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Even and Odd Functions

v" During Fourier series analysis, it is useful to distinguish two classes of
functions for which the Euler formulae for the coefficients can be

simplified.

v" The two classes are even and odd functions, which are characterized
geometrically by the property of symmetry with respect to the y-axis

and the origin, respectively.

\ / ~
A, :
N\ .
even odd
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Definition of Even and Odd Functions

Let f'be defined on an x interval, finite or infinite, that is centered at x = 0. We

say that f (x) is an even function if

f(=x)=f(x) (i.e.the graph of fis symmetric about the y-axis.)

and an odd function if

f(—x)=—f(x) (i.e.the graph of fis anti-symmetric about the origin.)

i o 7,
2= 3= - -2 x x 3x2 P Tx 2x -3x2 1 -n2 2 7

-1 1

Even function examples: Odd function examples:

1, x?, cosx, |x|, 5x6— 2 sin’x x, x3, sinx, 5x’—2 sin’x
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Properties of Even and Odd Functions

> even + even = even

i.e., the sum (difference) of two even functions is even.

> even X even = even

i.e., the product (quotient) of two even functions is even.

» odd + odd = odd

i.e., the sum (difference) of two odd functions is odd.

> odd x odd = even

i.e., the product (quotient) of two odd functions is even.

> even x odd = odd

i.e., the product (quotient) of an odd and an even function is odd.

Note: These properties can be verified directly from the definitions.
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Two Useful Integral Properties

» If fis an even function, then

j_c; f(x)dx = 2_[: f(x)dx

» If fis an odd function, then

j F(x)dx =0
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Note: A given function is not necessarily even or odd. Every function
can be uniquely decomposed into the sum of an even function f,,

and an odd function f, as

J)+f(=x) | f(x) = f(=x)

fx) =5 R ALIAS
[0= LDy SO
[= LD g ST

~ odd ~
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Example

Decompose a function into the sum of an even function and an odd function

v' Since f(x) = e" is neither symmetric nor anti-symmetric aboutx = 0.

— it is neither even nor odd.

v’ Putting f(x)=e¢e" and f(—x)=¢ " into

S+ /(=) f(x) = f(=x)

f(x)= 5 > = f.(x)+ 1,(x)
gives
fe(x)=€x+ex=coshx fo(x)ze ¢ =sinh x
............... even odd
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Periodic Functions

Given a function fdefined over I, if there exists a positive constant T such

that
J&x+D)=f(x)

for all real x e I. Then, fis a periodic function of x with period T.

\ -
N\
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Fundamental Period

» For a periodic function of period 7, f (x + T) = f (x) for all x.
» Note that 2T is also a period, and so is any multiple of T.

» Of all these possible periods, if there exists a smallest one, that period

is called fundamental period of f.

» Example:

sin(mzxj =sin(wx), cos(mﬂx) = cos(wx)

L
1 2L
are periodic with fundamental period f = 2(0 = an = I'= 7 =—
T m
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Partial Differential Equations - 2...

Even and odd functions, periodic functions
Fourier series of a periodic function
Fourier series: Half-range expansions
Concepts of partial differential equations

Heat equation (or diffusion equation)
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Wave equation
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Fourier Series of a Periodic Function

Given a periodic function f'(x) with fundamental period 2#,

we can define a trigonometric series as follows

FSf:aOJri(an cos(nijrbn sin(nmn @

/ /

where the coefficients are given by the Euler formulas

=i€if(x)dx,
jf(x)cos( ; jdx n=1,2,

1 . [ nax
= jﬁ f(x)sm(gjdx, n=172,

and are known as the Fourier coefficients of / (x).
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Piecewise Continuous Functions

A function f(x) is piecewise continuous on an interval [a, b] if this interval

can be partitioned by a finite number of points

a=x,<x;<...<x,=b such that

(1) f(x)is continuous on each (x,, x,,,)

<o, k=0,....,n—1

(2)

lim /(x)

X—>Xx;

\
\
A P
e o e e -
|
J

3) |Im f(x)|<ow, k=0,...,n—-1

X—)xk+1

In other words, a function f(x) is piecewise continuous on [a, b] if it is

continuous on [a, b] except for a finite number of jump discontinuities.
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For example, consider the following piecewise-defined function f(x),

f(x)=93—x, 1<x<2 .
x4+l 2<x<3 ; @\\\'

.
2, 0<x<lI | @///,

Obviously, f(x) is piecewise continuous on [0, 3].

/Left- and right-hand limits of /":

fGr)=lim f(x—h); f(x7)=lim f(x+h)

N where 4 — 0 through positive values.

/
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Convergence of Fourier Series

Theorem: Let f(x) be 2¢ -periodic, and let f(x) and f”(x) be piecewise

continuous on [- ¢, £]. Then, for any x in (- £, £), we have

a0+2{a oos@w sm”—zx}zé{ FEO+FO)

where the aq,'s and b,’s are given by the Fourier coefficients of f(x).

It converges to the average value of the left- and right-hand limits of f(x).

Remark: If /(x) is continuous, then

a0+2{a oos@w sm”—;fx}zé{ FEO+FEO) =)
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Example
Q1 (Saw-tooth Wave). Consider the function below.

x, —L<x<L

o s o JGF=@

f(X)={

This function represents a saw tooth wave, and is periodic with fundamental
period T = 2L.

Find the Fourier series representation for this function.
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Soln.: Fourier Series Representation

Given a periodic function f(x) with fundamental period 274, the trigonometric

Fourier series representation:

FS f=a,+ Z(an COS(HZXJ-I-bn sin(m;xjj
n=1

where

b= J reas
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:—jf(x)cos( / ja’x n=1,2,

nix
L

Because xcos is an odd function [ > even X odd = odd ]

<

nix

dc=0, n=1,2,--

a :—j X COS
n L L

2

» If fis an odd function, then

E f(x)dx=0

\_
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| A nﬂx NniTt x
bnz—j xsin ——j x—dcos

L L
1 nix t L ni x
=———| xCoSs —j COS dx
nrw L |, “+* L
1 . ’
:——(ZLcosmz—ism i x J
ni ni L |,
1
=——(2L(-1)"-0)
nir
2L n+
(—1) 1, n=12,- [ » odd x odd = even }
nir
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It follows that the Fourier series of f is

1 ({2

) = 2L i (1) Gin n7sz

T .- n

Note: Later we will find that fis an odd periodic function with period 2L
= a,=0
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) = 2L i (1) Gin X

T o N L

The graphs of the partial sum f,(x) and fare given below

2L (1) onax
fo(x) = ~ ; . sin

yh
, LI
‘ -~
/2L LT | 2 &
n:9/
/ ~L
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/A L
sawtooth
15- n=7 150 n=8 . n=9
2 3
/
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y

Remarks / 1
e fis discontinuous atx = +(2n +1)L, -4 L

_y_ZL ¥ -
¥

® fis discontinuous atx =+ (2n +1)L, and at these points the series converges

to the average of the left and right limits, which is zero.

A

Atx=+(Q2n+1)L , o

f(x):f(x+)J2rf(x—) /ZLn_g/—L LT 2L, &
:—L+L:O / 1
5 _
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Gibbs Phenomenon (occurs near the discontinuities)

» The partial sums appear to converge to fat points of continuity while they

tend to overshoot f near points of discontinuity.

» This behavior is typical of Fourier series at points of discontinuity and is

known as Gibbs phenomena.

0
. .
-------
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Q2 (Triangular Wave)

A triangular wave given below is periodic with fundamental period 2¢ = 4.

Find the Fourier coefficients a, and b, of f(x):

_J=x, =2<x<0
ro={7% 05
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Solution:
FS f=a,+ Z(an cos(nzxj +b, sin(m;xjj
n=1

1 l
dy = 2—££f(x)dx9

1 n7x
a, = Z;Ef(X) cos(gjdx, n=1,2,
b —lf f(x)sin(m)dx n=172
n f_g f ” 949
o 1 o I ¢2
/. N/ = aO:Z _2(—x)dx+zj0 xdx=1
6 4 ? 2 4 6 X
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—1 2 nex 1 2 niTrx
— xdsm +——| xdsin
2 nrxw ni
0 2
1 N x 0 . NITX . NTX 2 . nmTXx
=—| —xsin + I Sin dx + xsin — I sin dx
ni L, U2 o 0 2

_ | (4s1n(n7z)+j sinnﬂxdx—fzsinmzxdx)
2 0

ni 2
1 : 2 N x ’ 2 N x ?
=—/| 4sin(nzr) ——-cos + COS
ni ni 2 |, nrm 2 |,
0
= 1 4sin(nr) _i(l — cos(mz))j = T Vel
niw niw -8/ (nr)", nodd
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» f(x)=aq, +Z(an cos”—zan sin”T’ij

8 ax 1 3zx 1 Srtx
:1——2 COS——+ —COS +—cos——+
T 2 5
21 8 < 1 2m—1
- Y eos Rl Y s (T
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triangular
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Fourier Series for Even and Odd Functions

Recall the Fourier series of f (x) with period 2¢ be

FS  f(x)=a,+ i(an cos(mx)+bn sin(mxjj

14 /

#= J 7,

!
bn :1_‘-f(x)Sin(n;Ddex, n:1,2,'--
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Case 1: Iff(x)is an even function, then

:—jf(x)51n(n7;xjdx=0

A A

> evén X ocid = odd

» If fis an odd function, then Ia f(x)dx=0

\ 4

nx
f(x)=a,+ Z{a cos( ; ﬂ is a Fourier cosine series...
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Case 2: Iff(x)is an odd function, then

a, =2L€j:f(x)dx=0, a =%ff(x)cos(—jdx=0

> oad X evén = odd

» If fis an odd function, then J.a f(x)dx=0

\ 4

c . [ nmx
f(x)= Z{bﬂ sin (TH is a Fourier sine series...
n=1
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Exercise: Compute the Fourier series for

, —mT<x<0

0
L Jx)=

x, O<x<nrm

, —l<x<l

2. g(x)= ‘x

3. h(x)=x", —a<x<a

ENGG 2420 - PDE ~ Page 36 Ben M. Chen, CUHK MAE



Partial Differential Equations - 3...

Even and odd functions, periodic functions
Fourier series of a periodic function
Fourier series: Half-range expansions
Concepts of partial differential equations

Heat equation (or diffusion equation)

SRR e

Wave equation
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is defined only on a finite interval, e.g., 0 <x < L.
¥ S
-
f(x) is non-periodic, how to expand it in a Fourier series? /
| .
. L

Half-range expansions: fis given only on half the range, half the interval of

periodicity of length 2L.

.
Extend the domain of definition of f(x) to - oo <x < o by defining an extended
periodic function f,, of period 2L such that
fext )
fe o (x)=f(x), O0<x<L B WA Y X
-3L -2L -L L 2L 3L
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Two Ways of Extensions of f(x)

1. Extend f(x) into an even periodic function (even extension)

f A fext i

F I /7 f\:,% V,;/"/}\\ F
‘ /’ﬁ AN

:‘\:%

\,
\ /
| | N/ |

In this case,

f(x) for 0<x<L

f(_x) for=L<x<0 and ﬁXt (X T 2L) = f;xt (.X')

fext (X) — {

Note: f..(x)is symmetric aboutx=0 = f, (x)isan even periodic function

= Its Fourier series contains only cosines (no sines).

» Half-Range COSine EXpanSion fext (x) = aO + Z|:an c05 (n—z-xj:|
n=l1
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Half-Range Cosine Expansion

f(x)= a0+2{a cos(n;mﬂ, (0<x<L)

with

— [ fude = [ rod

:_j- fext(x)cos(nﬂx]dx——j f(x)cos(nzxjdx

ENGG 2420 - PDE ~ Page 40

Ben M. Chen, CUHK MAE



2. Extend f(x) into an odd periodic function (odd extension)

14
F—/
'L X
In this case,
| S for 0sx<L B
fuu(0)= {_ Few for—Lexco M faGH2D =)

Note: f..(x)is anti-symmetric aboutx =0 = f_(x)is an odd periodic function

= Its Fourier series contains only sines (no cosines).

nixx

» Half-Range Sine Expansion f_ (x)= Z{bﬂ sin (Tﬂ
n=1
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Half-Range Sine Expansion

Similarly, the half-range sine expansion of f(x) can be expressed as

f(x)= Z{b sm(nzxﬂ, (0<x<L)

where

nx
—jf(x)sm( 7 )
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Example

J(x)
Q1.: Find the Fourier cosine series for the function A
1 if 0<x<1 1
S (x)= . X
0 if l<x<?2 >
1 2
Solution. L=2,b5,=0,
1§ 1 1
a, = — xX)dx = —|1ldx = —
; L!f() 2{ :
2§ Nn7x 1 nx 2 ni
a, =—jf(x)cos — dxzjcos — dx =—sIn| —
L+ L g 2 nr
1l & 2 .
» f(x)=—+ ) —sin (n—j COS (@j
' NTT 2
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Example f(x)

Q2.: Find the Fourier sine series for f(x) 1
1 if 0<x<lI ”
re={ " Lo
0 if I<x<?2

Solution: L=2anda, =0,

:iz f (x)sin(’?jdx:lsin(’?)dx:nzﬂ{l—cos(nzﬂﬂ
f(x)= ’i%{l cos( ;ﬂsin(mzm) i{sm(éx}rsm( )+;sm(372mj+..}
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22 niw . [ nrx 2 . [ mx . 1 . (37zx
x)=» —|1-cos| — | |sin| — |=—| sin| — |+sIin(7zx)+—sin| — |+...
709 nzz:‘mz 2 2 T 2 ( ) 3 2

n=1 n=2 n=3
1.5 151 1.5
1 1 1
05 05 05
> > >
0 0 0
051 051 051
1 -1 - 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2 0 0.2 04 06 0.8 1 1.2 1.4 1.6 1.8 2
X X X
n=4 n=5 n=6
1.5 151 15

-0.5 -0.5 -0.5
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f(x):Z— 1-cos By sin - =—|sin| — +sin(7rx)+§sin 3? +...

~nr 7T
halfsinstep
n=7 n=8 n=9
15¢ 15¢ 15
1 /-\ N\ 1 /\ N\ 1 /\ N\
N~ N <
05 05 05F
> > >
0 S 0 _ 0
05F 05f 05
0 02 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2
X X X
n=10 n=11 n=12
15¢ 15¢ 151
] } paNElVA\ . N\~
./ NS ./ NS
05 05F 05
> > >
0 0 < 0 A
05 05f 05+
0 02 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2
X X X
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Exercise. Find the two half-range expansions of

% if O<x<§
S () =5

ML= e Loy

. L 2

1. Half-range cosine expansion (answer)

|

2. Half-range sine expansion (answer)

|

ko 4k &

2cos ¥ —(-1)" -1
2
X)=—+—

2
n

nixx

ol

n=l

1 . nr .
—2511178111

nixx

L

8k <
2
n=1

J(x) =

)
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Partial Differential Equations - 4...

Even and odd functions, periodic functions
Fourier series of a periodic function
Fourier series: Half-range expansions
Concepts of partial differential equations

Heat equation (or diffusion equation)

SR

Wave equation
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Notation: Given a function u(x,y), we denote

_au

Y Ox

u

0’u o0’u
u = —_ o u "
Yo oxoy oyox 7

We will mainly focus on second order PDEs...
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Order of Partial Differential Equations

e The order of a differential equation is the order of the highest derivative of
the unknown function that appears in the equation.

Examples:
Y'+3y=0 Ist Order
y'+3y'=2t=0 2nd Order
d'y d’
dtf — dtg/ +1=¢" 4th Order

e Second-order PDEs will be the most important ones in applications.
Example:

U, —Su, +u= xy°(y—15) < 2nd order
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Linearity

e APDEislinearifand only ifitis alinear equation in the unknown function
u and all of its partial derivatives.

Otherwise, it is called nonlinear, for example, if it contains terms such as

u?, uwd, (u,)?, (u,), ..., etc.

Homogeneous

Example:

2(x =y)u,, + yu,~3xu =

is a 2nd order linear PDE, u is the dependent variable, while x and y are the
independent variables. It is non-homogeneous.

ENGG 2420 - PDE ~ Page 51 Ben M. Chen, CUHK MAE



Some Important 2nd order PDEs

e One dimensional heat Equation: u,=o’u,
e One-dimensional wave Equation: u,=c*u,
e Two-dimensional Laplace Equation:  u,, +u,,=0

Two-dimensional Possion’s Equation:  u,, +u,, = f(x,y)

where a and c are positive constants, ¢ is time, x and y are Cartesian

coordinates.

Which of the above PDEs are homogeneous and which are not?
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2nd Order Linear PDEs and Their Classification

Consider a linear second-order PDE

Au,+2Bu,+Cu,+Du,tEu,+Fu=f

Classified by three types:

Parabolic: if B2—AC =0
Hyperbolic: if B>~ AC>0

Elliptic: if BZ—AC<0
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Solutions to Differential Equations

e A solution to a PDE in some region R :

v" A function u(x,y) that has all the partial derivatives appearing in
the PDE in some domain D containing R, and satisfies the PDE

everywhere in R.

v" The function u(x,y) is continuous on the boundary of R, and has

those partial derivatives in the interior of R.

‘ Au,+2Bu,,+Cu,+Du,+Eu,+Fu Zfl

b 4

0 a
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e In general, the totality of solutions of a PDE is very large.

e Forexample, u=x?>—y% u=¢e*cosy, u=sinx cosh y, u=1n (x> + ?) are all
solutions of
0’u 0’u
rt=—=5=10
0x oy

Check for u = x> — 2,

2 > 202 2 202 2 _
8L21+8L2£:a(x zy)+8(x zy)zﬁ(ZX)+5( 2)/):2_220
ox~ Oy 0x oy Ox Oy

Check for u =e* cos y,

o*u  o*u az(ex cosy) 0’ (ex cosy)
Ox’ * oy’ - Ox’ " oy’
= Gix(ex COS y)+ %(—e" sin y) =e" cosy—e cosy=0
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e The unique solution of a PDE will be obtained by the use of additional

conditions arising from the problem.

¢ Boundary conditions

¢ Initial conditions

* Two methods for solving PDEs:

1. Using ordinary methods (as ODEs)

2. Using the separation of variables technique
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Remarks:

Three important questions in the study of differential equations:

» Is there a solution? (Existence)
» If there is a solution, is it unique? (Uniqueness)

» If there is a solution, how do we find it?

Analytical Solution, Numerical Approximation, ...
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Solve PDEs using ordinary methods (as ODESs)

Problem: Find all solutions of the PDE: u,, = 0

Solution:

v’ Integrate with respect to y to get: u_ = f(x)
v Integrate with respect to x to get: u = X(x) + Y(»)

u=sinx+e” and u =3x + x>+ cosy are solutions of the above PDE.

U, = %Eﬁi(sm x + ey)j = aﬂ(ey): 0

o[ O

0 :
U, = 87(5(3x+ x> + cos y)} = 8—x(_ sin y) =0
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Note

v’ Solutions of PDEs involve arbitrary functions (instead of arbitrary

constants).

v Those arbitrary functions can be found from some given boundary

(or initial) conditions.

ENGG 2420 - PDE ~ Page 59 Ben M. Chen, CUHK MAE



Method for solving separable equation

Example: Use the separation of variables technique to solve
3u, +2u, =0 with u(x,0)=4e"
Soln. Assume u(x,y) = X(x)-Y(y).Then PDE becomes

3 X'Y+2XY'=0 = L:—%Y— = k = constant
X 3Y

{X'—szO = X(x)=ce"

Y'+%kY:O = Y(y)=c,e

3 k
2 7(2x-3y)

u(x,y)=X(x)Y(y)=ce“c,e ™ =ce

Giventhat 4e ™ = u(x,0) = ce™ = c =4,k =—1,wehave
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2x-3
(26-37) is indeed a solution of

To verify if u(x, y) = 4e ?
3u, +2u,=0

we check

3u_+ Zuy = 33(48—%(2x—3y) ) n 22(46—%(236—3)/))

Ox Oy
= 12a—i(e_xe%y ) + 8%(e‘xe%y)

s 3 3
=—12¢e%e? +8-Z e e’

=0

Checked! It is indeed a solution. The separation of variables technique

works for solving this problem...
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Remarks:

v' Separation method is a very effective way in solving many PDEs,
e.g., heat equations, wave equations, Laplace equations, which

are to be studied next.

v' All PDEs we are going to tackle in the coming sections are to be
solved using the separation method with some mathematical

tricks.
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[s the separation of variables method a universal technical for solving
PDE problems?

The answer is No!

Example: It can be verified that u(x,)) = X — y2 is a solution to

0°u N 0°u
ox*> 0y’

— 0 with u(x,0)=x"

However, this solution can never be expressed as the product of two separate
functions of X (x) and Y (y), i.e., u(x,y)=x" —y" # X(x)- Y(p).

The separation of variables technique is effective, but not universal...
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Partial Differential Equations - 5...

Even and odd functions, periodic functions
Fourier series of a periodic function
Fourier series: Half-range expansions
Concepts of partial differential equations

Heat equation (or diffusion equation)

-

Wave equation
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Heat Equation and Modeling

One of the classical partial differential equation of mathematical physics is
the equation describing the conduction of heat in a solid body (originated

in the 18th century).

A modern one: space vehicle reentry problem - to analyze transfer and
dissipation of heat generated by the friction with earth’s atmosphere.
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Heat Equation

» Describe the temperature u(x,?) in a solid body as a function

of position x and time ¢
» Assumptions...

Consider a straight bar with uniform cross-section and
homogeneous material. We wish to develop a model for heat
flow through the bar.
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Suppose that the sides of the bar are perfectly insulated so that no
heat passes through them.

Assume the cross-sectional dimensions ulx, 1)
are so small that the temperature u can

be considered constant on the cross

sections.

Then u is a function only of the axial

coordinate x and time ¢.
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e Let u(x,?) be the temperature on a cross section located at x and

at time . We shall follow some basic principles of physics:

(i). The amount of heat per unit time flowing through a unit of

cross-sectional area is proportional to cu/dx with constant

of proportionality k called the thermal conductivity of the
material.

(ii). Heat flow is always from points of higher temperature to
points of lower temperature.

E(amount of heat) /A o k@_u
ot OxX
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(iii). The net heat influx into the element per unit time is

kAu —kAu, |

Xlx+Ax

which must be equal to the rate of change of the heat (mcu)
contained in the element, where c is the specific heat capacity and

m=A Ax g, with o the mass density of the material.

kAu

~— ==  kAu_

X

X X+ Ax

l.e.,

kAu | .. —kAu_| = %(mcu) = %(AAxacu)

= kA(u, |0 —u,|,)=kAAu = %(AAxO'cu)
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Dividing on both sides of kAAu_ = %(AAxacu) by AAxco;, i.e.,

kA (Aux ) = %(MMC&&M)
AAxco AXxss

N k (Auxj:%(”):”t

co\ Ax

Taking Ax— 0, we have

m——————

Thermal ‘|—u =u @ 1D Heat Equation

diffusivity | CO';

_________
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Solution to the Heat Equation

Problem: Consider a long

bar of constant cross

section and homogeneous

heat conducting material.

The temperature u(x, ¢) is described by 1D heat equation

k
a’u, =u, O<x<L, 0<t<oo, a’ =— (6-1a)
co

with boundary conditions: u(0,¢) =u,, u(L,t)=u,, 0<t<ow (6-1b)
where u, and u, are given constants, and initial condition:

u(x,0)= f(x), 0<x<L, (6-1c)

The problem is to find a solution u (x, 7) that satisfies (6-1a) to (6-1c)...
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ENGG 2420 - PDE ~ Page 72

Solution by the Separation of Variables Technique

Step 1: Assume that the solution u (x,?) has the form
u(x,t)=X(x)-T(¢) (6-2)

Substituting this form into the partial differential equation

2 2 2 6
a‘u_=u = « y(X(x)-T(t)):E(X(x)-T(t))

yields
a’X'"T=XT (6-3a)
or
X” 1 T!
X =a2 p (6-3b)
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Since the left side depends only on x and the right side only on ¢, both
sides of this equation must equal the same constant, say — x*> (x >0).
If they were variable, the changing ¢ or x would affect only the left or the
right side, respectively. Then, we have

X" 17 X"+ X =0 (6-4a)

T2 =-K = )
X o T T'"+x°a"T=0 (6-4b)

Thus, solving the partial differential equation is replaced by solving
two ODEs.

Remark: Motivation for having the constant non-positive, i.e., — k2,

will be explained later. If we choose x? instead of — k%, we

will end up with a meaningless solution.
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Step 2: i). When k=0,
X'+x’X=0 = X"=0
T'+x’a’T=0 = T'=0
Thus, we have
X(x)=D+Ex, T@@)=G (6-5)

where D, £ and G are constants. (Why?)

The characteristic equation associated with X is given by

=0 = 4,=0 = X(x)= (D+Ex)e’* =D+ Ex
and that associated with 7'is given by

A=0 = T@t)=Ge" =G
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Step 2: ii). When x # 0, solving the above two equations gives
X (x) = Acos(xx)+ Bsin(xx), (6-6)
T(1)=Fe™*"

where 4, B and F are constants. (Why?)

L]
............................................................................................................

The characteristic equation associated with X is given by
A+’ =0 = A,=%ik = X(x)=Acos(kx)+ Bsin(kx)
and that associated with T'is given by

A+x’a’=0 = A=—x’a’ = T = PR
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Thus,

u=Xx)T(t)=(D+Ex)G forx=0,and (6-7a)
u=X(x)T(t) =[Acos(xx)+ Bsin(xx)]| Fe ™"
for any x # 0. (6-7Db)
Let DG=H, EG =1, AF =J and BF = K, then,

u=H+Ix fork=0, and (6-8a)

2 2

u =|J cos(kx)+ K sin(kx)|e™“" foranyx#0.  (6-8b)

00000
.........................................................................................................

Note: If we choose x? instead — x? earlier, we will have a solution with

e %! _s o as t —> oo, which cannot happen in real-life.
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Since Equation (6-1a) is linear, the sum of these solutions must also
be a solution,

2

u(x,t)=H+1x+|J cos(xx)+ K sin (kx)] e (6-9)

How to determine H, I, J and K?

Boundary Conditions u(0,7)=u, 02Uy = Uy u(L,t) =u,

-
o
o

]
o
=
=Y
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Substituting u(x, #) of Equation (6-9) into the boundary conditions

M(O,t):ul g x-L
yields
w(0,0) =u, = H+Je ™" (0<t<oo)  “OOZH| mu | rEoms
ie, (H-u)l)+Je " =0  (6-10) ;
u(x,0) = f(x) X

. . 2 2
Since the functions 1 and ¢ * ¢’ are LI on the t interval (why?),

ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo

2

u(x,) = H + I x+[J cos(xx) + K sin(kx)]e ™" (6-9)
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Side Note:

The functions y,(f)=1 and y,(¢) = e are linearly independent

because their Wronskian determinant

n@ »@)|_
i) yy(@)

1
0

2ot

e

2 kot

2
—K d e

22_22
—Kae "t £0

By definition, the linear independence of y, and y, implies

ay(t)+a,y,()=0 <

oooooo
ooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooooo
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Thus, Equation (6-9) is simplified to
. _ 22
u(x,t)=u,+Ix+Ksin(kx)e *“" (6-11)
Applying the boundary condition (L,#) =u, into Eq. (6-11) gives

u(L,t)=u, =u, +1-L+K sin(xL)e ™ *"

or
(I-L+u, —u,)1)+Ksin(xkL)e ™" =0 (6-12)
/(]-L+u1—u2)=0\ g Ksin(xL)=0 A
C> - and . (6-13)
I=,—u)/L _ ° _
L (1, —uy) y \K =0 or sin(xl)= 0/
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If we choose K =0, then

—Kzazt

u(x,t)=u, +Ix+ Ksin(xx)e
u, —u,

=u, + X
L

which is independent of 7. Obviously, this cannot be the case.

K =0 is not a valid choice!
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Thus, we have to settle with
: ni
sin(kL)=0 = K:T n=12,... (6-14)

Substituting / = (4, —u,)/ L and (6-14) into (6-11), we obtain

u, —u,)x . nN7TXx _ 2
( 2 1) +Kn sin e (/L) t

L L

u(x,t):u1+ 5 n:1,2,---

By superposition principle,

U, —U; )X . TTX _ 2 . 2mx 2
u(x,t)=u f U TUX | g in TX il i 2K Ol
3 1 | L 2 L
U, —U )X . ATX _ 2 _
=u, +( ) + Y K, sin——¢ "D (6-15)

L - L
which satisfies Equation (6-1a) and boundary condition (6-1b).
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Step 3. In order to satisfy the initial condition
u(x,0)=f(x), 0<x<L,

the coefficients K, should be determined by

u(x,0) = u, + 2 _”1)x+21< sin””x £(x)

L
or
f(x)—u, — ul)x ZK sm@
Denote
F() = f()—u 2=

D F(x)= ZK sin””x (0<x<L)
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(6-17)

(6-18)

(6-19)
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F(x)= ZK sin ”Zx (0<x<L) (6-19)

Have we seen this type of equation before? Itisan ...

half-range Fourier sine series expansion of F(x) in the interval (0, L)

FS f(x)= Z{b sm(nzxﬂ (O<x<L)

where

nmix
== j f(x)sm( 5 jd
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Thus,

F(x)=Y K, sin”Lﬂ O<x<L) (6-19)

n=l1
» K —EILF(x)sinmmdx 6-20
n L 0 L ( B )

The solution to the 1D heat problem is thus given by

4 )

U, — U)X . NITX _
u(x,t)=u, + &=t + ZKn Sin ——— g (/LY
L — L
\ J

(6-21)
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Example (a): Solve the following heat flow problem " )

2
5”:28’;‘, 0<x<3, 0<t<ow
ot Ox
wON=u | otug-u | u@D=1
u(0,t)=u(3,t)=0, 0O0<t<w®
u(x,0)=5sind47zx—3sm8zx+2sinl0zx, 0<x<3
u(x,0) = flx) X

Solution: Recall the solution to the heat equation

U, — U)X w . NTX _
“(XJ)ZMHF( - 7 ) +2Kn sm—L g (L)

n=1

For the given problem, we have

u, =u, =0

F(x)=f(x)—u, - (1, _Lul)xzSSin47zx—3sin87rx+2sin107zx, L=3
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Thus,
nwx (nﬂa/L)zt

u(x,t) = ZK SIn —— 7

with L =3, «*=2 and

nix

dx

2 (L :
K, :ZJO F(x)sin

¥

nix

.;(531n47zx 3sm87zx+2sm107rx)sin7dx n=12,-

2

3

2-3( . 127x . 24 1rx . 307zxj. niwx
5 5sin

. —3sin +2sIin sdex n=12,-
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Based on the orthogonality property of cosine and sine functions, i.e.,

L . mmgx . NIX | mmrx NITx mrzx NnrXx
j sin sin—— dx = —j COSs — — COS + dx
0 L L 290

L L L L
1] — L N
=— jcos(m n)ﬂxdx—jcos(m n)ﬂxdx
2% L 0 L
( 1 L I L .
1 o (=] e
2| (m=—m)rz L |, (m+n)zx L |
= 3
£, ifm=n
L 2
coslov—3)—coslaa+ 3
sinac-sin 3 = ( [) ( ,()

2
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ané.; SSinlzﬂx—3sin24ﬂx+25in30ﬂxjsin%dx, n=12,---

2 ¢3 . 127zx . nxx . 24rnx . nmx . 30xrx . nxx

=§ . 5s1in -SIn—— —3sIn -SIn—— + 2 sin -smT dx

: . : ~ 12 . - 12
— Klzzgr 5s1n127m-sm127zx—3sm% ﬂx+2sn% ﬂxjdx

370 3 3 3 3 3 3

2L 2,3 &
3 2 3 2

K, =-3, Ky, =2, K =0, otherwise

The solution to the given problem in Example (a) is thus given by

u(x,t)=35sin (47Z'x) 27 _3gin (87z'x) o127 (1 072')6) 20077
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Graphically, the temperature u(x, t) at 1 =0...

u(x,0) = 5sin(4zx)—3sin(87x)+2sin(107x)

10

| I

T —
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Graphically, the temperature u(x, t) at = 0.001...

u(x,0.001) = 5sin (47x) e > —3sin(8zx)e ™" +2sin(107x)e >

>
B
S

—
<
—
—_
—
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Graphically, the temperature u(x, t) at t = 0.015...

u(x,0.015) =5sin (47zx) e "7 _3sin (Sﬂx) e 4 2sin (1 O7zx) g3 heat

<1|’ T T T T T

08 .

0.6 |- .
0.4 il

02 .

0.2 g
04| -
0.6 .
-0.8 - .
-1 ) i l J i !
0.5 1 1.5 2 25 3
X

ENGG 2420 - PDE ~ Page 92 Ben M. Chen, CUHK MAE



Example (b)

Solve the following heat equation by the method of separation of variables:

Up = Uz, O0<x<1,t>0,
u(0,t) = u(1,t) =0, t>0,
u(z,0) = f(z),

where

| =z for0<a:<2,
f(x)_{l—:c for L 5 <z <l

Solution: o =1, L=1, u, =u,=0 and thus

( ug — U1) . ’n’lr.'L‘ (nwa)"‘t
t) = K, L
u(z,t) = uy+ + E sin ——e

L

n=1

22t

o0
E K, sin(nwz)e ™ ™ ¢,
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(u, —u)x
L

F(x)=f(x)~u, - =/ (%)

¥

j F(x)sin @dx ) jOL £(x)sin(nzx) dx

-

K =2 jo% xsin(nzx)dx + j% (1-x) sin(mzx)dx}

1

+— I Y xd cos(mzx)]

1 nit

1
=2| — J‘é xd cos(nmx)— 1 cos(nzx)
nr 0 niw

_ 2 I vooth nir | I
= _(— X cos(mzx)‘ 2 IO cos(nzx)dx |—cos(nr)+cos EY +| x cos(mzx)‘ Y~ I Iy cos(nzx)dx
21 1
ni
2 1 a1, nﬂ} 4
= Sin + Sin — o Sln
nrx| nw 2 nrx 2 nr 2
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The solution to the problem is thus given by

heat2

u(x,1) :iKn Sin(”ﬂx)e_nzﬂZt -4 i L sin nzﬂ Sin(nﬂx)e‘”z”zt
n=1
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/ Exercise

ou ou
Solve —=7—2, O<x<zm, O0<t<oo
ot 0x

Given u(0,¢)=u(z,t)=0, 0<t<oo

u(x,0)=3sin2x—-6sind5x, O<x<rx

.

/
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Steady 2D Heat Problems and Dirichlet Problem

We now consider a 2D heat problems as depicted in the figure below:

Y

2D Heat Problem on a region R

It can be showed that the temperature u on R is characterized by

ou ,(0u Ou
Py 2 T
ot ox” Oy
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For the steady (that is, time-independent) problems, i.e., du/ot = 0, the

heat equation reduces to Laplace’s equation:

0

ou ,(0u Ou o’u  Ou
Py RPN = T2 =
ot ox~ Oy ox~ Oy

A heat problem consists of this PDE in region R of the xy-plane and a given
boundary condition on the boundary curve C of R is called a Dirichlet

Problem if « is prescribed on C.

y
u= f(x)
b
u=g0) 4 u=_g,(y)
0

0 u:fz(x) *
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We consider a Dirichlet problem in a rectangle R, assuming that the
temperature u(x, y) equals a given function f(x) on the upper side and

0 on the other three sides of the rectangle:

Yy
u=f(x)

u=0 R u=0

u=0 X

We solve this problem by separating variables. Substituting u (x, y)=F(x) G(»)

into

Ou du_, _ O(FMGY) O(FMGW)_d'F . d°G

n — F=0
ox’ oy’ ox” oy dx’ dy’
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1 d°F 1 d°G
Fac G g "0
be ly
2
= d]j+kF:O
dx

i). When k=0,
F'+kF=0 = F'=0 = Fx)=D+Ex (%)
where D and E are constants.
ii). When £ # 0, solving the ODE gives

F(x) = Acos(\kx)+ Bsin(vk x), (%)

where 4 and B are constants.
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Yy
u = f(x)
b
u=0 R u=0
0
=0 X
0 a

From the above boundary conditions, we obtain
F0)=0 and F(a)=0
and (&) implies
F0)=D=0, F(a)=D+Ea=FEa=0 = E=0

F(x)=D+Ex (%)
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(o) implies

F(0)=Acos(vk)=0 = A=0

F(a) = Acos(vka)+ Bsin(Nka) = Bsin(Wka) =0

Since we cannot choose B =0 (why?), we have

sin(\/%a) =0 = k= (mrj

a

and the corresponding nonzero solution

F(x)=F (x)=B, sin
a
F(x) = Acos(vk x)+ Bsin(vk x), (o)
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Recall

2 2 2 2
i.dljz_i.d?:_k N d?_(nﬂ) G=0
Fdx G dy dx a
We then have
G =G.(»)=Ce “+Ee /o
y
u = f(x) f A
b : G0)=C +E =0
u=0 R u=0 » U
C =-F
. u=0 X \ " " /
0 a
o I’lﬁ%_ —717[%
G =G (1) =Ce V-Ce Va=2c® 28 =2C sinh 22
a
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We thus obtain a solution

. NITX ni . NwTX nir
)sm—smh Y = D sin——sinh a4

u,(x,y) = F,(x)G,(») = (B,C,
a a a a

which is called an eigenfunction of the problem. By superposition, we

have obtained a solution to the Dirichlet problem

- = . NITX ni
u(x,y) = Zun (x,y)= ZDn sin 2% sinh Y
n=1 n=1 a a
y
u = flx)
b u(x,b) = f(x)
u=0 R w=0 » . N7TX nxh
= ZD sm—smh—
0 a
u=0 X
0 a

ENGG 2420 - PDE ~ Page 104 Ben M. Chen, CUHK MAE



= u(x,b) = f(x)= Z( smh’m’jsinm
a a

By half-range sine expansion,
b Dsmh”—”b 2 j f(x)sm@dx

Thus, the solution to the Dirichlet problem is given as

u(x,y)= ZD sin 2% ginh %Y
- a a
where
D, = j f(x)sm@dx

a s1nh(n7zb /a)
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Example: Solve the Dirichlet problem witha =2, 5 =1 and

1) X if O<x<l
X)=
(2—x) if l<x<2

y

u = f(x)

b
u=0 R u=0

) 0 u=0 X

a

Solution: The solution is given by

u(x,y)= Z D, sinnaﬂsinh nZy
n=1
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nwzx nix

with D = j £(x)sin——dx = j f(x)sin="=dx

Jj f(x)sin——dx =

———jlxdcos I(Z x)dcosn
n *o 2 2

asmh(mzb /a) a s1nh(n7z /2)

e jxsin@dx+j (2- x)sm%dx

TX

2 | 2
—— xcos@ Ilcos@dx —— (2- x)cosn—ﬂx
nrx 0 2 nrx 2

_J‘zcos%d(Z x)}

1

2 | T 2 . mle 2 [ NiTx }
——| cO¢f————sin—— |——| —co —+ cos—dx
ni 2 nrw 2 || nm 2 2
_( 2 jz nix ( 2 jz : nizx2
— | sin—-0 — | sSin——
nrx 2 nrx 2 |

2 Jz . NT ( 2 T ni 8 . nmw
— | sin——|0—| — | sin— | = —— sin
nix 2 nix 2 n°mw 2
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» D=

nirx
sin——d.
sinh (niz / 2 j () *
8

. nx
= .S1n —
nrw o)
n’z*sinh ——

The solution to the Dirichlet problem is given by

u(x,y)= ZD sin 7 ginh 7Y

n=l1 a a
= 8 . T . NTX niwy
= Z .SIn —sin ——sinh ——
2 2 .. N7
=l n*r” sinh —
2
Conm )
8 9 . NTX Ny
» u(x,y)=— sin ——sinh ——
’ 7’ niw 2 2
n=1| pn?sinh ——

\ 2 )
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Graphically,

dirich

0.8

u(x,y)
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Partial Differential Equations - 6...

Even and odd functions, periodic functions
Fourier series of a periodic function
Fourier series: Half-range expansions
Concepts of partial differential equations

Heat equation (or diffusion equation)

SRR e

Wave equation
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1D Wave Equation: Vibrations of an Elastic String

e Suppose that an elastic string of length L is tightly stretched

between two supports at the same horizontal level.

o Let the x-axis be chosen to lie along the axis of the string, and let
x =0 and x = L denote the ends of the string.

e Suppose that the string is set in motion so that it vibrates in a
vertical plane, and let u(x,¢) denote the vertical deflection

experienced by the string at the point x at time .
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e Assume that damping effects, such as air resistance, can be neglected,

and that the amplitude of motion is not too large.

e It can be showed that under these assumptions, the string vibration
is governed by the one-dimensional wave equation, and has the

form

2

u. =cu O<x<L, t>0

It xx?

where the constant coefficient ¢? = T /p with T being the tension,

while p the mass per unit length of the string material.
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Initial and Boundary Conditions

e Assume that the ends of the string remain fixed,

u(0,¢)=0, u(L,t)=0,

Since the wave equation is of
second order with respect to ¢, it
is plausible to prescribe two
initial conditions, the initial
position of the string, and its

initial velocity:

u(x,0) = f(x),
u,(x,0)=g(x), O0<x<L
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M(O, t) =0 2 M(L,t) =0
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(0 = flx) X
u,(x,0) = g(x)
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Wave Equation

Thus the wave equation problem is

2

u, =cu O<x<L, t>0

It xx 2

Boundary conditions: u(0,¢)=0, u(L,t)=0, t>0
Initial conditions: u(x,0)= f(x), u,(x,0)=g(x), O0<x<L
e This is an initial value problem with respect to ¢, and a boundary
value problem with respect to x.

e The wave equation governs a large number of other wave problems

besides the transverse vibrations of an elastic string.
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Solution by Separating Variables

Problem: Find the solution of the following 1D wave equation

u,=cu_, O0<x<L, t>0 (1)
with the boundary conditions
w(0,1)=0 and u(L,?)=0 forallz>0, (2)
and initial conditions are
u(x,0)=f(x) and u(x,0)=gx) (0<x<L) (3)
where f(x) denote the initial deflection and g(x) the initial velocity.
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Solution in Three Steps

Step 1.

Set u(x, t) = F(x)G(t) = Obtain two ODEs, one for F(x) and
the other one for G(¢).

e The method of separating variables
Step 2.

Determine solutions of these ODEs that satisfy the boundary
conditions (2).

Step 3.

Compose the solutions gained in Step 2 using Fourier series
—> Obtain a solution of (1) satisfying both (2) and (3).
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Step 1. Method of Separating Variables

» Determine solutions of Eq.(1) in the form
u(x, 1) = F(x)G(2) (4)

which are a product of two functions, each depending only on

one of the variables x and +.

» Differentiating (4), we get

9%u .. 9%u )
5 = FG and o = F'G
ot 0X

where dots denote derivatives with respect to f and primes
derivatives with respect to x.

» By inserting them into Eq. (1), we have FG = c¢*F"G.
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(';' 7
» Dividing by ¢*FG gives —— = —
c°G F
The variables are now separated, the left side depending only on

t and the right side only on x. Since both sides must be equal to
some common constants, say, £,

G’ F” )
¢  F

» Multiplying by the denominators gives two ODEs

F"—kF =0 (5)

and

G-c*kG=0 (6)
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Step 2. Satisfying the Boundary Conditions

Determine solutions F' and G so that u = F'G satisfies the boundary

conditions, i.e., for all ¢
u0,)=F0)G1H=0 = FO)=0 (7)

w(ll,)=FL)GEH=0 = FUL)=0 (8)

Reason: If G=0= u = FG =0, which is trivial solution.
Hence G £ 0.
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Solving F(x) from F"—kF =0

» k must be negative.

Why? For k=0, the general solution of (5) is /' = a x + b, and from
(7) (i.e., F(0) =0) and (8) (i.e., F(L) =0), we obtaina = b =0, so
that F(x) =0 and u = FFG = 0, which is trivial solution.

e For positive k£ = 1> > 0 a general solution of (5) is
F(x)=Ae™ + Be ™
and from (7) (i.e., F(0) = 0) and (8) (i.e., F(L) = 0), we obtain
F0)=4+B=0 = B=-4
F(L)=Ae" +Be ™ = A(e” —e*)=0 = A4=0, B=0
which imply F(x) = 0 once again.
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» We have to choose kas k = —4A? (1> 0). Then, Eq. (5) can be rewritten
as F'" + A2F' = 0, which has a general solution

F(x)= 4, cos(Ax)+ B, sin(Ax)
Using Eqns (7) (i.e., F(0) = 0) and (8) (i.e., F(L) = 0), we have
F0)=4,=0 = F(L)=Bsin(A1L)=0
Since B, # 0 (otherwise F=0) = sin(AL)=0 .Thus

AL =nx :z:% for n=1,2,... (9)

This results in infinitely many solutions to Eq. (5) given by

F,()=B,sin==,  n=12- (10)
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Solving G(7)

G-c*kG=0 (6)

v" Solve (6) with k = — A2 = — (n/L)?, that s,

G+c22°G=0 with 2, ==~

v' A general solution is

G (t)=A, cosAct+ B, sinA ct (11)
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Solving u,(x, )

» Solutions of (1) satisfying (2) are

u,(X, 1) = F ()G, (?)

\ 4

u (x,t)=(A cosAct+ B sinA ct)sin A x

forall n=1,2,...and A :ﬂ.

L

This is an eigenfunction for solving the problem.
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Step 3. The solutions of u(x, 1)

» By the superposition principle, the general solution of (1) is
u(x,t) = Z u (x,t)
n=1

= Z (4, cosAct+B sinAct)sinA x  (13)
n=1

where 4, and B, ’s are determined using the initial conditions.
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Case 1: When initial deflection is given: u(x,0) = f(x)

nx

=0 > f()(,‘) = M(X,O) = i An SiIlT (14)
n=1

By Fourier Series:

——j f(x)sm( p jdx n=12,--- (15)

4 Note: )

A,’s are the Fourier coefficients in the half-range Fourier sine

series expansion of f(x) in the interval (0, L).

N /
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Case 2: When initial velocity is given: u,(x,0) = g(x)

Differentiate (13) w.r.t. ¢,

Zl Z —A A csmAct+B A ccosAct)sin A x
n=1

o0

Ou :Z B/IC sin A x (16)
n=1

t=0 X)=—
= g(x) Py

t=0

2 L niTx
» Bn/lnczzjo g(x)sdex

Since
nmwx

ni 2
A, =— B =——- x)sin ——dx (17)
3 » iy " g() 7
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The general solution of 1-D wave equation:

The general solution of the 1D wave equation (1) with boundary

conditions (2) and initial conditions (3) is

- nrct nrct niTx
u(x,t)= A cos + B sin SIn —— (13)
b Z;[ L L } L
where 4, and B, ’s are given by (15) and (17), i.e,,
A —sz fx)sin 2 dx, n=1,2 (15)
n L 0 L b ) b

2 :
B :—IL g(x)sm@dx, n=12,--- (17)
cni 20 L
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Corollary 1

When only deflection is non-zero, i.e, u(x,0) = f(x) # 0 and
u(x,0) = g(x) =0, in which case all B, s are zero. Then the

general solution is
— nact | . [ nax
u(x,t) = Z A cos sin| —
= L L

with 4, 5 being given by

nitx

=—j f)sin==dx, n=1,2,
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Corollary 2

When only initial velocity is non-zero, i.e., g(x) # 0 and f(x) =0,

then the general solution 1s

= nact | . ( nax
u(x,t)=> B, sin( jsm(—j
; L L

with B, s being given by

2 L NiTx
B =—— x)sm——dx, n=1,2,---
; Cmfo g(x) -
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Examples

Q1. (Vibrating String Problem). Consider the vibrating string
problem of the form

u_=u,, 0<x<30, >0
u(0,1) =0, u(30,1)=0, >0
u(x,0)=f(x), u,(x,0)=0, 0<x<30

where )

x/lO, 0<x<10 0.8-

f(x):{@o_x)/zo, 10<x<30  °°

Solve u(x,?).

0" "8 0 5 200 25 30 X

ENGG 2420 - PDE ~ Page 130 Ben M. Chen, CUHK MAE



Solution.

Since u(x,0)= f(x)#0,u,(x,0) =0, according to Corollary 1,

the solution to the vibrating string problem satisfies

u(x,t) = ZAn COS
n=1

2nwt . nNITXx
sin

30 30

c=2, L=30

niTx GO

— J‘ f(x)sin——dx

= 320f10 x sin nﬂxdx+£ 303O_Xsin nﬂxdx

010 30 30910 20 30 /A

X +
30 30x20nxd10

_ 2x30 jloxdcosnﬂx+ 2x30 J-3OS. mzxd 2x30 ija’cosnﬂx
30x10nx 70 30 30x20710

10
10 nix 3 nITx
—j cosS——dx |— COS
30 ]

10nx
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1 nr 30 . nrx| 3 3 nr
A ==———10cOS———SIN——| |———COSHT +—COS—
Snr 3 nrx 30|, | nm niw

30
10]
2 6 \
:—’—n{O@Sﬂﬁ-F 5 n7z+;7{c2{a7
3 n'n’
+i\w—”—7{w‘(n—z—0+

1 nrt 30 . nrx

30cosnr — IOcos — SIn ——
nix 30

_|_

sin —

=~ 9 | nm . nnx 2nrt
» u(x,t) = —— SIn ——SIn———COoS
N 3 30 30
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Graphically, the displacement u(x, ¢) at £ =0...

NI . NTX
u(x,t) = Z —SIn——sin

~ '’ 30

0.9
0.8

0.7 F

0.3
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Graphically, the displacement u(x, ¢) at = 3...

u(x,3)= Z s1n sin n;i)x cos%

06 ]

05 .

04 -

03 -

0.2

0.1
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Graphically, the displacement u(x, ) at = 10...

=~ 9 . nm . nrx 21w
u(x,10) = siln —SINn —— COS——
( ) HZ_:‘ n'r’ 3 30 3

I

-0.05

-0.1

-0.15

-0.2 -

-0.25 -

-0.35

-04 -

-0.45

-0.5 : :
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Graphically, the displacement u(x, ) at = 18...

> 9 . nm . nxx
u(x,18) = sin sin cos(l.2nmr wave
( ) nz_; n’r? 3 30 ( )

0 I I I T T

-0.1 - ]

-0.2 - .

03 F ]

-0.6 [

-0.7 | 1 N | 1
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Q2.

Solve the following wave equation by the method of separation of variables:

U = Cugy, 0<ax<L,t>0,

u(0,t) = u(L,t) =0, t>0,
u(z,0) = 0,us(z,0) = sin% + sing’”T"’ +4sin8%, 0<z<L.

Solution. By Corollary 2,

L L

o0
. nmct | nnx
u(z,t) = E B, sin sin ——, where
n=1

L
B, = i/ g(:r)sinﬂd:c
0

cn L

L
=i/ (sinzw—x +sin37r—x+4sin8ﬂ) sinmrm dzx.
0

cnm L L L L
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Based on the orthogonality property of cosine and sine functions, i.e.,

L . mmgx . NITX 1 ¢z MITX Nxx Mmmrx Nxx
j sin sin dx = — j CoS — — COS + dx
0 L L 2 0{ ( L L j ( L L ﬂ

1 L _ L
=— jcos (m n)ﬂxdx—_‘-cos (m+n)7zxdx
205 L g L
il ) '
=— sin(m_n)ﬂx — sin(ern)ﬂx =0, fm#n
2| (m—n)x L ., (m+n)z L .
:£, ifm=n
2
(0, ifm#n

L . MmrX . ATX
» J- sin sin dx =<7
0 L L 5
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L
B :%./n. (sin%+sm%%+4sin?—z)siﬂnzxdm.

Now, by orthogonality property of cosine and sine functions, we have

L L L
By =—, B3=—, Bg=—, otherwise B, =0.
2cT 3cm 2cm
Hence,
L . 2nct . 2rx L . 3wct . 3mx L . 8mect . 8mx
u(z,t) = —sin sin + sin sin + sin sin ———.

2cm L L 3cr L L 2cm L L
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Graphically, the displacement u(x, 1) withc=1.5and L=30at¢r=1...

t =1 seconds
10

u(x,t)
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Graphically, the displacement u(x, r) withc=1.5and L=30at¢r=3...

t = 3 seconds

10 —

_10 I | I I | I
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Graphically, the displacement u(x, ) with ¢ = 1.5 and L =30 at ¢ = 30...

10

u(x,t)

wave?2

t = 30 seconds
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Exercise
A string of length L is stretched and fastened to two fixed points.

Find the solution of the wave equation

2

u.—=cu

tt XX
with #(0,£) =0, u(L, 1) =0 and u(x,0)=f(x), u,(x,0)=0
(0 if 0<x<£ h“f(x)
an(x-1) ifL<x<l
\L 4 4 2
fx)=s 3 x) flL 3L
3 X} ifL<x<3L
4h\4 7 if 5 <x<7
0 if 3L <x<L L L 3 1
4 2 4

‘\ Answer: A = 8h (ZSin%—sin%—sinM—ﬂj

wave3 " n272_2 4
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Just for fun...

0%

7,

Z411y
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27
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47,
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4,0

Mg %
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o

K
b . .":

55

2

1011S...

to some 2D wave equat

1011S

Solut

2%

O0°u
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Homework Assignment No: 5

Due Date: 6:00pm, 5 December 2019
Please place your assignment to Assignment Box 3 outside PC Lab (ERB 218)
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Summary of Partial Differential Equations...

Given a periodic function f'(x) with fundamental period 2€ and f(x) and /" (x)

being piecewise continuous, we can express it as a Fourier series

FS f=a,+ Z(an cos(mx)+bn sin(mxjj
n=1

14 14
with

1 V4
ay = j f(x)dx,
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Summary of Partial Differential Equations (cont.)...

\ 4

Given a function f(x) defined only on a finite interval, 0 <x < L, and with f(x)

and f”(x) being piecewise continuous, we can either a Half-Range Cosine

Expansion
fx)=a,+ Z{a cos(nzxﬂ, (0<x<L)

with

' fwas = [ s

:—j fext(x)cos(nzxj :—_[ f(x)cos(nzxjd

\4
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Summary of Partial Differential Equations (cont.)...

\ 4

/ or a Half-Range Sine Expansion \

f(x)= Z{b sm(nzxﬂ, (O<x<Ll)

with

_ _jf(x) sm(”?j
N /

\4
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Summary of Partial Differential Equations (cont.)...

\ 4

Temperature u(x, ¢) distributed on a long bar is described by a 1D heat equation

a‘u, =u,, O<x<L, O0<t<o

with boundary conditions:

u(0,t)=u,, u(L,t)=u,, 0<t<oo
And initial condition:
u(x,0)=f(x), 0<x<L.

The solution to this heat equation:

U, = U)X o . NTX
u(x,t):ul +%+2K’1 sin ; e (nza/L)*t

n=l1

with

K, =%j: F(x)sin nzxdx:%'[: (f(x)—ul —@)sin mzxdx

\4
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Summary of Partial Differential Equations (cont.)...

<4

Temperature u(x, ¢) distributed on a steady 2D heat problem (more specifically,

the Dirichlet problem) is characterized by a Laplace equation:

o'u Ou
P 0
ox~ Oy
with boundary conditions:
y
u = f(x)
b
u=0 R u=0
0
u=0 X
0 a
The solution to this 2D heat equation is given by...

u(x,y)= ZD sin X sinh Y with D, = 2 Iaf(x)31n@dx

a a asinh(mzb/a) 0 4

ENGG 2420 - PDE ~ Page 150 Ben M. Chen, CUHK MAE



Summary of Partial Differential Equations (cont.)...

\4

The vibrations of an elastic string can be characterized by a wave equation

u, =c’u O<x<L, t>0

it xx 2

with boundary conditions:

u(0,¢)=0, u(L,t)=0, ¢t>0

And initial condition:

u(x,0)=f(x), u(x0)=gx), 0<x<L

The solution to this heat equation:

= nrwct . nrmcet | . nrwXx
u(x,t)= Z[An cos + B, sin }sm
= L L L

with

2 L . NwTXx
An:fjo f)sin==dx, n=12,:

2 (L nITx
B =—— x)sin——dx, n=1,2,---
; ijo g(x)sin—
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That’s all, folks!
Thank You! ..

1940-
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