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Course	Outlines

1. Complex	Analysis

Analytic functions and Cauchy-Riemann equations; complex integration, 

Cauchy principal value; elementary complex valued functions; exponential 

functions, Euler’s formula, trigonometric and hyperbolic functions, 

logarithm and general powers; power series, Taylor series and convergence 

tests.

2. Differential	Equations

Classification of differential equations; 1st order ordinary differential; 2nd 

order differential equations;  partial differential equations.
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textbook

Erwin Kreyszig
Advanced	Engineering	Mathematics

10th International Edn.
John Wiley & Sons

2011
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General	Announcements
1. Assessment Scheme

• Homework Assignments, Quizzes, etc. 25%
• Mid-term Exam (common) 25%
• Final Exam (common) 50%

2. The mid-term exam would include questions on Complex Analysis and 
perhaps some part of ordinary differential equations (ODEs), e.g., 1st order 
ODE.

3. The mid-term exam would be arranged on 24 October 2019 (Thursday) 
during the tutorial session.

4. Both the mid-term and final exam are closed-book. One double-sided A4 
handwritten cheat sheet and calculators are allowed.

5. Students are not allowed to switch classes.
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General	Announcements

6. Tutorial classes start in Week 2

Tutorial classes will be conducted by the following tutors this semester… 

Tutorial sessions will be held in YIA LT3, Thursday, 10:30–12:15pm…

Tutors email: ...@mae.
cuhk.edu.hk Room Ext. Tutorial	Sessions	

in	Charge

CAI	Yuanpei ypcai ABI, 2/F 33271 Weeks 2 & 3
CHEN	Wen wenchen ERB 106 38056 Weeks 4 & 5
GU	Songyun sygu ERB 412 34231 Weeks 6 & 7 
LU	Wanping wplu ERB 113 34229 Weeks 8 & 9
YUCEL	Murat	Emre meyucel ERB 101 34223 Weeks 10 & 11
DOU	Minghao mhdou ERB 110 34237 Weeks 12 & 13       

ZHOU	Panpan ppzhou ERB 110 34237
Coordination of 
exams & 
assignments…
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Complex	Analysis
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Leonhard Euler 
(1707–1783)

Swiss Mathematician
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Complex	Analysis	– 1…	
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Complex	Numbers	

A complex number is defined (in the Cartesian form) as

z x iy 

where 

x is called the Real part and y the Imaginary part of z, written

both being a real number. For example, 

all are complex numbers. Occasionally,  we might treat a complex number as an 

ordered pair (x, y) of real numbers x and y, written

21 or 1i i   

Re , Imx z y z 

4 2 , 3 5 , 5 8z i z i z i       

( , )z x y
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Since a complex number has two parts, we can depict it on a 2D-plane, which 

is called a complex plane.

z x iy 

Re

Im

x

y

Additions: It is easy to do additions (subtractions) in Cartesian coordinate, i.e.,

( ) ( ) ( ) ( )a i b v i w a v i b w      

y z x iy  is called the conjugate of z
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1 1 2
2 2
2 2

2 y x y i
x y

x 



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z x iy 

Re

Im

x

y

y z x iy 
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Proof…

1 2 1 2z z z z  

 1 1 2 2 1 2 2 1 2 1 2z z z z z z z z z z z         

 2 2 1 1 2 1 1 1 2 2 1z z z z z z z z z z z         

1 2 1 2 2 1z z z z z z    
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There is another way (polar representation) to represent a complex scalar

Using the Euler’s formula

we obtain (Polar to Cartesian representations)

Conversely,

Polar	Representation	of	Complex	Numbers

siny r  

cosx r  

2 2 2

1

tan

tan

r z x y
y
x

y
x



 

  



 

iz re 

   cos sin o (c s sin )i r irr i xi yz re          

ix y i er  

cos sinie i   

z x y i 


Cartesian to 
Polar 

Representation
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All angles 
(arguments) are 
measured in 
radians and 
positive in 

counter‐clockwise 
sense. 
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For example,
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Re

Im

, if 0 and 02
and, otherwise, Arg undefined, if 0 and 0

, if 0 and 02

x y

z x y

x y





  
  


  

2


2



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z  ire 

2 2cos sin cos sin 1         ie i

1 2r r 
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   cos sin
nn i n in nz re r e r n i n      

integer
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principal 
argument

1
1 7
6 122

i

e



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Geometrical description of these three roots
1 7
6 122

i

e



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Complex	Analysis	– 2…
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Revisit: Real functions of a real variable

which is a mapping from a set of real scalar x to another set of real 
scalar y.

Examples: 

( )y f x

2 , 1 2y x x    cos2.5 , 2 3y x x   
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Re[z]

Im[w]

Re[w]

Im[z]

w = f(z)

D

z0
w0

C

: Complex functions of a complex variable…
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The complex function 

can be expressed as follows… 
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Re[z]

Im[w]

Re[w]

Im[z]

w = f(z)

D
range

domain

z0
w0

C
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rangedomain
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For example, the set of the region                                                               under the 

mapping                  is  

1 3/ 2, / 6 / 3r      
2w z 1 9 / 4, / 3 2 / 3R      

v

3

y

x

2

1

u
1 2

Example: z2 (cont.) 

2 2 2 2( ) ( )i i iw f z R e z r e r e      In polar coordinate:

domain range
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ez
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Re

Im

0 2 1i ie e  

2
i

e i




1i ie e   

2
i

e i



 
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For              , consider the images of:

1. Straight lines                               

and                             

From                                , we see 

that               is mapped onto the 

circle                   and               

is mapped onto the ray  

zw e

0 constx x 

0 consty y 

0x x
0xw e 0y y

0arg( )w y

,xR e y  

y v

u
x0

x
x0e

,xR e y  

Example: ez (cont.)

y v

u

y0

x
y0

    z x iy x iy iw e e e e Re
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{                                                         }   

2.  Rectangle            { }:

From 1, we can conclude that any rectangle with side parallel to the 

coordinate axes is mapped onto a region bounded by portions of rays and 

circles. Therefore the range of D is  

D  ,z x iy a x b    c y d 

D  ,i a bw Re e R e c d     

y

c
x

ba

d

v

u

eb
d

c
ea

,xR e y  Example: ez (cont.)
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3. The fundamental region                          :

The fundamental region is mapped onto the entire w-plane, excluding the  

origin. The strip                      is mapped onto the upper half-plane

More generally, every horizontal strip                                  is mapped onto the 

full w-plane excluding the origin.

2c y c   

y



v

-1
x u

1

y   

0 y  

,xR e y  

Example: ez (cont.)
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sintan
cos


zz
z

coscot
sin


zz
z

1sec
cos

z
z

1csc
sin

z
z
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Example
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Example ln1 0 2 0, 2 , 4 ,k i i i       
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Examples  

 

 

2

L

l

n 1 ln 1

Ln

Ln n
2

ln
2 2

i i i

i

i i

i i i

i




 






   

 



 



 
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 Ln 1 ln 2
4

i i
  

Just for fun… Compute

?ii 

 Ln ?ii 

  2
2 2 2 0.207879576350762

i
i ie e e
  

    

2ln
2

e
 

  
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ln lncc z c zz e e 
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Complex	Analysis	– 3…
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Revisit: The derivative of a real function

is a measure of the rate at which the value y of the function changes 
with respect to the change of x.

Example: Consider the function 
ሺa straight lineሻ plotted in the 
figure on the right. The derivative
of the function ሺor the rate of 
changesሻ of the function is its slope.

Note that the derivative cannot be
defined on a single point. We need
an interval of x, i.e., x, to define a
derivative.

( )y f x

x

y
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Similarly, we need a 2D region in a complex function domain to define a 
complex derivative as a complex function is actually a mapping from a 2D 
plane to another 2D plane.
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0z

S
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0z

S
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ε
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ε
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ε
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Analytic	Functions

Re[z]

Im[w]

Re[w]

Im[z]

w = f(z)

D
range

domain

z0
w0

C



ENGG 2420 – Complex Analysis ~ Page 65 Ben M. Chen, CUHK MAE

Singularities

Points where a function is not analytic are called singular points or 

singularities or poles sometimes.

Example:

is analytic everywhere 

in D except z = 0, which is thus 

the singular point or pole of the 

function.

Note that a function is either analytic or singular at any given point…

D

X

1( )f z
z


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Cauchy‐Riemann	Equations

Augustin-Louis Cauchy 
(1789–1857) 

French Mathematician

Bernhard Riemann 
(1826–1866) 

German Mathematician
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Proof	(optional)...

( )f z 
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( )f z is not analytic anywhere

( )f z z x iy u iv    

1 , 1 , 0u v u v
x y y x
   

    
   

      and  u v u v
x y y x
   

  
   



ENGG 2420 – Complex Analysis ~ Page 72 Ben M. Chen, CUHK MAE

ez

      and  u v u v
x y y x
   

  
   
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Example:

2 , 2u v u vx yx y y x
      
   

and the partial derivatives are continuous  .z

2 2 2( ) 2f z z x y i xy u iv     

Consequently,  ( ) is analytic  .f z z

      and  u v u v
x y y x
   

  
   
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Example:

2 2 2 2 2( ) z x yf z i u iv
x y x yz

    
 

2 2

2 2 2 2 2 2
2,

( ) ( )
u y x v u xy v
x y y xx y x y
     

    
    

( )f z is analytic everywhere, except where 2 2 0x y 
i.e. at the origin.

      and  u v u v
x y y x
   

  
   
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Example:

The Cauchy-Riemann equations 
only hold for x = 0 and/or y = 0. 
Since the function is not 
analytic in a neighbourhood of  
x = 0 or y = 0, f (z) is not analytic 
anywhere.

2 2 2 2( ) 2f z x y i x y u iv   

2 2 2 22 , 4 , 2 , 4u v u vxy x y x y xy
x y y x
   

   
   

y = 0 x = 0
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Observations

1. The sum or product of analytic functions is analytic.

2. All polynomials are analytic.

3. A rational function (the quotient of two polynomials) is analytic, 

except at zeroes of the denominator.

4. An analytic function of an analytic function is analytic.

5. Functions                                                        are analytic everywhere., sin , cos , sinh , coshze z z z z
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Harmonic Functions

A function h (x, y) is harmonic if it is a twice continuously differentiable 
that satisfies Laplace's equation: hxx + hyy = 0. 

Note that if  f (z) = u (x, y) + i v (x, y) is analytic, then the harmonic 
function u and v are a related pair.

We refer to them as conjugate harmonic functions… 

Pierre-Simon Laplace 
(1749–1827) 

French Mathematician

2

2

0

0
xx yy

xx yy

u u u

v v v

   

   



ENGG 2420 – Complex Analysis ~ Page 79 Ben M. Chen, CUHK MAE

Homework Assignment No: 1

Due Date: 6:00pm, 3 October 2019 
Please place your assignment to Assignment Box 3 outside PC Lab (ERB 218)
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Complex	Analysis	– 4…
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Revisit: Real Integration…
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Fig. 4.1
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• Circle

The parametric description 

for a circle centred at 

complex point a and with a 

radius r is

( ) , [0,2 ]itz t a re t   

r

Im

Re

a

Special Curve: Circle
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• Straight	Line

The parametric description 

of a straight	line segment 

with starting point a and 

endpoint b is 

( ) ( ) , [0,1]z t b a t a t   

Im

R e

b

a

Special Curve: Straight Line
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+

Fig. 4.1

C

x

y

A
B
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A
B

nz
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A
B

nz
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Properties of Complex Integrals

As for real integrals, the following rules apply:

1.

2.

[ ( ) ( )] ( ) ( )
C C C

f z g z dz f z dz g z dz    

( ) ( ) , complex
C C

k f z dz k f z dz k 
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Properties of Complex Integrals

3. 4. 

C

C*C

C1

C2

1 2

( ) ( ) ( )
C C C

f z dz f z dz f z dz   
*

( ) ( )
C C

f z dz f z dz  
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Estimation of a Complex Integral

• Let f (z) be continuous on                                . If                    on C, then 

where L is the length of the curve C, i.e.

: ( ) , [ , ]C t z t t 

( )
C

f z dz M L

2 2

( ) dx dyL z t dt dt
dt dt

 

 

        
    

( )f z M
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Estimation of Complex Integral – An Illustration

Graphically, take real integration as an example,

f(t)

t

( )
b

a

f t dt

a b

L = b – a 

M

M L shaded area with red l ines
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Estimation of Complex Integral – An Illustrative example

For complex cases, for example, we take f (z) = z3 and C to be a unit circle

-1
-0.5

0
0.5

1

-1

-0.5

0

0.5

1
-1

-0.5

0

0.5

1

-1
-0.5

0
0.5

1

-1

-0.5

0

0.5

1
0

0.2

0.4

0.6

0.8

1

3( )f z z 3( )

1

f z z

M



 

( ) 2
C

f z dz M L  
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+

+

1

i
C2

C1

C3

C4
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According to Theorem 4.2, the integral depends on the 
path/contour chosen. This is generally true for non-analytic 

functions.
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Im

R e

b

a

( ) ( ) , [0,1]z t b a t a t   
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r

Im

Re

a

( ) , [0,2 ]itz t a re t   
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102
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Path Dependent 

Im

R e

b

a

( ) ( ) , [0,1]z t b a t a t   

2 : ( ) 2 1, ( ) 2 , ( ( )) ( ) 1, 0 1C z t it z t i f z t x t t      

1 2

1 1

0 0

1Re Re Re 2 2
2C C C

I zdz zdz zdz tdt idt i          
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Complex	Integration:	Path	dependent
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Path Independent 

1 cos sin 11
2 2

ie     
  
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z is analytic while  z is not!

why?
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Path	Independence	Theorem

+

+

1

i
C2

C1

C3

C4

P

Q
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Cauchy’s Integral Theorem 
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1
x x
2 3
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Applications	of	Cauchy’s	Theorem

Applications:

1.  If f (z) is analytic in a simply connected 

domain D, then the integral of f (z) is 

independent of path in D. 

C2

C1
*C2

z1

z2

*
1 2

( ) ( ) 0
C C

f z dz f z dz  

*
1 22

( ) ( ) ( )
C CC

f z dz f z dz f z dz     
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Applications	(cont.)

2.    Consider a doubly connected domain D. If 

the function f (z) is analytic in D, then the 

integral of f (z) is the same around any 

closed path that encircles the opening.

C2

C1

*C2

*
1 2

( ) ( ) 0
C C

f z dz f z dz  

*
1 22

( ) ( ) ( )
C CC

f z dz f z dz f z dz     

Note that as such we can choose C2 to be a circle…
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Applications	(cont.)

3. The integral along a closed path C1 of the function f (z) which is 

analytic in the multiply connected domain D, is given by the sum of 

the integrals around paths which encircle all openings within the 

region bounded by C1, e.g.

C2

C1

*C2

C3

*C3

* *
1 2 3

( ) ( ) ( ) 0
C C C

f z dz f z dz f z dz    

* *
1 2 3

2 3

Thus ( ) ( ) ( )

( ) ( )

C C C

C C

f z dz f z dz f z dz

f z dz f z dz

  

 

  

 

Note that as such we can choose both C2 and C3 to be a circle…
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Complex	Analysis	– 5…
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Recap… 
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0 , [0, 2 ]itz z Re t    0z

2

0
0

( )itdt i f z Re dt


 

Consider a circle                                          with centre      . Then

Since f (z) is continuous and the integral will have the same value for all 

values of R, it follows that

0

( )

C

f z dz
z z




2
0

0

( )it
it

it
f z R e iR e

R e

 


2

000 0
2

0
0

2

0
0

0

( ) lim ( )

( )

( )

2 ( )

it

R
C

f z dz i f z Re dt
z z

i f z dt

i f z dt

i f z









 






 

 







Proof	of	Cauchy	Integral	Formula	(optional)...
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D
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From the generalized Cauchy integral formula… 
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10x
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10
x

2 3 4 5
x x

C2

C1

*C2

C3

*C3

1 2 3
( ) ( ) ( )

C C C
f z dz f z dz f z dz     



ENGG 2420 – Complex Analysis ~ Page 127 Ben M. Chen, CUHK MAE



ENGG 2420 – Complex Analysis ~ Page 128 Ben M. Chen, CUHK MAE

Complex	Analysis	– 6…
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Examples…	

1, 2, 3, … , n, ……

and

2+i, (2+i)2, (2+i)3, …, (2+i)n, …
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1 2 1 2       N N Nz z z z z

1 2N Nz z     the tail of the series
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Harmonic series…

ln 2
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2 1 1! 5 41 2 2 2 2 2 ,
2

3 2
!

4 2 n
nn n n

n
             

24 16
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1

1 ( 1)!lim lim

!

lim 0
1

n

n
nn n

n

n

z
z n

zz
n

z
n





 





 

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R=1

2

2
1

1
6





n n

ln 2
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By Theorem 6.8 (ratio test), the above series converges when 

1
*1 1 0 1

0 0
0

( )lim lim lim 1
( )

n
n n n

nn n n
n n n

z a z z a z z L z z
z a z z a


  

  


       



0 *
1

1 lim n

n
n

az z R
L a





   
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y

*
1

1 lim n

n
n

aR
L a



 

2 2

2

(2 )! ( !) ( 1)lim
(2 )!(2 1)(2 2) ( !)n

n n n
n n n n


 

 
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2
1 2 3

0
( ) 0 2n

n
n

f z a z a a z a z




        
 
 

Why?
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1 0 0
2

0 0 0 2 0
0

( ) ( ) (( ) ( ) )n
n

n

f z a z z a a z z z fa z az




          

0 0 1
2

1 2 0 3( (( ) 2 ) 3 ) )(f z a a z z a fz z z a       

3

0
2

2 0 0 2( ) 2 3 2 ( ) ( ) 2

( )
2!

f z a a z

f za

z f z a 



       





For a convergent series, we have…

( )
0( )

!

n

n
f za

n


Why?

1
0

1
0

1

0 0
)( (1 1)( ) n

n
m

n m
n

n n
n

n nm
a nz af z a z a nz zm

 


 





 

      
 

  

*
11

2 12

( 1) 1
(

1lim lim lim li
)

m
2

1
2

n n

n n n
n

n

n
n

n

a n
aa n

a n aR
a n L










   



    









We note that
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Brook Taylor 
(1685–1731) 

English Mathematician

Colin Maclaurin 
(1698–1746) 

Scottish Mathematician
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ln 2Let 1z  
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Homework Assignment No: 2

Due Date: 6:00pm, 21 October 2019 
Please place your assignment to Assignment Box 3 outside PC Lab (ERB 218)
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Complex integral
~ integration of a complex 

function (of a complex 
variable) on a complex curve
~ upper	bound	of	a	complex	

integration

Cauchy’s Integral 
theorem

~ valid when f	(z) is 
analytic for every point 

encircled by a closed 
curve C

Complex function of a complex 
variable

~ define a complex mapping from 
one complex plane to another

Complex function of 
a real variable

~ define a curve on 
a complex plane

Flow	Chart	of	Materials	Covered	in	Complex	Analysis

z x iy  ( ) ( ) ( )z t x t iy t  ( ) ( , ) ( , )f z u iv u x y iv x y   

 ( ) ( ) ( )
C

f z dz f z t z t dt




 ( ) 0
C

f z dz 

to	be	continued	on	the	next	page…

Complex number 
manipulations 
Euler’s	formula

( )f z

Complex 
Differentiation 
Cauchy‐Riemann	

equations,	
analytic	functions,	
singularities
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Power series
~ Region	of	convergence,	ratio	test

Taylor	series

Complex series
~ Convergence,	divergence,	absolute	

convergence,	ratio	test

Another integral formula
~ n ≥ 0, C is a closed curve encloses z0

and f	(z) is analytic inside C

Flow	Chart	of	Materials	Covered	in	Complex	Analysis	(cont.)

Cauchy’s integral formula
~ C is a closed curve encloses z0 and f (z) 

is analytic for every point inside C

0
0

( ) 2 ( )
C

f z dz i f z
z z

 


( )
0

1
0

( )( ) 2
!( )

n

n
C

f zf z dz i
nz z   



0 1 2
0

n
n

z z z z




    0
0

( )n
n

n

a z z





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Remarks	for	Complex	Analysis…

In this part, we have learnt the most beautiful formula in math… 

It has all the beautiful constants: e, i, ,1 and 0.  We are ready to prove 
by video…   

16:3616:36


