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Course	Outlines

 Complex	Numbers
Basic algebraic properties; Algebraic and geometric representations of complex 
numbers

 Complex	Functions,	Complex	Differentiation
Elementary complex functions – Exponential and trigonometric functions, 
logarithm and power functions; Limit, continuity, and derivative; Analytic 
functions, Cauchy–Riemann equations; Harmonic functions, Laplace’s equation

 Complex	Integration
Line integral on the complex plane; Cauchy’s integral theorem and formulae

 Series
Sequences and series, Convergence tests; Power series and basic manipulations; 
Taylor and Maclaurin series; Laurent series

 Residue	Integration
Singularities, residues; Cauchy’s residue theorem; Applications
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textbook	&	reference

E. Kreyszig

Advanced	Engineering	Mathematics
10th Edition, John Wiley & Sons, 2011

J. W. Brown & R. V. Churchill 

Complex	Variables	and	Applications
8th Edition, McGraw-Hill, 2009
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General	Announcements
1. Assessments and Tests

• Homework Assignments 15% 
• Quizzes (to be randomly announced in the class) 10%
• Mid-term Exam (common) 25%
• Final Exam (common) 50%

2. The mid-term exam is scheduled to be held from 10:30–12:15, Thursday 
in the last week of October, in the tutorial session. 

3. Both the mid-term and final exam are closed-book. One double-sided A4 
handwritten cheat sheet and calculators are allowed.

4. Students are not allowed to switch classes.
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General	Announcements
5. Tutorial classes start in Week 2. The following are the assignments of tutors for 

this class…

Feel free to approach them if you have any problem and/or question about the 
materials covered in this course. They can be reached by email as in the link 
above.

Tutors email:
...@mae.cuhk.edu.hk

Tutorial	Sessions	
in	Charge

Homework	
Assignments

Ben	M.	Chen bmchen Week	01 Lecture
Zhan Hefeng hfzhan Weeks 02 & 03 To mark Quiz 1

Li Zhihao zhihaoli Weeks 04 & 05 To mark HW 1
Wei Chunlei clwei Weeks 06 & 07 To mark HW 2
All	Tutors Week	08 Midterm
Zhou Cong czhou Week 09 To mark HW 3
No	Tutorial Week	10 Congregation

Zuo Wen wzuo Weeks 11 & 12 To mark HW 4
Chen Yiwei ychan Week 13        To mark HW 5

Yang Guidong gdyang Coordinator To mark Quiz 2
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Complex integral
~ integration of a complex 

function (of a complex 
variable) on a complex curve
~ upper	bound	of	a	complex	

integration

Cauchy’s Integral 
theorem

~ valid when f	(z) is 
analytic for every point 

encircled by a closed 
curve C

Complex function of a complex 
variable

~ define a complex mapping from 
one complex plane to another

Complex function of 
a real variable

~ define a curve on 
a complex plane

Flow	Chart	of	Materials to	be	Covered

z x iy  ( ) ( ) ( )z t x t iy t  ( ) ( , ) ( , )f z u iv u x y iv x y   

 ( ) ( ) ( )
C

f z dz f z t z t dt




 ( ) 0
C

f z dz 

Complex number 
manipulations 
Euler’s	formula

( )f z

Complex 
Differentiation 
Cauchy‐Riemann	

equations,	
analytic	functions,	
singularities

1i  
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Power series
~ Region	of	convergence,	ratio	test

Taylor	series

Complex series
~ Convergence,	divergence,	absolute	

convergence,	ratio	test

Generalized Cauchy’s integral formula
~ n ≥ 0, C is a closed curve encloses z0

and f	(z) is analytic inside C

Flow	Chart	of	Materials	to	be	Covered	in	(cont.)

Cauchy’s integral formula
~ C is a closed curve encloses z0 and f (z) 

is analytic for every point inside C

0
0

( ) 2 ( )
C

f z dz i f z
z z

 


( )
0

1
0

( )( ) 2
!( )

n

n
C

f zf z dz i
nz z   



0 1 2
0

n
n

z z z z




    0
0

( )n
n

n

a z z
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Flow	Chart	of	Materials	to	be	Covered	(cont.)

Applications of complex 
integral

2

0

(cos ,sin )f d


  
( )( )
( )

P xf x dx dx
Q x

 

 

 
 cosf x mxdx






 sinf x mxdx





Taylor	series,	Laurent	series,	Order	of	singularities,	Residues
Complex integral in terms of residues

0 1( ) 2 ( , ) 2
C

f z dz i ai f z     Res0 0
0

( ) (& )n n
n n

n n
a z z a z z
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Leonhard Euler 
(1707–1783)

Swiss Mathematician
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Complex	Analysis	– 1…	

7  Residue Integration
Complex Series, Power Series, Taylor Series, Laurent Series 
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An imaginary number1i  

iz x yi r e   

Material	flow…

Complex number ~ Complex	conjugate,	modulus,	
argument,	principal	argument,	Euler’s	formula,	

de	Moivre’s formula,	n‐th root	of	z…	

iz x i y r e   

2 2 1, arg( ) tan yr z x y z
x

     

cos sinie i   

Arg( ) , arg( ) Arg( ) 2 , 0, 1, 2,z z k kz          

1 1 ( 2 )

,
i

n n n
k

z r e
 

 0,1, , 1k n 
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What is the solution of 2 1 0?x  

It was believed that this equation has no solution before the introduction 
of imaginary numbers. The use of imaginary numbers was not widely 
accepted until the work of Leonhard Euler and Carl Friedrich Gauss. The 
geometric significance of complex numbers as points in a plane was first 
described by Caspar Wessel.

Leonhard Euler 
(1707–1783)

Swiss 
Mathematician

Carl F. Gauss 
(1777–1855)

German 
Mathematician

1x i     

Caspar Wessel 
(1745–1818) 

Danish–Norwegian 
Mathematician
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A complex number is defined (in the Cartesian form) as

z x iy 

where 

x is called the Real part and y the Imaginary part of z, written

both being a real number. For example, 

all are complex numbers. Occasionally,  we might treat a complex number as an 

ordered pair (x, y) of real numbers x and y, written

21 or 1i i   

Re , Imx z y z 

4 2 , 3 5 , 5 8z i z i z i       

( , )z x y

Complex Numbers

z x iy 

Re

Im

x

y
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Since a complex number has two parts, we can depict it on a 2D-plane, which 

is called a complex plane.

z x iy 

Re

Im

x

y

Additions: It is easy to do additions (subtractions) in Cartesian coordinate, i.e.,

( ) ( ) ( ) ( )a i b v i w a v i b w      

y z x iy  is called the conjugate of z

22 2 2

2 2

r z x y

r z x y
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2

1 1

2 2

1 1

2 2

1 2 1 2 2 1 1 2
2 2 2 2

2

2 2 2

2

2

2

2

2

z z
z z

x y i
x y i

x x y y x y x y i
x y x y

z
z

x y i
x y i

 

   
       






    
        

2 2 2

2 2

( ) ( )z z x iy x iy
x ixy ixy i y
x y
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Example (1a)

2 2 2 2

2 2
3 4 3 4

2 3 1 4
4

3 4
3

3 1 2 4 2 11
3 3 4

4

25 25

i i
i i

i i

i
i

            
   






    
           

2 22 2 11 2 11 1
3 4 25 25 25 25 5

i i
i

                

2 2

2
1

2
1

2 2

22 2 1 5 1
3 4 3 4 5 53 4

ii zz
z zi i
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z x iy 

Re

Im

x

y

y z x iy 
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Proof…

1 2 1 2z z z z  

 1 2 2 2 2

1 2

1 2 1 1 1 2

1 2

z z z zz z z z

z

z

z zz

      





  

 

  12 1 2 12 22 11 1z z zz z z z z z z z       

11 2 1 2 2 12z z z z z z z z    
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There is another way (polar representation) to represent a complex scalar

Using the Euler’s formula

we obtain (Polar to Cartesian representations)

Conversely,

Polar	Representation	of	Complex	Numbers

siny r  

cosx r  

22 2 2

1

tan

tan

r z x y
y
x

y
x



 

  



 

iz re 

   cos sin o (c s sin )i r irz i xi yre r         

ix y i er  

cos sinie i   

z x y i 


Cartesian to 
Polar 

Representation

cos sinie i   

cos

sin
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All angles 
(arguments) are 
measured in 
radians and 
positive in 

counter‐clockwise 
sense. 
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plot_arg

The argument of a complex number…

65 5 cos sin
6 6

i
z e i

      
 

4.33 2.5z i 

1 2.5tan
4.33

0.5 3

30

2 6

6









   
 



 

Example: MATLAB DEMO…

,2 2 0,i 1c ,5 os s n
6 6

ik k k                








2
6 0, 1, ,, 25

ki
ke

   
     

z = 5*exp(i*pi/6+2*k*pi), k = -1

Example: z = 5*exp(i*pi/6)

  1

  2

  3

  4

  5

30

210

60

240

90

270

120

300

150

330

180 0

x = 4.33

y = 2.5
5



2 24.33 2.5 5r   
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For example,                            , its principal argument is given by

Given any point z0, the angle  can be determined only to within an arbitrary 
integer multiple of 2. 

It is conventional to define the value of  in the range –<  to be the so-
called principal argument of z, denoted by 0 =Arg (z). Then, we have

for                          as is evident in the demonstration on the previous page.  

0arg( ) Arg( ) 2 2z z k k       

0, 1, 2, ,k    

1
0

1t
4

tan an (1)y
x

      
 

1z x i y i   

1x

1y 

0
0 , 0, 1

4
2 , 2,2k k k        
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Principle Argument…

  1

  2

  3

  4

  5

30

210

60

240

90

270

120

300

150

330

180 0

0 Arg z  

Arg 0z  

Arg z   
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dA  rg
d

, if 0 a
i

0 0
n 

undefined, f

a

 

, if  d

0 an  

n

0

 0
0x y

x
z

x

y

y



 













1 11 Arg tan
41

z i z        
 

1 11 Arg t
4

an
1

z i z        





1 11 Arg ta

4

n
1

4
3

z i z







        
 

 



1 11 Arg ta

4

n
1

4
3

z i z







        

  

 

 

0y
x


0y
x


0y
x


0y
x


For the case when y = 0, 

Im

Re 
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z  ire 

1 1
1 2 1 2

2 2

,1,i z rze z r r
z r
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   cos sin
nn i n in nz re r e r n i n      

integer

 

 

22

2 2

2 sins 2 2co

i

i

z re

r e
r i











 

    
  
   

22

2

22 2 c

cos sin co s

cos s

n

2si oi

s

n n s

i

i i iz re re re

r i i

r i

  

 





  

 

  

   

2 2cos 2 cos sin    sin 2 2sin cos  

Exercise: Prove that 
2 2 33 ,c nos3 c si 3 3cos sin sios 3cos sin n       
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 0 21 1 i k
n n nz r e

 

 

Abraham de Moivre
(1667–1754) 

French Mathematician
cos sinie i   iz r e 

Generally, we would focus on our attention to solutions whose arguments 
are within (,  ], i.e., we are to choose appropriate values of k such that 
the corresponding roots with a principal argument.

We will illustrate it through the following examples…
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Example (1b)

 0 21 1 i k
n n nz r e



 
 

73
6 16 6 4 2

1
12 2 ,2 , 2

ii i
e ee

 


110, , kk k   

principal argument

1
6 122

i
e



3
6 42

i
e



7
6 122

i
e
 

Evaluate the values of

We are selecting appropriate k such that the arguments of the solutions are within (,  ]…
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To ensure the arguments 
of all solutions being in 

(– π , π ]

Example (1c)

Evaluate the values of 4 1z 

1
4

1 2
4 4 2) 1, 0, 1, 21 (1 0 ,

k ki i

z ki e e
 

      

 0 21 1 i k
n n nz r e

 

 

 2
1 1

i

z e i k


    


 0
2 01iz ke   

 2
3 1

i

z e i k  


 4 21iz ke   

1z

2z

3z

4z
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Homework Assignment No: 1 (Due in two weeks) 
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Complex	Analysis	– 2…

7  Residue Integration
Complex Series, Power Series, Taylor Series, and Laurent Series 
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Ln ln Arg( )z z i z 

2 31 11
2! 3!

ze z z z    

Material	flow…

Complex functions of a real variable ~ 
Curves,	circle	and	straight	line( ) ( ) ( ), [ , ]z t x t i y t t a b  

( ) ( , ) ( , )f z u iv u x y iv x y    Complex functions of a complex 
variable

( ) , [ , ]itz t a re t a b  ( ) ( ) , [0,1]z t a b a t t   

ln Ln 2 , 0, 1, 2,z z k ki     

…
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Revisit: Real functions of a real variable

which is a mapping from a set of real scalar x to another set of real 
scalar y.

Examples: 

( )y f x

2 , 1 2y x x    cos2.5 , 2 3y x x   

domaindomain domaindomain

ra
ng

e
ra

ng
e

ra
ng

e
ra

ng
e
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Complex Functions of a Real Variable
Complex functions of a real variable are needed to represent paths 
or contours in the complex plane.

( ) ( ) ( ) , [ , ]z t x t i y t t a b  

Example 1:

)5co 5
( ) 5 , [0,

is (s
2 ]

)n (

it

t
z t

t
t e

i y tx it
  
   

-5 -4 -3 -2 -1 1 2 3 4 5

-5

-4

-3

-2

-1

1

2

3

4

5

Example 2:

( ) , [0,2 ]sin 2
( )

2cos
( )

z tt
x t

t
y

t i
ti

   
 

plot_zt
1, 2
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Properties of Complex Function of Real Variable

•

•

•

•

•

lim ( ) lim ( ) lim ( )z t x t i y t
t a t a t a

 
  

z is continuous if x and y are continuous, i.e.,                      , lim ( ) ( )
t a

x t x a


 lim ( ) ( )
t a

y t y a




( ) ( ) ( )z t x t i y t   

z (t) is smooth if         is continuous, i.e., if         and          are continuous.( )z t ( )x t ( )y t

z (t) is piecewise smooth if z (t) is continuous everywhere except for a 

finite number of discontinuities.
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Properties of Complex Function of Real Variable 
(cont.)

• Normal differentiation and integration rules are applicable:

1 1 2 2 1 1 2 2

1 1 2 2 1 1 2 2

( )

( )

( ) ( )

b b b

a a a
b

a

c z c z c z c z

c z c z dt c z dt c z dt

z dt z b z a
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Curves

• The set of images  

is called a curve in 

the complex plane

• The curve is smooth if     

is continuous 

{ ( ) | [ , ]}C z t t a b 

( )z t
-2 2

3

Piecewise smooth curve

-4 -2 2 4

1

2

3

4
Smooth curve

-2 2

-2

2
Smooth closed curve

Piecewise smooth (pws) curve

Smooth curve Smooth closed curve

2– 2
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Two Special Curves

• Circle

The parametric description 

for a circle centred at 

complex point a and with a 

radius r is

( ) , [0,2 ]itz t a re t   

r

Im

Re

a
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Two Special Curves

• Straight Line

The parametric description 

of a straight-line segment 

with starting point a and 

endpoint b is 

( ) ( ) , [0,1]z t b a t a t   

Im

R e

b

a
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The length of a curve

• A curve is thus a mapping 

of the real number line 

onto the complex plane

• The length of a curve is 
given by

( )
b

a

L z t dt 

a b

Im

ReRe

Im
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Examples: Parametric Representation and Length of Curves

a) The line segment that connects the points            and          

b) The circle with radius 2 and centre 

2 3i 

( ) (7 9) ( 2 3) , [0,1]z t i t i t     

1 i

2 2 2

0 0 0

( ) 2 2 2 1 4
b

it it

a

L z t dt i e dt i e dt dt
  

          

( ) (1 ) 2 , [0, 2 ]itz t i e t    

1 1
2 2

0 0

( ) 7 9 7 9 130
b

a

L z t dt i dt dt       

5 6i

7

9
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Example (cont.)

2, 2 3y x x   

, 2 3x t t  

c)

Let 2y t  

( ) ( 2), 2 3z t t i t t     

3 3

2 2

( ) 1 2 2
b

a

L z t dt i dt dt      
2 3

4
5

Alternatively, from the figure above, we have a = 2 + 4 i and b = 3 + 5 i. Thus,          

( ) ( ) (1 ) 2 4 (2 ) (4 ), [0,1]z t b a t a i t i t i t t           

1 1

0 0

( ) 1 2 2
b

a

L z t dt i dt dt      
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Complex Functions of a Complex Variable

A complex function of a complex variable maps one plane to another plane.

( )f z wThese functions are of the form ( ) ( , ) ( , ) .f x iy u iv u x y iv x y     

Re[z]

Im[w]

Re[w]

Im[z]

w = f(z)

D
image

domain

z0
w0

C

Example: 

   

2 2

2 2 2 ( )( ,

) (

,)

( )

x y

w f z z

vuxy x y

y

x

x i

i iy

   

  

2 2 ( 2( , ) , ), v x y xyu x y x y 

plot_fz
1
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The complex function 

can be expressed as follows… 

is

is
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x

y

Real function of a real variable

domain

range

z-plane w-plane

As usual, we define the set in the so-called z-plane (see below) on which 
w = f (z) is defined as the domain of f and the set of all values of f (z) in 
the so-called w-plane (with z being in the domain of f ) as the range of f.

The domain of f can be the whole z-plane or just part of it. Similarly, the 
range of f can also be the whole w-plane or just part of it. 
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rangedomain

Example (2a)

plot_fz
2



ENGG 2720 / ESTR 2014 – Complex Variables for Engineers ~ Page 48 Ben M. Chen, CUHK MAE

For example, the set of the region                                                               under the 

mapping                  is  

1 3/ 2, / 6 / 3r      
2w z 1 9 / 4, / 3 2 / 3R      

v

3

y

x

2

1

u
1 2

Example: z2 (cont.) 
2 2 2 2( ) ( )i i iw f z R e z r e r e      In polar coordinate:

domain range

z-plane w-plane

plot_fz
3
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Elementary functions…

The complex exponential function ez is defined as 

2 3 4

1
2! 3! 4!

z z z ze z     

Recall the Taylor series expansion of the real exponential function ex… 

2 3 4
1

2! 3! 4!
x x x xe x     

For the ease of references, we also recall the Taylor series expansions of real 
sin and cos functions… 

3 5 2 4
sin , cos 1

3! 5! 2! 4!
x x x xx x x        
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The Euler’s Formula…

We now prove the formula that we have used many times this far, i.e., the Euler’s 
formula,

Proof. By the definition of

and by letting z = i, we have

cos sinie i   

2 3 4 5
1

2! 3! 4! 5!
z z z z ze z      

       2 3 4 5

2 2 3 3 4 4 5 5

32 4

2 4

5

3 5

1
2! 3! 4! 5!

1
2!

4
1

2! !

1 cos
2! 4

!

3! 5!

sin
3! 5!!

3! 4! 5

ie
i i i i

i

i i i ii

i ii

i i
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Re

Im

20 1i ie e  

2
i

e i




1i ie e   

2
i

e i



 

1
2

1
2

2

0 1

1

1

1

i

i

i

i

i

i

e

e

e i

e

e i

e





 















 

 

From the Euler’s formula, we can deduce

 Periodicity of ez with a period 2 i…
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sin ( , )cos ( , )xxe xy ui y ye x i v y   

 cos sinz x iy x iy xe e e e e y i y   

, we have

xe
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For              , consider the images of:

1. Straight lines                               

and                             

From                                , we see 

that               is mapped onto the 

circle                   and               

is mapped onto the ray  

zw e

0 constx x 

0 consty y 

0x x
0xw e 0y y

0arg( )w y

,xR e y  

y v

u
x0

x
x0e

,xR e y  

Example: e z (cont.)

y v

u

y0

x
y0

    z x iy x iy iw e e e e Re

z-plane w-plane

z-plane w-plane

plot_fz
4, 5
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{                                                         }   

2.  Rectangle            { }:

From 1, we can conclude that any rectangle with side parallel to the 

coordinate axes is mapped onto a region bounded by portions of rays and 

circles. Therefore the range of D is  

D  ,z x iy a x b    c y d 

D  ,i a bw R e e R e c d     

y

c
x

ba

d

v

u

eb
d

c
ea

,xR e y  Example: e z (cont.)

z-plane w-plane

plot_fz
6
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3. The fundamental region                          :

The fundamental region is mapped onto the entire w-plane, excluding the  

origin. The strip                      is mapped onto the upper half-plane

More generally, every horizontal strip                                  is mapped onto the 

full w-plane excluding the origin.

2c y c   

y



v

-1
x u

1

y   

0 y  

,xR e y  Example: e z (cont.)

z-plane w-plane

plot_fz
7
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sintan ,
cos

zz
z



coscot ,
sin

zz
z



1sec
cos

z
z

1csc
sin

z
z

plot_fz
8
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Graphical illustration of complex functions:

Domain cos z sin z

tan z cot z ln z
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We can also define the hyperbolic cosine and hyperbolic sine functions

cosh
2

sinh
2

x x

x x

e ex

e ex











It can be shown that

Similarly, other complex hyperbolic functions can be also defined…

sinh coshtanh , coth
cosh sinh

1 1sech , csch
cosh sinh

x xx x
x x

x x
x x
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For example, we still have

=1

However, it is easy to show that there are z0 in the z-plane, 
for which 0 0sin 1,  cos 1.z z 
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or
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Example: ln1 0 2 0, 2 , 4 ,k i i i       
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Examples:  

 

 

2

L

l

n 1 ln 1

Ln

Ln n
2

ln
2 2

i i i

i

i i

i i i

i
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 Ln 1 ln 2
4

i i
  

 Given (1– i )2, compute its ln and Ln values…

 24 21 2 , 1 2
i i

i e i e
  

   

Example (2b)

 2 2ln 1 ln 2 ln 2 2 , 0, 1, 2,
2

i

i e i k k
  

                


 2Ln 1 ln 2
2

i i
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ln lncc z c zz e e 
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Example (2c)
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Complex	Analysis	– 3…

7  Residue Integration
Complex Series, Power Series, Taylor Series, and Laurent Series 
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0

lim ( )
z z

f z l




Material	flow…

Neighborhood

Connected set, interior points, boundary points, 
interior, boundary, region, open region, domain, simply 

connected domain, multiply connected domain

Limit

Continuous
0

0lim ( ) ( )
z z

f z f z
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0

0 0 0
0 0

0

( ) ( ) ( ) ( )( ) lim lim
z z z

f z z f z f z f zf z
z z z  

     
 

Material	flow	(cont.)…

Differentiation

Analytic functions

Singular point ~ a point on which f (z) is not analytic 
is called a singular point of the function. 
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Material	flow	(cont.)…

Cauchy-Riemann Equations

Laplace’s Equations
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Revisit: The derivative of a real function

is a measure of the rate at which the value y of the function changes 
with respect to the change of x.

Example: Consider the function 
ሺa straight lineሻ plotted in the 
figure on the right. The derivative
of the function ሺor the rate of 
changesሻ of the function is its slope.

Note that the derivative cannot be
defined on a single point. We need
an interval of x, i.e., x, to define a
derivative.

( )y f x

x

y
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Similarly, we need a 2D region in a complex function domain to define a 
complex derivative as a complex function is actually a mapping from a 2D 
plane to another 2D plane.
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0z
disconnected set

S

S
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0z

S
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On the other hand, a non-simple closed 
path is a closed path that intersect or 
touch itself as shown in the examples on 
the right.

Non-simple closed path

Simple Simple 
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D1D2

D3
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Example
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ε Step 1: Given Step 2: Find  z1

f (z1)


( Generally, 

depends on  )

z-plane w-plane

plot_fz
9
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ε

z-plane

w-plane

0( )f z

( )f z
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( )f zε
( )f z

0( )f z

z-plane w-plane
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Examples (3a)

 The function                   is differentiable for all z and has derivative                  .( ) zf z e ( ) zf z e 

 
0 0 0

2 3

0

2

0

( 1)( ) lim lim lim

1 ( ) (

m

1
3

1)lim
2! !

( )li 1
2! 3!

z z z z z
z

z

z z

z z z

z z z

z

z

e e ee ee ee

z zz

z

e
z

e

f
z z

z z e

z

  

     

 

 

  

 




 

   
  

 
    

 
 

     
 







ENGG 2720 / ESTR 2014 – Complex Variables for Engineers ~ Page 82 Ben M. Chen, CUHK MAE

Analytic	Functions

Re[z]

Im[w]

Re[w]

Im[z]

w = f(z)

D
range

domain

z0
w0

C
z-plane w-plane
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Singularities

Points where a function is not analytic are called singular points or 

singularities or poles sometimes.

Example:

is analytic everywhere 

in D except z = 0, which is thus 

the singular point or pole of the 

function.

Note that a function is either analytic or singular at any given point…

D

X

1( )f z
z
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Cauchy‐Riemann	Equations

Augustin-Louis Cauchy 
(1789–1857) 

French Mathematician

Bernhard Riemann 
(1826–1866) 

German Mathematician

,

,

x y

x y

u uu u
x y
v vv v
x y

 
 
 
 

 
 

For 
simplicity, 

we 
write
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Proof	(optional)...

( )f z 

 x y y yx x y yu iv ui f i i u v vf i        ( ) x xf z iu v 
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( )f z is not analytic anywhere

( (, , )( ) , )x u u yf x y xy v v x yz z i i       

1 1 , 0u v u v
x y y x
   

     
   

      and  u v u v
x y y x
   

  
   

Example (3b)
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ez

      and  u v u v
x y y x
   

  
   

 cos sin cos sin) ( )( x x
x x

xz e y ef i e y y i y f zu iv      

.( ) x x y yan f z u iv v iud     
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Example:

2 , 2u v u vx yx y y x
      
   

and the partial derivatives are continuous  .z

2

2 2

2 2 ,2 (

(

( )

,

( )

( , ),

, )

2)

xy v x y

v x y xy

x y u x y

u x y x y

f z z i i    







 

Consequently,  ( ) is analytic  .f z z

      and  u v u v
x y y x
   

  
   

 2( ) 2 2 2( 2)x xz zf z u i v x i y x i y        
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Example:

22 2 22 ( , )( ( ,) )uzf iy v x y
y

x x y
x y

z i
z x

   
       

    

2 2

2 2 2 2 2 2
2,

( ) ( )
u y x v u xy v
x y y xx y x y
     

    
    

( )f z is analytic everywhere, except when 2 2 0x y 
i.e., at the origin and

      and  u v u v
x y y x
   

  
   

2 2

2 2 2 2 2 2
2( )

( ) ( )
u v y x xyf z i i
x x x y x y
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Example:

The Cauchy-Riemann equations 
only hold for x = 0 and/or y = 0. 
Since the function is not 
analytic in a neighbourhood of  
x = 0 or y = 0, f (z) is not analytic 
anywhere.

22 22 2 ( , )( ) ( , )f x y yu xx y v xi iyz    

2 2 2 22 , 4 , 2 , 4u v u vxy x y x y xy
x y y x
   

   
   

y = 0 x = 0
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Analyticity	of	the	Logarithm…
Recall the logarithm function

where Ln z is the principal value of ln z. Then,

The proof of this result can be done by checking its associated CR equations. We 
rewrite

where c is a multiple of 2.

Ln ln Arg( )ln 2 2 , 0, 1, 2,) (3z n ii z n i nz z       



ENGG 2720 / ESTR 2014 – Complex Variables for Engineers ~ Page 95 Ben M. Chen, CUHK MAE

By differentiation,

Hence the Cauchy–Riemann equations hold and

)L gn ln Ar (z z i z  0z0

rl g( )m Ai
z z

z


 

0

rl g( )m Ai
z z

z
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Observations

1. The sum or product of analytic functions is analytic.

2. All polynomials are analytic.

3. A rational function (the quotient of two polynomials) is analytic, 

except at zeroes of the denominator.

4. An analytic function of an analytic function is analytic.

5. Functions                                                        are analytic everywhere.

 About Homework Assignment No. 2…… 

You can start working on Problems 2.1 to 2.4, but hand in the 

complete set when it is due (to be announced later).

, sin , cos , sinh , coshze z z z z
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2 2 2

2 2, , ,xx xy yy
u u vu u v

x x y y
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Harmonic	Functions

A function h (x, y) is harmonic if it is a twice continuously differentiable that 
satisfies Laplace's equation: hxx + hyy = 0. 

Note that if  f (z) = u (x, y) + i v (x, y) is analytic, then the pair u and v are both 
harmonic functions. We say that v is a harmonic	conjugate	function of u in 
the domain D.

If u is harmonic and v is a harmonic conjugate of u, then it can be showed 
that u is a harmonic conjugate of –v by noting that g (z) = i f (z) is analytic 

Pierre-Simon Laplace 
(1749–1827) 

French Mathematician

2

2

0

0
xx yy

xx yy

u u u

v v v

   

   

 ( , ) ( , ) ( , ) ( , ) ( , ) ( , )g x y i f x y i u x y iv x y v x y iu x y     
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Example***…

22 , 2, 2 1, 2 0.x xx y yy xx yyu x u u y u u u u           



 

   

2 2

2 2 22 ( )

( ) 2

.

f

i

z u iv x y

xx i xy y z

y i xy x c

i ic iciy zi

   



   

     

( , ) 2 2 ( ), 2 ( )y xv x y v dy x dv y h x
dx

dy xy h x      
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Complex	Analysis	– 4…

7  Residue Integration
Complex Series, Power Series, Taylor Series, and Laurent Series 
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)Curve: (z t

Material	flow…

Complex line integral of f (z)

Estimation 
of a complex 
integral



ENGG 2720 / ESTR 2014 – Complex Variables for Engineers ~ Page 102 Ben M. Chen, CUHK MAE

Material	flow…

,
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Revisit: Real Integration…
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Fig. 4.1



ENGG 2720 / ESTR 2014 – Complex Variables for Engineers ~ Page 107 Ben M. Chen, CUHK MAE

• Circle

The parametric description 

for a circle centred at 

complex point a and with a 

radius r is

( ) , [0,2 ]itz t a re t   

r

Im

Re

a

Special Curve: Circle
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• Straight	Line

The parametric description 

of a straight‐line segment 

with starting point a and 

endpoint b is 

( ) ( ) , [0,1]z t b a t a t   

Im

R e

b

a

Special Curve: Straight Line
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A
B

nz
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A
B

nz
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++AB

Fig. 4.1

C

x

y
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Properties of Complex Integrals

As for real integrals, the following rules apply:

1.

2.

[ ( ) ( )] ( ) ( )
C C C

f z g z dz f z dz g z dz    

( ) ( ) , complex
C C

k f z dz k f z dz k 
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Properties of Complex Integrals

3. 4. 

C

C*C

C1

C2

1 2

( ) ( ) ( )
C C C

f z dz f z dz f z dz   
*

( ) ( )
C C

f z dz f z dz  
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• Let f (z) be continuous on                                 . If                    on C, then 

where L is the length of the curve C, i.e.,

Estimation of a Complex Integral (ML-Inequality)

: ( ) , [ , ]C t z t t   

( ) ( )

( ) ( )

( ) ( )

)

)

(

(
C

C

C

C

C

f f z z t dt

f z z t dt

f z z t dt

M z t d

z dz

M L

t





 









 





.( )L z t dt




 

( )f z M

( )
C

f z dz M L
TheML-Inequality
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Estimation of Complex Integral – An Illustration

Graphically, take real integration as an example,

f(t)

t

( )
b

a

f t dt

a b

L = b – a 

M

M L shaded area with red l ines
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Estimation of Complex Integral – An Illustrative example

For complex cases, for example, we take                      and C to be a unit circle

2
2

tan( ) 2
2CC

f z dz dz M Lz
z


      

2
tan( ) zf z
z



1 1

i

i

0.5 2.0+
2


1.5 1.5

i

i

2
tan z
z 2 2

tan z
z


z

+

+

+

2
2 2

tan tan2 2
C C

z zdz i dz
z z
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simply 
connected

*
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Example (4a)

plot_int
1, 2

,



ENGG 2720 / ESTR 2014 – Complex Variables for Engineers ~ Page 120 Ben M. Chen, CUHK MAE

By Theorem 4.2, the complex integral might depend on the 
path/curve chosen. 

This is generally true for non-analytic functions.

Complex integral is independent of paths for analytic functions.
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Example (4b)
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1

0
1 0( ) ( ) ( ), (4.5)( ) ( )

z

z
F zf z f zz dz F F z  

Some	remarks	on	Theorem	4.1… 

• Eq. (4.5) in Theorem 4.1 gives 0
for any closed path because then 
z1 = z0 and thus F(z1) – F(z0) = 0.

• f(z) is analytic in a simply connected domain 
is essential in Theorem 4.1.



ENGG 2720 / ESTR 2014 – Complex Variables for Engineers ~ Page 123 Ben M. Chen, CUHK MAE

Im

R e

b

a

( ) ( ) , [0,1]z t b a t a t   

Example (4c)
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r

Im

Re

a

( ) , [0,2 ]itz t a re t   

Example (4d)



ENGG 2720 / ESTR 2014 – Complex Variables for Engineers ~ Page 125 Ben M. Chen, CUHK MAE

125
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Homework Assignment No: 2 (Complete set due in one week) 
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Re (z)

Re z
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Path Dependent 

Im

R e

b

a

( ) ( ) , [0,1]z t b a t a t   

2 : ( ) 2 1, ( ) 2 , ( ( )) ( ) 1, 0 1C z t it z t i f z t x t t      

1 2

1 1

0 0

1Re Re R 2 2e
2C C C

iI zdz zdz zdz tdt idt          
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Complex	Integration:	Path	dependent

why?
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Path Independent 

1 cos sin 11
2 2

ie     
  

why?
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Cauchy’s Integral Theorem 
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Example (4g)
plot_int

3,4

z-plane w-plane

C

sin 0
C

z dz 

z-plane w-plane

tan 0
C

z dz 

C
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1
x x
2 3

Example (4h)
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Applications	of	Cauchy’s	Theorem

Applications:

1.  If f (z) is analytic in a simply connected 

domain D, then the integral of f (z) is 

independent of path in D. 

C2

C1
*C2

z1

z2

*
1 2

( ) ( ) 0
C C

f z dz f z dz  

*
1 22

( ) ( ) ( )
C CC

f z dz f z dz f z dz     
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Path	Independence	Theorem

+

+

1

i
C2

C1

C3

C4

P

Q
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Applications	(cont.)

2.    Consider a doubly connected domain D. If 

the function f (z) is analytic in D, then the 

integral of f (z) is the same around any 

closed path that encircles the opening.

C2

C1

*C2

1

* *
1 2

*
2

( ) ( ) 0

( ) ( ) 0

( ) ( )
LC C

C

L

C

f z dzf f z dz

f z dz f

z dz f z z

z

d

dz

   



 









*
1 22

( ) ( ) ( )
C CC

f z dz f z dz f z dz      Note that we can always 
choose C2 to be a circle…

L *L
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z-plane

x

w-plane

C

Example…

plot_int
5,6,7

cos( ) zf z
z

,( )
C

dzf z with                    has a singular point at z = 0.

z-plane

C

w-plane

x

z-plane

C

w-plane

x

cos z
z

cos z
z

cos z
z

z z z

cos 2
C

idz
z

z 
where C is 
any closed 
curve 
encircling 
the origin 
counter 
clockwise.
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Applications	(cont.)

3. The integral along a closed path C1 of the function f (z) which is 

analytic in the multiply connected domain D, is given by the sum of 

the integrals around paths which encircle all openings within the 

region bounded by C1, e.g.

C2

C1

*C2

C3

*C3

* *
1 2 3

( ) ( ) ( ) 0
C C C

f z dz f z dz f z dz    

* *
1 2 3

2 3

Thus, ( ) ( ) ( )

( ) ( )

C C C

C C

f z dz f z dz f z dz

f z dz f z dz

  

 

  

 

Note that we can always choose both C2 and C3 to be a circle…
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Complex	Analysis	– 5…

7  Residue Integration
Complex Series, Power Series, Taylor Series, and Laurent Series 
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Material	flow…

Generalized Cauchy’s integral formula…
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Recap… 
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Proof	of	Cauchy’s	Integral	Formula***...

. Noting that

0

0

( ) ( )f z f z
z z



is analytic except at z0, by Application 2 of Cauchy’s Theorem, we can replace C by 
a small circle K of radius  (to be determined) and center at z0 as follows:  

(5.1) on the 
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0

0

( ) ( )  f ε  ε M ρ
ρ M

z f z
z z
    




 


it is differentiable.

for all z in 0 < | z – z0 | <  .

Thus,  0 0
0 0

0 0

0
0

0
0

0

( ) ( ) ( ) ( ) ( ) (

( ) ( ) (

)

( ) )) (f z f z f z ε M

f z f z f z f z f z f z
z z z

z
z z

z

f f z

     
 

   


 




 0 min , ερ Mδ 

 > 0 such that for all z in 0 < | z – z0 | <  , 

0

0
0

0

0
0

0

( )( )m ( ) (( )( ) li )
z z

f z f zf z
z z

εf z f z f z
z z

  


  


Let us choose a  with                                   . We have

by the ML-inequality
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Example (5)

D
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Example (5)

4
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From the generalized Cauchy integral formula… 
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10x
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10
x

2 3 4 5
x x

C2

C1

*C2

C3

*C3

1 2 3
( ) ( ) ( )

C C C
f z dz f z dz f z dz     
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Homework Assignment No: 3 (Due in one week) 
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Connections to some engineering topics and problems… ()

Laplace transform: Given a time domain function, f (t), its Laplace transform is defined 
as follows:

where s =  + i (with  and  being real) is a complex frequency parameter. F(s) is 
regarded as a mapping of f (t) in the frequency domain.

0

(L( ) { } ) stF s f f t e dt


  

Inverse Laplace transform: On the other hand, one could transform a frequency domain 
function, F(s), back to its time domain counterpart, f (t), as the following:

where 1 is chosen such that the above integration exists.

1

1

1 1( ) { }L ( )
2

i
st

i

f t F F s e ds
i

 

 






  
 

Roughly, by setting s = i , the Laplace transform becomes a so-called Fourier transform 
with  being the real frequency parameter, i.e., the term of frequency we use everyday. 

Many engineering problems become rather straightforward in the frequency domain!...
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Some commonly used Laplace transform pairs… ()

2

3
2

11( )

1

2

1

1

t

at

a

a

a

t
s

t
s

t
s

e
s

e
s















Pierre-Simon Laplace
(1749–1827)

French Scholar

Joseph Fourier
(1768–1830)

French Scholar

a > 0

( ) ( )f t F s

2 2sin t
s




 x

x

x

xx

xxx

x

x

Singular points
(z-plane)

Waveforms
(vs time)



ENGG 2720 / ESTR 2014 – Complex Variables for Engineers ~ Page 159 Ben M. Chen, CUHK MAE

Some real engineering problems… ()
Generally, a linear physical system can be represented by a complex rational function:

1 1
1 1 1 1

1
21 1 1

( )
( )( ) ( )

m m
m m m m

n n
n n n

b z b z b b z b z bf z
z z zz a z a z a

 
 




  
  

  
 

    
 



which is usually derived by using the Laplace transform. The stability of the system is then 
fully characterized by the singular points (or poles) of the complex function f (z), which are 
the roots of the denominator, i.e., 1

1 1 0.n n
n nz a z a z a
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Complex	Analysis	– 6…

7  Residue Integration
Complex Series, Power Series, Taylor Series, Laurent Series 
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Power series ~ Region	of	convergence,	
ratio	tests,	radius	of	convergence

Sequence ~ Convergence,	divergence1 2 3, , ,z z z 

0
0

( )n
n

n

a z z






0 1 2
0

n
n

z z z z




    

Material	flow…

Series ~ Convergence,	divergence,	absolute	
convergence,	root	and	ratio tests

1 the series is absolutely convergent if 1
lim

the series is divergent if 1
n

n
n

Lz L
Lz






   

0
*

01

it is convergent for 1 lim
it is divergent for 

n

n
n

z z RaR
z z RL a
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Taylor series expansion for analytic 
functions in a disc0

0
( ) ( )n

n
n

f z a z z




 

Material	flow	(cont.)…

1
0

1 ( )
2 ( )n n

C

f za d z
i z z 



Laurent series expansion for 
analytic functions in a ring0( ) ( )n

n
n

f z a z z


 

 

1
0

1 ( )
2 ( )n n

C

f za d z
i z z 



( )
0( )

!

nf z
n
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Examples…	

1, 2, 3, … , n, ……

and

2+i, (2+i)2, (2+i)3, …, (2+i)n, …
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(what happens?)1
8

1 2 3 4S       

Just	for	fun…	Consider the following series, 

1
1 2 3 4 5 6 7 8 9 10

n
n





           

which is obviously divergent. Assuming               , we have 

5 8 9 121 3 04 6 7S         

We then have                                           , i.e.,

1n
S n







1
8

1 9S S S    

     52 3 4 8 071 6 9 1          
81 79 21    

 1 9 4 5 61
1

2
9

3
S
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1 2 1 2       N N Nz z z z z

1 2N Nz z    the tail of the series

Example: Consider the following series, 
1

1
1( 1 ln1) 1 11

2 3
2 0. 3

4
69

n

n n






       

which is known as the alternating harmonic series.

For  = 0.01,  we have 
N = 50, i.e., for N > 50, 

1 2 .0.01N Nz z   

series_tail.m
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Harmonic series…

ln 2

ly

The alternating harmonic series
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！



ENGG 2720 / ESTR 2014 – Complex Variables for Engineers ~ Page 173 Ben M. Chen, CUHK MAE

2 1 1! 5 41 2 2 2 2 2 ,
2

3 2
!

4 2 n
nn n n

n
             

24 16
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the	harmonic	series…
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Root	Test	1

Root	Test	2
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1
1lim lim

n
n

nn n
n

z z z
z z




 
 

1

1 ( 1)!lim lim

!

lim 0
1

n

n
nn n

n

n

z
z n

zz
n

z
n





 





 




ENGG 2720 / ESTR 2014 – Complex Variables for Engineers ~ Page 179 Ben M. Chen, CUHK MAE



ENGG 2720 / ESTR 2014 – Complex Variables for Engineers ~ Page 180 Ben M. Chen, CUHK MAE

convergence of (6.5), if power series (6.5) is convergent for all z inside the 
circle and divergent for all z outside.  
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Recap: the power series (6.5) is convergent for all z for which

It is divergent for all z for which

No conclusion can be made about the convergence of the power series 
(6.5) on the circle of convergence. 

0 .z z R 

0 .z z R 
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2

2
1

1
6





n n

R=1
ln 2 

with z = –1 gives an alternating harmonic series

with z = 1 gives a harmonic series
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1 2 3 49D 0emonst 6ration ,of  1 31.01 , 0.9 6 .1 77 1 0.1 , 1.01
10

 with
n iz i z i z i zz

n
 

        
 



h_series.m

exam_series.mat

1  
nz

n 2  
nz

n

3  
nz

n 4  
nz

n
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By Theorem 6.8 (ratio test), the above series converges when 

1
*1 1 0 1

0 0
0

( )lim lim lim 1
( )

n
n n n

nn n n
n n n

z a z z a z z L z z
z a z z a


  

  


       



0 *
1

1 lim n

n
n

az z R
L a
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1

lim n

n
n

a
a





2 2

2

(2 )! ( !) ( 1)lim
(2 )!(2 1)(2 2) ( !)n

n n n
n n n n


 

 

y

3i 1
4
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1 2
0

( ) 0 2n
n

n
f z a z a a z





       
 
 

Why?
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1 0 0
2

0 0 0 2 0
0

( ) ( ) (( ) ( ) )n
n

n

f z a z z a a z z z fa z az




          

0 0 1
2

1 2 0 3( (( ) 2 ) 3 ) )(f z a a z z a fz z z a       

3

0
2

2 0 0 2( ) 2 3 2 ( ) ( ) 2

( )
2!

f z a a z

f za

z f z a 



       





For a convergent series, we have…

( )
0( )

!

n

n
f za

n


Why?

1
0

1
0

1

0 0

)( (1 1)( ) n
n

m
n m

n

n n
n

n nm

a nz af z a z a nz zm
 


 





 

      
 

  

*
11

2 12

( 1) 1
(

1lim lim lim li
)

m
2

1
2

n n

n n n
n

n

n
n

n

a n
aa n

a n aR
a n L










   



    









We note that
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If a function f (z) is analytic for                

then f (z) has a Taylor series expansion 

where

Laurent	&	Taylor	Series	Expansions	of	Complex	Functions

0 ,z z R 

0
0

( ) ( )n
n

n
f z a z z





 

1
0

1 ( )
2 ( )n n

C

f za dz
i z z 
 
( )

0( )
!

nf z
n



R

z0
C
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Brook Taylor 
(1685–1731) 

English Mathematician

Colin Maclaurin 
(1698–1746) 

Scottish Mathematician
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ln 2 by letting 1.z 

It can be proved that the alternating	harmonic	series	

*L

*
1
L



ENGG 2720 / ESTR 2014 – Complex Variables for Engineers ~ Page 196 Ben M. Chen, CUHK MAE



ENGG 2720 / ESTR 2014 – Complex Variables for Engineers ~ Page 197 Ben M. Chen, CUHK MAE

If a function f (z) is analytic in 

the ring area                         ,      

then f (z) has a Laurent series

expansion 

where 

Laurent Series Expansions of Complex Functions

1 0 2R z z R  

1
0

1 ( )
2 ( )n n

C

f za dz
i z z 
 

R2

z0
R1

C

Note that points where a function is not 
analytic are called singularities.

0( ) ( )n
n

n
f z a z z





 

Note that for n = –1, we have 1 1
1 ( ) ( ) 2

2 C C

a f z dz f z dz i
i

a       
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(a)   The functions     ,          and           are analytic functions, and have 

Taylor series expansions with a centre           of

Example 10

ze sin z cos z

0 0z 

2

3 5 7

2 4 6

3

s
5

1

in
3! ! 7!

cos

2

1
4

! 3!

2! ! 6!

z z ze

z z zz

z

z

z z zz

    

  

  















1

1 lim
!

1
!lim 1

( 1)!
( 1)!lim

!
lim( 1)

n
n n n

n

n

n

aa R
n a

n

n
n

n
n
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(b)   The functions       and           are not analytic in the point z = 0. In the 

region excluding the point z0 = 0, these functions have Laurent series 

expansions of 

Example 10 (cont.)

ze
z 3

sin z
z

2

2 2 4

3
sin 111

2! 3! 5
1

3! ! 7!

ze z z z
z

z
z zz

z
          

Pierre A. Laurent 
(1813–1854) 

French Mathematician

 About Homework Assignment No. 4…… 

You can start working on Problems 4.1 to 4.3 at this point.
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(d)* Find Taylor series expansion of              at z0 = 3 & its convergence radius.

The series converges for all                                        Thus, its 

(c)  The function          is analytic for          . The Taylor series expansion with 

centre z0 = 0 of this function is the geometric series, i.e.,

Example 10 (cont.)

1
1 z

1z 

21 1
1

z z
z
   




1( )f z
z



2 3

2

2 3

3 4

1
1 1 3 3 33( ) 1

3 3 3 3
1 3 ( 3) ( 3)
3 3 3

3
31 3 z

zz z z zz
z

zf
                 

 
 

  
   





 
 

 

| 3 .
3

31 |3 zz



  3.R 
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Complex	Analysis	– 7…

7  Residue Integration
Complex Series, Power Series, Taylor Series, and Laurent Series 
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A complex function f (z), which has a Laurent series 
expansion at z0…  

Then, it is said that f (z) has a singular point (pole) of order m at z0.

Material	flow…

Classification of Singularities

0

1
0

1
1 01

00 0

( ) ( )

( )
( ) ( )

n
n

n

m m

m

mm
a

f z a z z

a a a a z z
z zz z z z



  








 

       
 



 

R2

z0
R1

C

Residues

10
1Res( , ): ( )

2 C

f z f d
i

a z z
   0( ) 2 Res( , )

C

f z dz i f z
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Material	flow	(cont.)…

Residue integration

1 2, , nz z z

1

( ) ( )
C C

f z dz f z dz   

If f (z) is not analytic in several points                   , then

2

( ) ( )
nC C

f z dz f z dz   

1 2

1

2 Res( , ) 2 Res( , ) 2 Res( , )

2 Res( , )

n

n

j
j

i f z i f z i f z

i f z

  




   

 



z3

C2

C3

C

C1

z1

z2

1
Res ( , )( ) 2 j

n

jC

f z d fz zi
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Material	flow	(cont.)…

Calculation of Residues

1. f (z) has a simple pole at z = z0:

2. f (z) has an nth order pole at z = z0:

3. where         has a simple zero at           , while                  

and both A and B are differentiable at z = z0:

0z z( )( )
( )

A zf z
B z



0
0 0 )Res( , () lim ) (

z z
z z zf z f


 

0( ) 0A z ( )B z

0
0

0 )
Res( , )) (

(
f z A z

B z




0

1

010R s lie ( , ) 1 m ( ) ( )
( 1)!

n
n

nz z
f z d z z f z

n d z
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Material	flow	(cont.)…

Real integral of the form
2

0

(cos ,sin )f d


  

 
2

0 1

1 1 1 1 1cos ,sin ,
2 2z

f d f z z dz
z i z iz

              
 


  

Improper integrals of rational functions
( )( )
( )

P xf x dx dx
Q x

 

 

 

degree[ ( )] degree[ ] 2( )Q x P x ( ) 0 for all  being real,Q x x

( ) 2 Res( , )j
j

f x dx i f z




 
S

-R R



ENGG 2720 / ESTR 2014 – Complex Variables for Engineers ~ Page 206 Ben M. Chen, CUHK MAE

Material	flow	(cont.)…

Improper integrals of Fourier-type

degree[ ( )] degree[ ( )] , 01Q x P x m  

( )( ) , ( ) 0 for all  being real,
( )

P xf x Q x x
Q x

 

or 



mxdxxf cos  




mxdxxf sin

( )cos Re 2 Res( , )imz
j

j
f x mx dx i f e z





 
  

 


( )sin Im 2 Res( , )imz
j

j
f x mx dx i f e z





 
  

 


S

-R R

1z 2z
jz
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Classification of Singularities
Recall: Analytic Functions and Singularities…

Points where a function f (z) is not analytic are called singularities or poles
or singular points.
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Classification of Singularities

Poles

Consider the Laurent expansion of different functions:

1.    No negative powers of z in the expansion. For example  has a 

singularity at z0 = 0.

so that its Laurent expansion has no negative powers of (z z0). The 

function is said to have a removable singularity at z0 = 0.

3 5 7 2 4 6sin 1 1
3! 5! 7! 3! 5! 7!

z z z z z z zz
z z

 
          

 
 

sin z
z
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Poles (cont.)

2.    A finite number of negative powers of z in the expansion, e.g.,  

The highest negative power is 3. This function is said to have a 3rd 

order pole at z0 = 0.

3. An infinite number of negative powers of z in the expansion, e.g.,  

This function is said to have an essential singularity at z0 = 0.

2
1/

3
1 1 1

2! 3!
1ze

z z z
    

2

3

3 4

3 3 2
1 11

2! 3 !! 4! 3
1 1 1

2 ! 4!

ze z z
zz z

z zz
z z
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Example 11

cos 1( ) zf z
z



2 4 61 1 1

2! 4! 6!
z z z

z
  

       
  


3 5

2! 4! 6!
z z z

    (a)

(b)

The function f (z) has a removable at z0 = 0.

The function f (z) has a 4th order pole at z0 = 0.

5
sin( ) zf z

z


3 5 7

5
1

3! 5! 7!
z z zz

z
 

     
 


2

4 2
1
5!

1
3! 7!

1
z z

z
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Example 11 (cont.)

2 1/( ) zf z z e 2
2 3

1 1 11
2! 3!

z
z z z

 
     

 
(c)

(d)

The function f (z) has an essential singularity at z0 = 0.

Thus, f (z) has 2nd order pole at z0 = −1. 

2 1
3!

1
2!

z
z

z    

2 2

2

2

2

2 2
2 2 ( 1) 2( 1) 1( )

( 1) ( 1) ( 1)
1 2 1

( 1)(

2 11

1

2

)

z z z zf z
z

z

zz
z z

z

     
 




  

   






ENGG 2720 / ESTR 2014 – Complex Variables for Engineers ~ Page 212 Ben M. Chen, CUHK MAE

Example 11 (cont.)

(e)

Thus, the order of singularity of f (z) at z0 = 0 is 1.

2 2 2 1 21
1 1

2( )
( 1)

z
z z

zf
z z

z
z z

    
 




It is clear that f (z) has 2 singular points at z0 = 0 & z0 = −1, respectively.

For z0 = 0, we have the following Laurent series of f (z) centered at z0 = 0

2 3

2

2 3
1

2 2( ) 1
( 1)
2 1

1
1 ( )

1 ( ) ( ) ( )

2

2
1

2

11
z

zf z
z z z

z

z z z
z

z

z

z

z z
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1st order poles are also called simple poles or simple singularities.

For z0 = 1, we have the following Laurent series of f (z) centered at z0 = 1

Example 11 (cont.)

2

2 3
1

2 3

2
1 ( 1)

2 1 ( 1

2 1( ) 1
( 1) 1
1 1

1
1 3 2( 1) 2( 1) 2( 1)

( 1

) ( 1) ( 1

1

)

1 21

)

z
z

z z z

f z
z z zz

z

z z z
z

z


   
 

  

 

       


       

  


 











Thus, the order of singularity of f (z) at z0 = 1 is again equal to 1.
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If                 , then the function g(z) is said to have a zero or root at z = z0.     

If                                                                     and                   , then the function         

is said to have an n-th order zero at z = z0.

Obviously, for a function g(z) with an n-th order zero at z = z0, its Taylor series 

expansion at z0 can be written as 

Theorem:

If the function g(z) has an n-th order zero at z = z0, then                     has an n-th

order pole at z = z0.

Zeros

( )
0( ) 0n zg 

)
1
(

( )f z
g z



0( ) 0g z 

)
0 0 0 0

( 1( ) ( ) ( ) 0( )nz z zg g zg g      

0
( ) (

0
0 0

1)
1( ) ( )( ) ( ) ( )

! ( 1)!
0

n n
n ng gg zz z zz z

n n
z
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Example 12
a) Consider the function                                  , which has a singularity at          . 

Let 

Then 

Therefore g (z) has a 2nd order zero at z0 = 1, and f (z) has a 2nd order 

pole at z0 = 1. Also, g (z) has a Taylor series expansion at z0 = 1 as follows

( ) ( 1) , (1) 0z zg z e e z e g     

( ) ( 1) , (1) 2 0z z zg z e z e e g e      

1
1

)
)

(
(

( ) zf
z e e

z 
 

0 1z 

( ) ( 1)( )zg z z e e  

     1 1

2 3

3 42

( )

1 11

( 1) ( 1) ( 1) 1

1( 1) ( 1) ( 1) ( 1)
2! 3!

( 1) ( 1) ( 1)
2! 3!

z z zg z e e z e e e e z e

e z z z z

e ee z z

z

z
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b)   Consider                            , which has a singularity at  

Let .

Then, 

Therefore          has a 3rd order zero at z0 = 0, and f (z) has a 3rd order 

pole at z0 = 0. Also, g (z) has a Taylor series expansion at z0 = 0 as follows

Example 12 (cont.)

s
(

n
)

i
1

z z
f z


 0 0.z 

( )g z

( ) 1 cos (0) 0g z z g   

( ) sin (0) 0g z z g  

( ) cos (0) 1 0g z z g   

( ) sing z z z 

533 5 7 7
sin

3! 5 !
( )

! 7! 3 5! 7!
g z z z z z zz z zz z
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Residues 

0( ) ( )n
n

n
f z a z z





 

We know that if f (z) is analytic in domain D except at the point z0, it has a 

Laurent series expansion of

1
0

1 ( )
2 ( )n n

C

f za dz
i z z 


with

and C any closed curve in D which encloses z0. 
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Residues

1 0Res ( , )1 ( )
2 C

a f z dz
i

f z
  

From last expression of an, it follows that 

where                  is known as the residue of  f at z0. Thus0Res ( , )f z

02 Res ( , )( )
C

f fz dz i z
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Residues

1 2, , nz z z

1

( ) ( )
C C

f z dz f z dz   

If f (z) is not analytic in several points                   , then

2

( ) ( )
nC C

f z dz f z dz   

1

1 22 2 2Res ( , ) Res ( , ) Res ( , )

Res ( , )2

n

j

n

j

f z fi i i

i

z f z

f z
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z2

1
Res ( , )( ) 2 j

n

jC

f z d fz zi
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Calculation of Residues

1. f (z) has a simple pole at z = z0:

2. f (z) has an n-th order pole at z = z0:

3. where         has a simple zero at           , while                  

and both A and B are differentiable at z = z0:

0z z( )( )
( )

A zf z
B z



0
0 0 )Res ( , () lim ) (

z z
z z zf z f


 

0( ) 0A z ( )B z

0
0
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Res ( , )) (

(
f z A z

B z




0

1

010R s lie ( , ) 1 m ( ) ( )
( 1)!

n
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nz z
f z d z z f z

n d z





 
      

Examples
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Proof of…

For a simple pole of f (z) at z = z0 , its Laurent series can be written as follows

Multiplying both sides by z – z0 and then letting z  z0 , we obtain

This is exactly the 1st formula for calculating the residue.

For the 3rd formula, since B(z) has a simple zero at z0, its Taylor series can be written as

Then, it follows from the 1st formula, 

0
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0
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1 0 2 0
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Proof of… 

For f (z) having an n-th order pole at z = z0 , its Laurent series can be written as follows

Multiplying both sides by                 gives

Let                                   . Then, we note that

is a Taylor series expansion g(z) and a–1 is the coefficient of its (n – 1)-th term. 

For the Taylor series expansion of g(z), the coefficient of the (n – 1)-th term is given by  

1
0 1 0
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Example 13
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4 3 .
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has simple poles in z0 = 0 and z0 = 1. 
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Example 13

1
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Example 13

2
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has a simple pole at z0 = 0.
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The function                                   has a simple 

pole at  z0 = − 4 and a 2nd order pole at z0 = 1.

Example 13
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Example 17
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Example 13
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Example 13
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Homework Assignment No: 4 (Due in one week)
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Applications to solve real integration problems…
2

0

(cos ,sin )f d


  

, 0 2iz e     

Real Integral of the form

cos
2

1 1
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i ie e

z
z
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i

z
i z

 






   
 

1 1

i
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ie iz





 




 

  

These integrals can be transformed to an integral of a complex function 

along the circle           counterclockwise.

The circle can be described by , Then

1z 
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Real Integrals

Consequently, we have
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Example 14
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Example 14
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We now consider real integrals for which the interval of integration is not 

finite. These are called improper integrals, and are defined by

Assume that the      is a real rational function with

 for all real x (i.e., no real poles)



Improper Integrals of Rational Functions

( ) lim ( )
R

R
R

f x dx f x dx



 

 

( )( )
( )

P xf x
Q x



degree[ ( )] degree[ ] 2( )Q x P x 

( ) 0Q x 
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Improper Integrals of Rational Functions (cont.)

( )
C

f z dzConsider the complex integral                 with C as indicated in the figure 

below. Since f (x) is rational, f (z) will have a finite number of poles in the upper 

half-plane, and if we choose R large enough, C encloses all these poles.

S

-R R

Note that C consists of a straight 

path from – R to R and a half 

circle S on the upper plane.
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Improper Integrals…
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Then 

The 2nd condition, i.e., degree [Q(x)] ≥ degree [P(x)] + 2, implies that if we set

( ) ( )
R

C R

f z dz f z dz


  ( )
S

f z dz  (*)

S

-R R

then, n ≥ m + 2. Also, for z on S when R is sufficiently large,

1 1
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Improper Integrals of Rational Functions (cont.)

Consequently,                          . From the equation (*) on the previous slide, 

we therefore have that

or 

where the sum is taken over all the poles in the upper half-plane.

lim ( ) 0
R

S

f z dz




lim ( ) ( )
R

R
R C

f z dz f z dz
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j

f x dx i f z
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k kf z dz M L R R
RR
      (Result S)

By ML-inequality, 
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Example 15
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Example 15

2 3
1

(1 )
dx

x



 

2 3
1( )

(1 )
f z

z


 3 3
1

( ) ( )z i z i


 

(b) Calculate

Let

-i

+i C

2 3
1 2 Res( , )

(1 )
dx i f

x
i








5

6
3
8

12lim
( )

6
1

z i
i

z i
ii












   
 



0

1

0 01lim1Res( , ) ( ) ( )
( 1)! z z

n
n

n
df z z z f z

n d z





 
      



ENGG 2720 / ESTR 2014 – Complex Variables for Engineers ~ Page 241 Ben M. Chen, CUHK MAE

Example 15
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Example 15

Then
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Improper Integrals of Fourier-type Functions

Consider integrals of the form

Assume that  f (x) = P(x) / Q(x) is a real rational function with

 Q(x)  0 for all real x (i.e., no real poles)

 degree [Q(x)] ≥ degree [P(x)] + 1

 m > 0

or 



mxdxxf cos  




mxdxxf sin
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Improper Integrals of Fourier-type Functions

Consider the complex integral                      

We will show (i.e., Theorem X next page) that under the conditions m > 0 and 

degree [Q(x)] ≥ degree [P(x)] + 1, we have                                        . Noting 

that                                    , it can be shown 

( )cos Re 2 Res( , )im
j

z
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f zx mx dx i f e





 
  

 


( )sin Im 2 Res( , )im
j

z

j
f zx mx dx i f e





 
  

 


( ) ( ) ( ) 2 Res( , )
R

imz imz imz imz
j

jC R S

f z e dz f z e dz f z e dz i f e a


      

cos sinimze mz i mz 

( ) 0 asimz

S

f z e dz R 

S

-R R

1z 2z
jz



ENGG 2720 / ESTR 2014 – Complex Variables for Engineers ~ Page 245 Ben M. Chen, CUHK MAE

Theorem X

If                      with                                                       and m > 0,  then 

There is no name for this theorem. As such, for easy references, we call it 

Theorem X. The result has been used earlier in deriving improper integrals 

of Fourier-type. It will be used later few more times.

( )( )
( )

P zg z
Q z

 degree[ ( )] degree[ ( )] 1Q x P x 

lim ( ) 0imz

R
S

g z e dz
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Observing the curves on the right, if we let 

X   ( Y  and R ), the integral 

of the function along S is the same as it 

along the blue straight lines. Under that 

degree [Q(x)] ≥ degree [P(x)] + 1

and along the straight line from X + i0 to X + iY, we have

and thus

Proof of Theorem X

S
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Proof of Theorem X (cont.)

S

-R R

S

−X X

iYSimilarly, we can show the integral along 

the straight line from −X + iY to −X + i0 has 

a same bound, i.e.,

For the integration along the line from X + iY to −X + iY, we have

and thus
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Example 16
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(b)
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(c)
2

2

2

2

3

6

6

c

3

os 2 Re 2 Res ,
9 9

Re 2
2
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(d) 2
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we then have

for any r > 0 so long as Q (z) = 0 has all its 

roots (or equivalently f (z) has all its 

singular points) inside the circle | z | = r. 

| | | |

( )( ) 0
( )z r z r

P zz dz dzf
Q z 

   

Given a rational function of z,                     ,

with real or complex coefficients and with



( )( )
( )

P zf z
Q z



degree[ ( )] degree[ ( )] ,2Q z P z 

r
X

X

X

X

X

Remark: The 
idea came from an 
example presented 
by Liu Haitong in 

an ESTR 2014 
Interactive 

Tutorial Class…

X

Integrals of Rational Functions (IRF-1)
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Proof of IRF-1…

12
2 1

1
1

2 2

2

2( )( )
( )

, for some 0, 0

( )
| |

m
m

n
n

m

m
m

n

n m

n

n

z p zz P zz

z

p
q

p

f z
Q z z q z

k k
z

k kf
z R

q








 



 
 

 


       

  




As in the proof of Result S, the condition, i.e., degree [Q(x)] ≥ degree [P(x)] + 2, 

implies that

2
| |

2( ) 2 0 as .
z R

k kf z dz M L R R
RR




     

with n ≥ m + 2. Then, for z on C when R is sufficiently large, we have

1 1
1 0 1 0( ) , ( )n mn m

n n m mQ z q z q z q P z p z p z p 
         

RX
X

X
X

X

X

C



ENGG 2720 / ESTR 2014 – Complex Variables for Engineers ~ Page 254 Ben M. Chen, CUHK MAE

Proof of IRF-1 (cont.)…

1 2 3

( ) ( ) ( ) ( )
C C C C

f z dz f z dz f z dz f z dz     
z3

C2

C3

C

C1

z1

z2

In view of the fact that

we have

rX
X

X
X

X

X

R
|

| | |

|

|

( )

( ,

( )

0) as
( )

z R

z

z r

R

dz f z dzf

P z dz R

z

Q z









  

 



 



for any r > 0 so long as Q (z) = 0 has all its 

roots (or equivalently f (z) has all its 

singular points) inside the circle | z | = r.
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Example 17

22

2
( 1)( 1)( )( )( 1 )i

z

z dz
z z z i z z i      Compute

2
X X

XX
X

By the result of IRF-1, we have

22

2 .
( 1)( 1)( )( )( 1 )

0
i

z

z dz
z z z i z z i


     

We can verify this by finding all the residues (very tedious!), i.e.,

2 1

2 1Res ( ,1) (1 ),
( 1)( )( )( 1 ) 5i

z

zf i
z z i z z i



  
    



1Res ( , 1) (1 3 ),
5

f i  
2Res ( , ) ,
3

f i   2
32 48Res ( , ) ,

195 195
if i    28 36Res ( , 1 ) .

65 65
f i i   

2

39 39 39 117 130 32 48 84 108( ) 2 .
195 195 195 195 195 195 195 19 195

0
5z

f z dz i i i i i


                                  

We have



1 (1 )
5

i 1 (1 3 )
5

i 2
3

28 36
65 65

i

Example 13(d)
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it then follows from the result of IRF-1,

Given a rational function of z,                     ,

with real or complex coefficients and with



( )( )
( )

P zf z
Q z



degree[ ( )] degree[ ( )] ,2Q z P z 

Integrals of Rational Functions (IRF-2)

rX
X

X
X

X

X

X

X
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n

1|

1

|
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)( ) 2

2

Res ( , ,
n

j
jr

k

z

n

k

f d

f

z z i

i

f

z

z









 





 where zj are all singular points inside | z | = r.

where zk are all singular points outside | z | = r.

This result is particularly economical when nout is significantly smaller than nin.

It shows that the integration is somehow linked to the singular points outside 
the integration path as well. 
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Example 18

21.25

2
( )( )(1 1 1)( )( )i

z i
z d

zi
z

z z z z      

Compute

1.25

X X

XX
X

By the result of IRF-2, we have

1.25

8 72 56Res ( , 1 )
65 65

2 36( ) 2 2
65 65z

f z dz i if ii i


     
          
  

where the residue was calculated in Example 17.

Instead of computing 4 residues for the singular points inside the path, we only 
need to work out one outside.
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Homework Assignment No: 5 (Due in one week)
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Final Remarks on Complex Analysis…
In this course, we have learnt some special operations of –1, i.e., we start with            

and end up with the residue a–1. If you know where this a–1 comes from, 
you know almost everything about what we have covered in the class.

Finally, also note that for a complex function, its singularity matters the most…

This side of the story…                                   Another side of the story…
 1:02 1:02

 ln cos sinix x i x cos sini xe x i x 

17141748

1
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That’s	all,	folks!	
Thank	You!


