

When Q < 5, both roots are real, negative and distinct. Thus:

i(t) = ke + k,e™,t>0

4:§gh—dy4gﬂ<o
222%(1+1/1—4Q2)<21

Using initial conditions:

i(00=0 = k,+k,=0 = k, =—k,
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di(t) 10
:—T j— klzl +k222 :_kz(z

_ ezlt) 10Q (ezzt _ ezt

} Lan|1-40?

(e) Underdamped situation when Q> 1

When Q> 1, the two roots form a complex pair:

ZI—E(I i 4Q —1 ——+ja)/
2Q(1+] 40° —1 ——]a)/

i(¢) = he™ + he™ ,t>0

Z =

Using initial conditions:

i(0)=0 = hy+h=0 = h=—h

0 s i hy(z —z,) =— jh 20 |1- 1 19
== 121 ThZy =—m\2y — 2y ) == Jh 20 =—
0 L 40 L

l'(l‘)=hz(ezzt—ez‘t)=4‘10 e[_Za)Q_‘iw l_é]t _7“@ 1— ]

1
40’

di(t)
dt
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i(t)

(e) Undamped situation when R =0

When R =0, the Q factor and current is

oL
= — =00
© R
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Q.4
Voltages and current for t < 0 before the switch is closed

R [i(H)=0
AN

e

C T@

Voltages and current at t = 0 just after the switch is closed

As the voltage across the capacitor and the current through the inductor must be

continuous:
R [i(00=0
L T@
vsin(w0) =0 TC)
c,___T@
Current for ¢t > 0 after the switch is closed
R i)

o8-

3|

C T —é i(r)dt

e

di(t)

L
dt

+ Ri(t) + %ji(z)dr = vsin(a)t) = Re[— jvejm]

d*(e)  dile) 1 .
L - +R ” +El(t):Re[a)vef ’]

with initial conditions

i(0)=0
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di(t
Initial voltage across inductor =0 = L z;t) =0

Steady state current

The steady state response i(¢) is given by

=Re[/,,e/"'],120

Ld2 Re[7, /] dRe[Ie™] 1

+—Re[1,,¢’”"] = Re[wve’"

+R

dt? dt C
[ d*e®! de’®! e’ ot ) [ 1 1
Rd| L R Rd| 2w’ L + joR —j] Jot 1= R, Jjot
e“ - TR J J et(]a) +joR+ e J e[a)ve ]

2 2 - 1)y _ v _Y
Jo'L+joR+— |, =0v = [ = =
C B D0 1 ]Z
JljoL+ R+ —
jC

:

ReL— e jCUt e[ j|Z|€jArg J sm[a)t Arg(Z )]
(L
|

|
v oC
= sin @t —tan”

\/R2+(a)L—a)1CJ { JJ

,1>0
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