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Ordinary	Differential	Equations
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Ordinary	Differential	Equations	– 1…	

Euler‐Cauchy Equation
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Introduction…	

Example…	A	cruise	control	system	

By the well-known Newton’s Law of motion: f = m	a,	where f is the total force applied to 
an object with a mass m and a is the acceleration, we have

A cruise-control 
system

force u
friction	
force b x

x	displacement

accelerationx

mass
m

b u b uu bx mx x x v v
m m m m
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Some	basic	mechanical	systems

Animation	courtesy	of	Dr.	

Dan	Russell,	Kettering	

University

Spring-mass system

Mass-spring-damper system
Newton’s law of motion

m

x

f

xmmaf 
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Basic	laws	for	electrical	systems

v

i

R

resistor

Riv 

capacitor

Cv (t)

i (t)

dt
dvCi 

inductor

Lv (t)

i (t)

dt
diLv 

Kirchhoff’s	Voltage	Law	(KVL):

The sum of voltage drops around 
any close loop in a circuit is 0.

v5

v1

v4

v3

v2

054321  vvvvv

Kirchhoff’s	Current	Law	(KCL):

The sum of currents entering/ 
leaving a node/closed surface is 0.
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A real example for ODEs (just for information only)… 

The transition dynamics of the aircraft at the bottom:

The aircraft…
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Quadrotor	dynamics	modelQuadrotor	dynamics	model

The ordinary differential equations of a 
drone model…
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Classifications	of	ODE’s
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Order	of	an	ODE…
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y

x




I (1.1)
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Initial	Value	Problem
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Ordinary	Differential	Equations	– 2…	

Euler‐Cauchy Equation
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Forms of 1st Order ODEs
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Integrating	Factor	Method
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(2.2)
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Integrating factor method
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ሺ ሻ ሺ ሻ ሺ ሻ ሺ ሻ ሺ ሻሺ ሻp x dx p x dx p x dx p x dx p x dxe y e y e y e p x y e y
               

   

product rule
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>>>
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Integration by part…



ENGG 2420 – ODE ~ Page 26 Ben M. Chen, CUHK MAE

General	Solutions	and	Particular	Solutions
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(2.6)
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(2.7)
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     2 3 2 4 2 4 2
2(4 ) Cy x x dx C x dx C x x C x
x

          

2 2
2 2

1(1) 1 1 2 1
1
Cy C C y x

x
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Ordinary	Differential	Equations	– 3…	

Euler‐Cauchy Equation
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Electric	Circuits
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v

i

R( ) ( )v t i t R
+

–
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Lv (t)

i (t)

( )( ) di tv t L
dt


+

–
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Cv (t)

i (t)

( )( ) dv ti t C
dt

 (3.5)
+

–
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RLC	Series	Circuits

V(t)

+
( )Ri t
–

R L

( )di tL
dt

1 ( )i t dt
C ( )i t

+ –
+

–

+

–
C
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Gustav Kirchhoff 
(1824–1887) 

German Physicist 
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RL	Circuits

L

RV

i
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(2.6)

0
0

Vdi di RL Ri V i
dt dt L L
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RC	Circuits

RV

C

i
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(2.6)C
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Ordinary	Differential	Equations	– 4…	

Euler‐Cauchy Equation
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dyy
dx
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Ordinary	Differential	Equations	– 5…	

Euler‐Cauchy Equation
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(5.3)
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We illustrate this result through an example…
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Homework Assignment No: 3

Due Date: 6:00pm, 31 October 2019 
Please place your assignment to Assignment Box 3 outside PC Lab (ERB 218)
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Ordinary	Differential	Equations	– 6…	

Euler‐Cauchy Equation
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Linear	Independence

V is a collection 
of all these 
continuous 
functions…



y

x


I

y1

y2

y3
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For example, if 1  0, then

2
1 2

1 1

( ) ( ) ( )n
ny x y x y x
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Wronskian	Determinant
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1 2 1

1 2 2

( 1) ( 1) ( 1)
1 2

( ) ( ) ( )
( ) ( ) ( )

0

( ) ( ) ( )

n

n

n n n
n n

y x y x y x
y x y x y x

y x y x y x




  

  
       
  
  
  




    


1 2 1

1 2 2
0

( 1) ( 1) ( 1)
1 2

( ) ( ) ( )
( ) ( ) ( )

if  0 for some 0

( ) ( ) ( )

n

n

n n n
n n

y x y x y x
y x y x y x

x x

y x y x y x




  

 
        
 
 
 




    


1 2( ), ( ), , ( ) are Linearly Independent.ny x y x y x
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Józef Maria Hoene-Wroński 
(1776–1853) 

Polish Mathematician 
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Let 

and they are n–1 times differentiable on I. If the corresponding Wronskian 
determinant is not identically zeros on I, i.e.,

then                              are linearly independent on I.   

1 2, , , ny y y V

1 2

1 2
1 2 0

( 1) ( 1) ( 1)
1 2

( ) ( ) ( )
( ) ( ) ( )

( ,  , , )( ) 0 for some ,

( ) ( ) ( )

n

n
n

n n n
n

y x y x y x
y x y x y x

W y y y x x x

y x y x y x  

  
  





   



1 2, , , ny y y
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1 2

1 2
1 2

( 1) ( 1) ( 1)
1 2

( ) ( ) ( )
( ) ( ) ( )

0 iff ,  , ,    are LD.

( ) ( ) ( )

n

n
n

n n n
n

y x y x y x
y x y x y x

y y y

y x y x y x  
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Ordinary	Differential	Equations	– 7…	

Euler‐Cauchy Equation
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, and

 
1

1 1

( ) ( 1)
1

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

 Left-hand size of Equation (7.1)

n n

nn n

n n
n

d dL y y x p x y x p x y x
dx dx

y x p x y x p x y x







   

   







We note     is a notation (or defined operator) for the ease of presentation.
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2

1 1 2 2 1 1 2 2 1 1 1 2 22

2 1 1 2 2

2

1 1 1 1 1 2 1 12

2

2 2 1 2 2 2 2 22

2

1 1 1 1 2 12

( ) ( ) ( ) ( ) ( )

( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

 ( ) ( ) ( ) ( ) ( )

d dL C y C y C y x C y x p x C y x C y x
dx dx

p x C y x C y x

d dC y x p x C y x p x C y x
dx dx
d dC y x p x C y x p x C y x
dx dx

d dC y x p x y x p x y x
dx dx

    

 

   

 


  

2

2 2 1 2 2 22

1 1 2 2

( ) ( ) ( ) ( ) ( )

( ) ( )

d dC y x p x y x p x y x
dx dx

C L y C L y


 

 
 

  
 

 



ENGG 2420 – ODE ~ Page 70 Ben M. Chen, CUHK MAE

(7.1) on an interval I, then
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y

x


I

y1

y2

All the solutions 
to ODE (7.1) 

are linear 
combination of 
the solutions, 
y1, y2, …, yn

yn
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1 1 2 2( ) ( )  ( ) ( )n ny x C y x C y x C y x   
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y

x




I
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Ordinary	Differential	Equations	– 8…	

Euler‐Cauchy Equation
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We are looking for a fundamental set solutions {y1, y2} such that 
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We then have three different cases for the roots in (8.10)…

real

conjugated roots when
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real
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A
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Ordinary	Differential	Equations	– 9…	

Euler‐Cauchy Equation
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Example (9a)

corresponding characteristic equation is given by

and the homogenous solution is given by

2
1,29 0 3     

3 3
1 2( ) x x

hy x C e C e 
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Example (9a) (cont.)
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   1

1 1

1 2

2 2

2

( )
)0 (

h h h

h

p p p

p p ph h

y y y

y y

y a y

aa

f

y y y

yy

a y a a

a y

f x

a

x

y 

          

   







 





Proof.

This implies that y(x) indeed a solution to the ODE in (9.1).
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(9.4)
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This can be done by showing that                        is a particular solution 
to  

1

1( )
9py x  

19 1y y f   
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and                                      is a particular solution to  

29 sinh 3y y f x   

2

1( ) cosh 3
6py x x x

2 2

2

1 1 39 cosh 3 sinh 3 cosh 3
6 2 2

1 1 3 3sinh 3 sinh 3 cosh 3 cosh 3
2 2 2 2

sinh 3

p py y x x x x x

x x x x x x

x f

      
 

   

 

1 2

3 3
1 2

4 5( ) ( ) 4 ( ) 5 ( ) cosh 3
9 6

x x
h p py x y x y x y x C e C e x x      
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Recall the characteristic polynomial of (9.1) (actually should be (9.2))…

2
1 2 0a a   
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We note that yp(x) is a particular solution to the given ODE, i.e.,

The unknown constant coefficients can be determined through this equation.

1 2( ) ( ) ( ) ( )p p py x a y x a y x f x   
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Example (9c)

   2 2 2
2 1 0 2 1 04 8C x C x C C x C x C x     
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A

To verify that y(x) is indeed a solution to the given ODE, we check… 

   
 

2 2

2

2

2

cos 2 sin 2 2 1 4 cos 2 sin 2 2 1

2 sin 2 2 cos 2 4 4 cos 2 4 sin 2 8 4

4 cos 2 4 sin 2 4 4 cos 2 4 sin 2 8 4
8

A x B x x A x B x x

A x B x x A x B x x

A x B x A x B x x
x

      

       

       



Indeed, y(x) is a solution to the ODE, 

24 8y y x  
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Example (9d)

     1 2 1 2 1 2cos sin 3 cos sin 4 cos sin 2sinC x C x C x C x C x C x x      
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4 3 5( ) ( ) ( ) cos sin
17 17

x x
h py x y x y x Ae Be x x     

We thus obtain a particular solution

and the general solution 

to the given ODE

Exercise:	Verify it!

3 5( ) cos sin
17 17py x x x 

3 4 2siny y y x   
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Recall the characteristic polynomial of (9.2)…

2
1 2 0a a   
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Recall the characteristic polynomial of (9.2)…

2
1 2 0a a   
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1

1

1 1 1 1 1

1 1 1 1 1 1

1 1 1

3 2 3 2

3 2 2 3

( ) 1

x x x
p p p

x x x x x x x x x

xx x
p

y y y C xe C xe C xe

C e xe C e xe C xe C e xe C e C xe

C e f x xe yC e
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Ordinary	Differential	Equations	– 10…	

Euler‐Cauchy Equation
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Euler‐Cauchy	Equation

The following ODE is called Euler-Cauchy Equation:

where a and b are constants.

Substituting this and its derivatives into the Euler-Cauchy Equation, 
we obtain

2 0x y axy by   

my x

2 2 1( 1) 0m m mx m m x axmx bx    

( 1) 0 ( 1) 0m m mm m x amx bx m m am b         

2
2

1,2
1 ( 1) 4

( 1) 0
2

a a b
m a m b m

   
      

We try a solution
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Case	1:	If

has two distinct real roots, we obtain a general solution to the Euler-
Cauchy equation as

with c1 and c2 being free constants.

We check…

2

1,2
1 ( 1) 4

2
a a b

m
   



1 2
1 2
m my c x c x 

   

1 2 1 2 1 2

1 2 1 2 1 2

1 2

2
1 2 1 2 1 2

2 2 1 12 2
1 1 1 2 2 2 1 1 2 2 1 2

2 2
1 1 1 1 1 1 1 2 2 2 2 2 2 2

2
1

2

1 1

( ) ( ) ( )

( 1) ( 1)

( 1)

m m m m m m

m m m m m m

m m

x

a

x c x c x ax c x c x b c x c x

x cm m x x c m m x xcmx axc m x bc x bc x

cm cm acm bc x c m c m ac m b

b

c x

c

y axy

m a m

y
   

      

       

       

 





 

   1 2

1 2

2
2 2 2

1 1 0

( 1)

0 0

m m

m m

b x c m a m b x

c x c x
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Example	11.1: Solve the following Euler-Cauchy equation

Solution:	For a = –2.5 and b = – 2.0, we obtain

and thus the general solution to the ODE  

2 2.5 2.0 0x y xy y   

0.5 4 41
1 2 2

cy c x c x c x
x

   

2 2

1,2
1 ( 1) 4 1 2.5 ( 2.5 1) 8

2 2
1 2.5 4.5 0.5, 4

2

a a b
m
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Case	2:	If

has two repeated roots, it can be showed that a general solution to the 
Euler-Cauchy equation is given as

Example	11.2: Solve the following Euler-Cauchy equation

Solution:	For a = –3 and b = 4, we obtain and thus the general 
solution to the ODE  

2

1,2
1 ( 1) 4

2
a a b

m
   



  (1 )/2
1 2 ln ay c c x x  

2 3 4 0x y xy y   

1,2 2m 

  2
1 2 lny c c x x 
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Case	3:	If

has two repeated roots m1 =  + i and m2 =  – i, it can be showed 
that a general solution to the Euler-Cauchy equation is given as

Example	11.3: Solve the following Euler-Cauchy equation

Solution:	For a = 7 and b = 13, we obtain         and thus the 
general solution to the ODE  

2

1,2
1 ( 1) 4

2
a a b

m
   



 1 2cos( ln ) sin ( ln )y x c x c x   

2 7 13 0x y xy y   

1,2 3 2m i  

 3
1 2cos (2 ln ) sin (2 ln )y x c x c x 
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Ordinary	Differential	Equations	– 11…	

Euler‐Cauchy Equation
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0 2 4 6 8 10
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0 1 2 3 4 5 6 7 8 9 10
-1

-0.8
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-0.2

0
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0.4

0.6
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1

Tim e (sec ond)

M
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de

1tAe

2tBe

( )x t
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Homework Assignment No: 4

Due Date: 6:00pm, 14 November 2019 
Please place your assignment to Assignment Box 3 outside PC Lab (ERB 218)
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Linear n-th order Ordinary Differential Equation:

It is a homogenous ODE if g(x) = 0. Otherwise, it is non‐homogenous.

General n-th order Ordinary	Differential	Equation:

We look for all possible solutions y(x) that satisfy this ODE.

Summary	of	Ordinary	Differential	Equations…

 ( ), , , , 0nF x y y y 

( ) ( 1)
1 0( ) ( ) ( )n n

n na x y a y a x y g x
   

Solving the following 1st order ODE by integrating	factor	method:

( ) ( )
( ) ( ) ( ) ( )

p x dx p x dx
y p x y q x y x e e q x dx C

             



ENGG 2420 – ODE ~ Page 143 Ben M. Chen, CUHK MAE

Summary	of	Ordinary	Differential	Equations	(cont.)…

Solution to separable	1st	order	ODE:

( ) ( ) ( )
( )
dyy f x g y f x dx C
g y

     

Solution to the 1st order ODE of exact	differential	form:

( , )   with  ( , ) such that ( , ) 0
( , )

F M
dy M x y xF x y F x y

Fdx N x y N
y
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Summary	of	Ordinary	Differential	Equations	(cont.)…

Vector	space	of all continuous functions defined on I…

 ( ) : , ( ) is continousV y x y I y x  

they are said to be linearly	dependent	on	I, 

if there exist real scalars j, not all zero, such that 

Otherwise, they are said to be linearly	independent	on I.

1 2Given  ( ), ( ), , ( ) ,ny x y x y x V

1 1 2 2( ) ( ) ( ) ( ) 0 for any n ny x x y x y x x I      
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Summary	of	Ordinary	Differential	Equations	(cont.)…

We are looking for a set of linearly independent solutions for linear ODE, i.e., a set of 
solutions with their Wronskian	determinant	being not identically zero

1 2

1 2
1 2

( 1) ( 1) ( 1)
1 2

( ) ( ) ( )
( ) ( ) ( )

( ,  , , )( ) 0 for some 

( ) ( ) ( )

n

n
n

n n n
n

y x y x y x
y x y x y x

W y y y x x

y x y x y x  

  
 





   



The general solution to the n-th order linear ODE,

can then be characterized by the linear combination of n linearly independent solutions 

( ) ( 1)
1 0( ) ( ) 0n n

n na x y a y a x y
   

1 1 2 2( ) ( ) ( ) ( )n ny x C y x C y x C y x   
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Summary	of	Ordinary	Differential	Equations	(cont.)…

General solution to the 2nd order linear homogenous ODE with constant coefficients,

is depended on the roots of its characteristic	polynomial	equation:

1 2( ) ( ) ( ) 0y x a y x a y x   

2
1 2 0a a   
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Summary	of	Ordinary	Differential	Equations	(cont.)…

General solution to the n-th order linear	homogenous	ODE	with	constant	coefficients,

is depended on the roots of its characteristic polynomial equation:

( ) ( 1)
1 0( ) ( ) ( ) 0n ny x a y x a y x   

1
1 0 0n na a     

If                         are distinct roots, we have the following independent solutions to the ODE

If 1 is a real root with multiplicity of k, the we have the following independent solutions

If 1 =   i is a complex root with multiplicity of k, the we have the independent solutions

1 2, , , k  

1 2, , , k xx xe e e  

1 1 11, , ,x x xke xe x e  

     
     

1

1

cos , cos , , cos

sin , sin , , sin

x x k x

x x k x

x e x xe x x e

x e x xe x x e
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Summary	of	Ordinary	Differential	Equations	(cont.)…

Solution to the 2nd order linear	non‐homogenous	ODE	with constant coefficients,

is given by

with yh(x) being the general solution to its corresponding homogenous ODE

and yp(x) being any particular	solution	to the ODE, i.e.,

2 2( ) ( ) ( ) ( )y x a y x a y x f x   

( ) ( ) ( )h py x y x y x 

2 2( ) ( ) ( ) 0y x a y x a y x   

2 2( ) ( ) ( ) ( )p p py x a y x a y x f x   

If neither , nor 0, 

nor i, is a root of 

the characteristic 

polynomial of the 

given ODE.
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Summary	of	Ordinary	Differential	Equations	(cont.)…

Solution to the 2nd order linear	non‐homogenous	ODE	with constant coefficients,

is given by

with yh(x) being the general solution to its corresponding homogenous ODE

and yp(x) being any particular	solution	to the ODE, i.e.,

2 2( ) ( ) ( ) ( )y x a y x a y x f x   

( ) ( ) ( )h py x y x y x 

2 2( ) ( ) ( ) 0y x a y x a y x   

2 2( ) ( ) ( ) ( )p p py x a y x a y x f x   

If , or 0, or i, is a 

root of the 

characteristic 

polynomial with a 

multiplicity of m.
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Summary	of	Ordinary	Differential	Equations	(cont.)…

General solution to Euler‐Cauchy	Equation:

can be done by solving the following quadratic equation

If it has two distinct real roots,

two repeated roots,

Two complex conjugated roots, m1 =  + i and m2 =  – i, 

2 0x y axy by   

2 ( 1) 0m a m b   

1 2
1 2
m my c x c x 

  (1 )/2
1 2 ln ay c c x x  

 1 2cos( ln ) sin ( ln )y x c x c x   


