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What is a flight dynamics model?

A flight dynamics model is a set of equations that explains
1. How aerodynamic forces are generated on the aircraft body?
2.  How actuators and external factors affect these forces?

3. How these forces affect the aircraft’s motion?
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Why do we need a flight dynamics model?

1. Design and tuning of autonomous flight control law

Modern control techniques are mostly model based. An accurate flight dynamics
model can assist flight control law design efficiently in terms of parameter tuning

and performance evaluation.

2. Design and modification of aircraft structure

Aerodynamic stability, physical limits and characteristics can be analyzed based on
the obtained model. Mechanical modification or re-structuring can be applied if

there is inherent deficiencies in the original structure.
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How do we obtain a flight dynamics model?

1)

2)

3)

System Identification Approach

e Build mathematical model by fitting measurement data

* Simplified, linear, black-box

* Flight test experiments

First-principles Modeling Approach

e Build mathematical model by manipulating equations of physics

e Complex, nonlinear, rigorous with physical meanings

e Test-bench experiments

Combination of the above two approaches
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Single-rotor helicopter

Yrep Tip-path-plane (TPP) é

“ (P, B, B.)in
NED frame

East (Yren)

North
(XMED) Down

(Zneo)
NED frame

== NUS

ﬁ National University

of Singapore

Variable  Physical description Unit
Px-Py.ps Position vector along NED-frame x, y, and z axes m
U, U, W Velocity vector along body-frame x, y, and z axes m/s
P.q,T Roll, pitch, and yaw angular rates rad/s
0.6, Euler angles rad
as, by Longitudinal and lateral tip-path-plane (TPP) flapping angle  rad
Oped, int Intermediate state in yaw rate gyro dynamics NA
Olat Normalized aileron servo input (—1, 1) NA
Olon Normalized elevator servo input (—1, 1) NA
Ocol Normalized collective pitch servo input (—1, 1) NA
Oped Normalized rudder servo input (—1, 1) NA

1. Understand the basic working principles
2. Define coordinate frames

3. Define input and output variables (or state variables)

Despite the modeling approach adopted, we always need to first
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System Identification Approach is suitable for obtaining linear dynamics model,

and can be conducted in both time-domain and frequency-domain.
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Step 1: Data collection and preprocessing:
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Ok, lets start the second section: modeling the helicopter. 
The first step of modeling the helicopter is to perform flight test so that enough high quality flight data could be collected.
One thing need to note is the signal we use as the main input signal is chirp-like signal. 
Its main character of this type of signal is that the frequency changes continuously over a certain band. One example is shown like this,
The minimum level is about 0.1 Hz, and the maximum one is about 5 Hz. This band is just the one we are interested in.
The complete flight test procedure could be divided into three main steps:
During the first step, chirp like signal will be issued in only one of the four joystick input channels in turn. By doing so, on-axis dynamics will be obtained.
One example is displayed as this, the first row is the chirp signal issued in longitudinal joystick channel. The following four are corresponding responses of helicopter states.
In the second step, chirp like signal will be issued in multichannels to obtain the cross-coupling dynamics.
Lastly step-like and random signals will be issued for obtaining data to validate the identified model.
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Step 1: Data collection and preprocessing:
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Single-rotor helicopter

Data preprocessing

N
Time-domain ,

Range selection
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Step 3: Unknown parameter identification:

1). Angular rate dynamics; 2). Horizontal velocity dynamics;

3). Yaw dynamics; 4). Heave dynamics;

a. Time-domain: Hover model of a single-rotor helicopter

-----------------------------------------
*
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Based on the above mentioned model structure, we performed the following identification procedure to obtain the unknown parameters.
Firstly angular rate dynamics augmented with servo dynamics is identified, since it is known stable, the solution converged to a constant one.
Secondly horizontal velocity dynamics is identified. This step is very challenging because the inherent instability. Large amount of Low frequency data with shorten time period is selected to obtained the displayed result. 
Using the similar measure, we obtained the parameters of heave dynamics and yaw dynamics.
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b. Frequency-domain: Hovering model of a single-rotor helicopter

Extra metrics for parameter accuracy evaluation:

1). Cramer-Rao bound (CR% < 20%); 2). Insensitivity (1% < 10%)

Parameter Value CR% 1%

Xy -0.5195 20,31 0.827 ba, 0 _ —
Na, -0 TEOT ! —_ —_— & -0.5996 19.33 12.13
Yo -0.4225 19.51 0.231 L 0.1103 6.360 2.514
Y&, 9.7507 ! —_  —— N, -4.6150 7.515 2.441
L, -0.3262 ! _ — Negb 154.5000 * _ —
L, -0.0675 * _ — Ny 0 _ —
La, 0+ —_— — K, -1.0830 5.5805 1.929
Ly, 4394000 2.4%0 1.020 Ko -09.2300 * —_— —_—
M, -0.0814 * —_ e 0.0610 16.62 2.979
M, -2.1210 15,02 7.143 Aron 2.8080 2.731 1.310
M, 75.1000 | 2.794 | 1.067 Brot 21510 2687 | L.202
My, -42.1100 14.17 4.562 Blon 0+ —_— —_—

T -4. 7790 7673 2.367 P 22.09400 3.77C 1.856
ap, 2.3850 13.67 4.309 Nped -154. 5000 6.663 1.533

+ : Eliminated in model structure determination
I : Fixed empirically 13
*: Tied to other parameters
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Frequency-domain: Hovering model of a single-rotor helicopter

Single-rotor helicopter
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Single-rotor helicopter

Step 4: Model validation
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Rigid-body dynamics

i = or—wg—gsin(#) + (X, + Xp,,) /m
t = wwp — ur + gsin{dleos(#) + (Y, + 'I'er + Y + }-i'f } fm
' = uq —vp + geos(gleos(8) + (Zny + L1ys + Znp) /m
p = gr(lyy — Is)/Tew + (Lne + Lop + Lyp) [ Tea
i = pril,, =I..)/ L,y + (Mp, + Myy) /1,
r = pq{lze — Tyy)/ Tz + (None + Noj + Nip) [z

! {

\ 4

v

(Jmr for the main rotor ()¢ for the tail rotor ”fus for the fuselage {:}h’f for the horizontal fin [],.f for the vertical fin

G. Cai, B. M. Chen, and T. H. Lee, Unmanned Rotorcraft Systems, New York: Springer, 2011.
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Main rotor forces and moments

~ X = —T'sin(ay)
Yir = T'sin(by) .
Ly = —T cos(ag) cos(by)
=<
Ly = (Kg+T1TH,, )sin(b,)
My, = (Kg +THy,,)sin(ay)
~— 4"\'71-111- = _(Ppr+Pi+Ppa,+Pc],fﬂ _
er RZ C,T o, 1T !)1]'1[' Cn]r
— Tmr — i me I, ('T.Ubl,mr - 'If-'i..mr)
4 v
-9 2 T 2 ~2 .
I o) U QR?Cpobmec .
Ui e = J ( 5 ) + (QﬂﬁRﬁu) 5 e I Ppr _ P - mrCmr [[QRJIE +46(ui 4 .L,§}i|
~2 2 2 , . 9.,
J v = Ui + Vs + Weme (Wrnr — 2 Vimr) P — T
Wrmr = Wa + Qs Uy — s Vs P. = —mguw,
2
Wl mr = Wy mr _er Rmr Hco r
b, ' T 3 : ~ Ppa = |)3f'us'u'a| + |}ffusva,| + |Zf'us(tua - UIH

~—

Initial values: 7(0) = mg, 1(0) = g 0(0) =

QJD".ITRQ? 17
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Tail rotor forces and moments
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Wy tr — Va — "”Dtr + })Htr

9
Wl tr = Wrtr + §£ztrR‘tr9ped

Irgpecl - I{ped{’)ped + 'Qped,O

Initial values: Yie(0)

~ D, 8 2 R2

s ; _ Py AT I ¥
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1 ﬂQSR4CDU IE-"1'1'1r‘:-'rnr ngz v (D) = ;tr i
H 1,tr - QMREI- v Ui

(0) =0
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Fuselage forces
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Npys = ;) _

—5 Sk Ua 1], if [1a] > Vi

_g Sf}r Ua Ui mr; if "?-’a E Vi mr
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Vertical fin forces and moments Horizontal fin forces and moments
p . o] p o |Wne|

—= Clayt Sve Ut |Ua|, if |—| < tan(as) —= Cla.hf Shf Whe |Ua] , 1if < tan( )
. 2 U 2 Un
}/‘.-f_‘ p— p 11 th — p ?Ul f

-5 St vut |vvt] 5 if || > tan(as) (stalled) -3 Sht whe |we| , 1f ‘ .-1.'1 > tan(ay;) (stalled)

Ug a

where Ui = Vo + Vi — rDyg where whi = Wa + ¢ Duf — Vimr

-va' — };vf' H vis *'“'"'va - }fvf D vi My = ZneHur
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Direct measurement

Ground Tests

Parameter

Physical meamng

o — 0.055 kg-m?
Ii, — 0.004 kg-m?
R 07m

Rupin — 0.231 m
Ropomt — 0312 m
Ry — 0,128 m

Spe — 0.103 m?

Sty — 0.000 m?

Sp, — 0.084 m?
Ss — 0.011 m?

S.¢ = 0.007 m?

c = 0.062 m

oy = 0.050 m

oy = 0.020m

g = 9781 Nkg!
m = 2.750 kg

g = 4.650

p — 1.200 kg/m®

Main blade inertia w.r.t. rotor hub
Stabilizer bar inertia w.r.t. rotor hub
Main rotor radius

Stabilizer bar inner radius

Stabilizer bar outer radius

Tail rotor radius

Effective longitudinal fuselage drag area
Effective lateral fuselage drag area
Effective vertical fuselage drag area
Horizontal fin area

Vertical fin area

Main blade number

Tail blade number

Main blade chord length

Stabilizer bar chord length

Tail rotor chord length

Acceleration of gravity

Helicopter mass

Gear ratio of the tail rotor to the main rotor

Air density

Parameter

Physical meaning

Dy — 0.751 m
Dy, — 1.035m
Dy — 0.984 m
H. —0.337Tm
Hy, —0.172m

Hyp=10.18m

Horizontal fin location behind the CG

Tail rotor hub location behind the CG CG‘
Wertical fin location behind the CG .
_ _ | Location
Main rotor hub location above the CG

Tail rotor hub location above the CG

Vertical fin location above the CG

Aos, = 0.210 rad
B = 0.200 rad
Clon = (1.56() rad
Dy = 0,570 rad
Ha =1

Direct linkage gain from ., to main blade deflection
Direct linkage gain form 4., to main blade deflection 4 ] rfo il
Linkage gain from &y, to stabilizer bar deflection d .

- eflection
Linkage gain from 4, to stabilizer bar deflection
Ratio of main blade defiection to stabilizer bar TPP titling angle

I = 0.240 kg-m?

Rolling moment of inertia

I,y = 0.548 kg-m* Pitching moment of inertia I ne rtl a
I.. = 0.787 kg-m® Yawing moment of inertia
Ky K, = 2499 rad Product of integral gain A and scaling factor K,
Kp K. = 1.608rad Product of proportional gain Kp and scaling factor K.
Kei— —01651ad  Ratio 0f .. o d.u Collective
Kowa =1 Ratio of #.q to dpea P .
itch
a0 = 0.075 rad .y value when 4_, is zero
curve

o = 0.143 rad

fped Value when 4. is zero
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Wind Tunnel Data Actual Flight Tests
Parameter Physical meaning Parameters Physical meaning
: _ . : . Ay, = 0.720 sec™! Coupling effect
Clanf = 2.85rad™* Hornizontal fin 1ift curve slope b seC OUpInE eHee
. _ _ B,, = 10.704 sec™! Coupling effect
Clame — 5.71 rad ™! Main blade lift curve slope
) . Ky = 2.2076 Integral gain of the embedded PI controller
Clash = 2.23rad™ Stabilizer bar lift curve slope ) _ _
_ Kp = 04177 Proportional gain of the embedded PI controller
Claee = 2.23 rad™! Tail blade lift curve slope ) _ . . o
’ K,=-385rad Scaling factor of the amplifier circuit
- i} P _"'f" _1 * - .
Claws = 2.85 rad Vertical fin lift curve slope Kg=112.84 Nm Main rotor spring constant
Clagm: = 5.73 rad ™! Main blade lift curve slope
Clags = 2.131ad ™" Stabilizer bar Lift curve slope
Clag = 2.81 rad ! Tail blade 1ift curve slope
O = 10373 rad Main rotor rotating speed
01, = 000.85 rad Main rotor rotating speed

22
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UAV Body Frame
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Quadrotor working principles

(a) Pitching (b) Rolling

» Symmetric structure
» All types of motion controlled by adjusting motor speeds
» All thrust forces in the UAV body frame z-axis direction

» Open-loop dynamics fast and unstable

24
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Quadrotor force & torque decomposition of Singapore

F 0 —siné
F | = - 0 +mg| singcosé
F, I T |+ T, |+ T, [ +]T, | C0S ¢ COS 6
M. (sz|+|T3|_|T1|_|T4|)X|/\/§

My = (|T1|+|T3|_|T2|_|T4|)X|/\/§

Mz |Q1|+|Q2|_|Q3|_|Q4|

25
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» Dual main rotors spin in opposite directions - Stabiizer

» Rotational speed can be controlled

Upper Blade Blade Grip

e Sum > Heave motion I outer sven
o Difference 2 Yaw motion
» Bottom rotor attached to swashplate

e Servo 1 =2 Roll motion

Receiver

e Servo 2 - Pitch motion
» Top rotor attached to stabilizer bar

e Roll & Pitch motion damped

26
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Coaxial helicopter working principles (stabilizer bar)

A restoring torque

top Ftop Ftcp
— e
Fb"‘ F Fbo:
—_— —— !
mg Ymg mg

» Roll and pitch dynamics slowed down

» Stability increased (inherently stable)

» Maneuverability decreased

mg

27
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F —sina,, —-sina, —-sing
{Fy = [Ty sinb,, +| Ty | sinb,, +mg| singcosé
F, —C0sa,, cosh,, —Ccosa,, cosh,, Cos ¢ cos &
M, 0 —sina, 0 —sina, 0
M, | =1 0 |x]|T,]| sinb,, + 0 |x|T,, | sinb,, + 0
M, 1, —cosa,, cosh,, —ly,, —Ccosay, cosb,, | Qup [ —1Quw |

28
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u,v,w
S Oy .|  Motor R Rotor 1 _
thr Dynamics Force & Torque
5 = X,Y,Z
S 2 Motor R Rotor 2 _ > > >
e Dynamics Force & Torque 6-DOF
Mixer + Rigid-body Kinematics
S 9 |  Motor - Rotor 3 ~ M Dynamics 9,0,y
al —— > > . > > > > —>
Dynamics Force & Torque
S — 04 .|  Motor - Rotor 4 _ I mg
ele Dynamics Force & Torque
_ P, q,r

29
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Upper Rotor
Flapping Dynamics
u,v,w
\ 4 —
.| Motor .| Upper Rotor R
Dynamics Force & Torque
E X,VY,Z
6-DOF
Oy —» Mixer o Rigid-body Kinematics
- M Dynamics $,0,w
g > —>
S Headlock s Mot01.‘ ,| Lower Rotor S I mg
Gyroscope Dynamics Force & Torque
A — P,q,r

ail

A\ 4

Lower Rotor
Flapping Dynamics

A\ 4

ele
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Kinematics 95, cfsingapore
Derivative of R, Body-frame
global-frame velocity

position

X) |c,C, C,8S,—S,C, C,S,.C,+S,S, | U

Yy |=]S,C, S,8,8,+C,C, S,8,C,—C,S, |V

z2) | -s, CyS; CiCy |\ W
$) |1 ss,/c, cs,/c,)
0 =|0 C, =S, q
v) |0 s,/c, cylc, |

Derivative of Body-frame

Euler angles s angular velocity
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Rigid-body dynamics

Body-frame Body-frame
acceleration resultant force
u F, P u
1 E
\./ —H y — q x|V
W F, r W
p (M) (p) (P
g ="M, |-|q|xd|ql
r M, r r
Body-frame Body-frame
angular resultant torque
acceleration

Cross-coupling
between axes
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Mass & moment of inertia of singapore

m=0.934 kg J = mg|1|2|3t|2 I, sine, +1,sina, +1,sine,
' z 2 . . -
Az°l  Llsing +1l,sine, +11,sina,

33
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Rotor thrust and torque generation

Generated Thrust (N)
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MO tOT' dynamlCS of Singapore

260 (o] Upper Rotor| - - ............. ......
#  Lower Rotor :
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Rotor Speed Q (rad/s)
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: 1 R
Q,=—(m,0,+Q,-Q,)

mt

1 .
- (mdw5dw + de o de)
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Q
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ﬁ National University
of Singapore

5thr §up
IFfb .
> _.. > Yaw
Dynamics
5rud - Ka _’Q g Kp
5 =K (Ka rud r) + KIrfb §up = 5thr + rud
I‘ = Ka5rud 5dw = 5thr rud
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First-principles Modeling Approach

Tip-path-plane dynamics

B ®

NUS

National University
of Singapore

()

Qyp

"

P
q

(up

bup

—5.360
—0.49
—0.2745
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q

(yp

\ bup /

P
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b up

deBb,dw deBa.dw
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Aileron input frequency sweep

8ail

p (rad/s)

g (rad/s)

time (s)
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Tip-path-plane dynamics ﬁ of Singapore

Elevator input frequency sweep
1 | | | | | |

Seb

0 10 20 30 40 50 60

p (rad/s)
o

0 10 20 30 40 50 60

g (rad/s)
o

time (s)
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Tip-path-plane dynamics

Parameter identification via aileron frequency sweep

I Actual data 8~ d Actual data
— — — Derived model — = = Derived model
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Tip-path-plane dynamics

Parameter identification via elevator frequency sweep
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Identified parameters of coaxial helicopter

B ®

95
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1. Direct measurement

2. Test-bench experiment

3. Flight test data

p=1.204 ey = 106.90 07 = 203.38
m = 0.977 Maw = 106.45 3, = 217.88
R = 0.250 b = 0.2 Kg=4.377
g = 9.781 Tmt = 0.12

S = 0.00835 K, = 6.4267 Jrr = 0.0059
S, = 0.01310 Kp = 0.667/ K, Jyy = 0.0187
sz = 0.01700 K1 = 0.713/[('3 J-- = 0.0030
lup = 0.195 Jup = 6.8613 - 10~ A, =0.0204
lgw = 0.120 Jaw = 3.2906 - 104 B, = 0.0204

kpwp = 1.23-1077
kT gw = 8.50 - 1072
koup = 4.23-107°
ko.aw = 3.68 - 107°

Acup = 0.4900
Apup = —0.2745
Baup = 0.2745
By,.up = 0.4900

Aagdw = 0.1217

Ap,gw = —0.0450
Ba-._dw = —0.0450
Bb._dw = —0.1217
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What is a control system?

N
INPUT
Desired . to the
Performance Difference system
REFERENCE ERROR
! Controller
+

B8
S NUS
ﬁ National University
of Singapore
fInformation
aircraft, missiles, Dout the
economic systems,
system:
cars, etc
\ OuTPUT )
System to be controlled ' >

Objective: To make the system OUTPUT and the desired REFERENCE as close as possible,

i.e., to make the ERROR as small as possible.

Key Issues: (1) How to describe the system to be controlled? (Modeling)

(2) How to design the controller? (Control)

44



UAV Control System Design =& NUS

. National Universit
Factors to be considered for real control problems of Singapore

There are many other factors of life have to be carefully considered when

designing a control system for real-life problems. These factors include:

/ uncertainties \

disturbances noises

; |

Reference Error
O » Controller— » System Yy
* T— Input _ Output

K nonlinearities /

These real-life factors, i.e., disturbances, uncertainties, nonlinearities, give

birth of many modern control techniques...
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A brief view on control system design techniques of Singapore.

The following is my personal view on the clarification of control techniques:

¢ Classical control: PID control, developed in 1940s and utilized heavily for in

industrial processes. Examples: everywhere in life...

¢ Optimal control: Linear quadratic regulator (LQR), H, optimal control, Kalman
filter, developed in 1960s to achieve certain optimal performance and
boomed by NASA Apollo Project.

¢ Robust control: H_control, developed in 1980s and 90s to handle systems with

uncertainties and disturbances and with high performances.

¢ Nonlinear control: Still on-going research topics, developed to handle nonlinear

systems with high performances.

¢ Intelligent control: Knowledge-based control, adaptive control, neural and fuzzy
control, etc., researched heavily in 1990s, developed to handle systems

with unknown models. Examples: economic systems, social systems...
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Flight control system structure ' e

A 3 layer automatic flight control structure

(- : ‘ — g
Flight Outer-loop " Inner-loop . / >
Schedule r—| Control » Control

v

* Inner loop control is to guarantee the stability of the aircraft attitude
e QOuter loop control is to control the aircraft position

e Flight schedule is to generate references for flight missions
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Detailed structure of inner- and outer-loop control
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Inner-loop control ' ofSingapore

Inner-loop control is to stabilize the overall aircraft and to control its attitude

We adopt the design specifications set by the USA military organization for military

rotorcraft, which place strict requirements on:

e closed-loop stability
e bandwidth of pitch and roll attitude response

e coupling effect between roll and pitch channels
e coupling effect from heave control to yaw response
e disturbance rejection ADS-33B-PRF

e quickness of pitch, roll and yaw responses

o attitude hold for spike disturbance input N

We aim to achieve Level 1 performance in all specifications in accordance with the
military standards set by U.S. Army Aviation (ADS-33E-PRF).
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Control technique adopted for the inner loop ' of singapore

For the inner loop, we treat wind gusts as disturbance entering the system and then
formulate the overall problem as an H_ control problem, which is to design a control
law such that when it is applied to the given system, the resulting closed-loop system
is stable and the effect of the disturbance to the output to be controlled (the position

of the aircraft in our case) is minimized in H_ sense:

magnitude of closed loop system
A Robust and H.. Control

H_ optimization is closely and commonly related to robust control...
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The small-scale UAVs possess more agility and maneuverability but are more vulnerable to environmental disturbances such as wind gusts.

As such, the H infinite control method, a technique developed to attenuate external disturbances while maintaining the close-loop stability, is a natural choice for the inner control loop to realize both internal stabilization and disturbance rejection. 

http://uav.ece.nus.edu.sg/~bmchen/robustbook.html
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Introduction to H,, control ' of Singapore

Consider a stabilizable and detectable linear time-invariant system X with a proper

controller X

where

(Xx=AX+ Bu+ Ew

X y=C x+ +D,w I {
z=C,x+D,u

v:AcmpV+ chp y
u :Ccmpv+ Dcmp y

(X < state variable U < controlinput
1Y < measurement W <> disturbance
| Z < controlled output V < controller state
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Introduction to H_, control

The problem of H, control is to design a control law X_ such that when it is applied to

the given plant with disturbance, i.e., X, we have

e The resulting closed loop system is internally stable (this is necessary for any

control system design).

e The H_-norm of the resulting closed-loop transfer function from the disturbance
to the controlled output is as small as possible, i.e., the effect of the disturbance

on the controlled output is minimized.

Note: A transfer function is a function of frequencies ranging from 0 to . It is hard to
tell if it is large or small. The common practice is to measure its norms instead. H,-
norm and H_-norm are two commonly used norms in measuring the sizes of a transfer

function.
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Interpretation of H_norm

Given a stable and proper transfer function T,,(s), its H,-norm is defined as

HTZWHoo = Osup O-max [Tzw(Jw)]

<w<0

where 6, .. [T,,(®)] denotes the maximum singular value of T, (jw). For a SISO transfer

function T,,(s), it is equivalent to the magnitude of T, ,(j®). Graphically,

H_-norm

» (U

Note: The H_-norm is the worst case gain in T, (s). Thus, minimization of the H_-norm
of T,,(s) is equivalent to the minimization of the worst case (gain) situation on the effect

from the disturbance w to the controlled output z. &3
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H_ control: regular vs. singular cases ' of singapore

Most results in H_ control deal with a so-called a regular problem or regular case
because it is simple. An H_ control problem is said to be regular if the following

conditions are satisfied,
1. D, is of maximal column rank, i.e., D, is a tall and full rank matrix { ]
2. The subsystem ( 4,B,C,,D, ) has no invariant zeros on the imaginary axis;
3. D, is of maximal row rank, i.e., D, is a fat and full rank matrix [ ]

4. The subsystem ( 4,E,C,,D, ) has no invariant zeros on the imaginary axis.

An H_ control problem is said to be singular if it is not regular, i.e., at least one of the

above 4 conditions is not satisfied.
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Solution to regular H,, state feedback problem of Singapore

Giveny >v," (see the note below), solve the following algebraic Riccati equation
A'P+PA+C]C,+PEE"P/y*~(PB+C,D, ) (DJDZ)‘1 (DJC,+B"P)=0

for a unique positive semi-definite solution P > 0. The H_ state feedback law is then
given by

u=F x=-(D;D,)*( D;C,+B"P)x
The resulting closed-loop system T, (s) has the following property: H T Hoo <V

Note: The computation of the best achievable H_ attenuation level,
v, is very complicated. For certain cases, v, can be computed

Robust and H.. Control
exactly. Generally, y.* can only be obtained using some iterative
algorithms. One method is to keep solving the Riccati equation for

different values of y until it hits y_" for which and any y <y_", the

Riccati equation does not have a solution. See Chen (2000) for details.


http://uav.ece.nus.edu.sg/~bmchen/robustbook.html
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Solution to singular H_, state feedback problem of singapore
Step 1: Givenay >v_’, choose ¢=1. C, D,
Step 2: Define the corresponding C, and D, 0= gol and D,:= 0|

&

Step 3: Solve the following Riccati equation for P
A'P +PA+C]C, + PEE'P/y* ~(PB+C]D, ) (D;D,) (B;C, +B"F)=0
Step 4: If P >0, go to Step 5. Otherwise, reduce the value of and go to Step 2.
Step 5: Compute the required state feedback control law
D, D, )‘1( D;C,+B'P ) X et
The resulting closed-loop system T, (s) has: | T, |, <7-

More general results for the singular case can be found in

Chen (2000).



http://uav.ece.nus.edu.sg/~bmchen/robustbook.html
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Inner-loop control system design setup

lvwind
r hin
g u INNER h
INNER-LOOP act out
CONTROLLER >l ROTORCRAFT [——
1 | DYNAMICS y

X:M’ 6 p q as bs r Bped,im V|

55 ST No gain scheduling is
Uact = | Olat lon ped |

| 1 required in our flight
y=1¢ 0 p g r v

h0ut3::¢' 0 W]T

control system!
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Inner-loop linearized model at hover

—

X=Ax+Bu+Ew

— y= Clx 0 0 1 0 0 0 0.0009 0 07
0 0 0 0.9992 0 0 —0.0389 0 0

L hoyt = Com X 0 0 —-0.0302 —-0.0056 —0.0003 585.1165 11.4448 —59.529 0
0 0 0 —0.0707 267.7499 —0.0003 0 0 0

A=10 0 0 —1.0000 —3.3607 2.2223 0 0 0

0 0 —1 0 2.4483 —3.3607 0 0 0

¢ 0 0 0.0579 0.0108 0.0049 0.0037 —21.9557 1142 0

0 0 0 0 0 0 0 —1 0 0

0 0 0 0.0389 0 0 0.9992 0 0.

P

y= r 0 0 0 I 0 0 07

q 0 0 0 0 0 0

r 0 0 43.3635 —0.0001 0.1756 —0.0395

0 0 0 0.0000 0.0003 0.0338

/4 B=1]0.2026 2.5878 0 E= 0 0 0

2.5878 —0.0663 0 0 0 0

¢ 0 0 —83.1883 —0.0002 —0.3396 0.6424

0 0 —3.8500 0 0 0
h, =6 L0 0 0. i 0 0 0

/4
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Inner-loop control law

H_ state feedback control law...

u=Fx+G (I‘ - hout,trim)

—1.0368 —0.0604 —-0.0230 —-0.0083 —0.2857 —-2.6165 —0.0312 0.0499 —-0.0746
0.0760 —0.9970  0.0174 -0.0378 —1.8340 —0.1130 0.0026 0.0024 —-0.0169
—0.0002 —0.0185 —0.0066  0.0004  0.0353 0.0990 0.0044 0.2295  0.2441

F

1.0368  0.0604  0.0746
(A—BF)™B] = | -0.0760 0.9970  0.0169
0.0002 0.0185 —0.2441

G=[C

out

The above state feedback control law is to be implemented together with
a properly designed reduced-order observer for the state variables that

cannot be measured...
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Inner-loop control performance evaluation

Evaluation results with the standard set by U.S. Army Aviation...

Bandwidth of roll response Disturbance rejection bandwidth

Bandwidth of pitch response . 5Quickness. of pitch response
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0.7 i

Tp ()

15
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0

0
10 20 30 0 10 20 30 40
0 5 10 15 20 .
¢1‘nin (deg) Wmm (deg)

Wcr (rad/s)
B [ cvel | 1 Level 2 [ ] Level 3

A Roll Channel v Pitch Channel ’ Yaw Channel
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UAV Control System Design

Inner-loop command generator

—

The inner-loop command generator is given as

Qe’(’ o3 a, . | INNER-LOOP b _ .
&co | Counuarn o, —-0.0001 0.0019 0.0478
2
\}Qb ¢ |=| 0.0022 -0.1031 -0.0048 |a,,
6 ) | 0.1022 0 0.0002
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Outer-loop control system design setup ' of Singapore

The outer-loop control is to control the position of the aircraft and at the same

time to generate necessary commands for the inner-loop control system...

Pn.r
A Virtual
OUTER.— lr ua
Vo] woop |Ber
CONTROL | OUTER
LAw an | RoTor- | Pn

CRAFT

- Actuator
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It is to design a controller such that the resulting closed-loop system is stable and the controlled output almost perfectly tracks a given reference signal in the presence of any initial conditions and external disturbances. 


One of the most interesting features in the RPT control method is its capability of utilizing all possible information available in its controller structure. 


UAV Control System Design =22 NUS

ﬁ National University
of Singapore

Properties of the virtual actuator

J

10
Frequency (rad/s)

0 :
%_207 f I_ ...................
Bl
_6?0" — 10" — IHL(J“ — IHHI)' — Im‘ — H.In]"
X Channel Z Channel
0 TLLILL B - 1 I S L A B R A A
éfl()(l—
-150 - 3 = T 0
v Frequer&éjy (rad/s) \\ " Ifrmuerlrj:]_\ (radis) o
Frequency response of the virtual actuator...
_>Unstable Zeros!
g -0r //r
Y Channel " =
ol From practical point of view, it is safe
51—2()(]— .
to ignore them so long as the outer-
oL Kloop bandwidth is within 1 rad/sec...
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Properties of the outer-loop dynamics ' of Singapore

It can also be verified that coupling among each channel of the outer loop dynamics is
very weak and thus can be ignored. As a result, all the x, y and z channels of the

rotorcraft dynamics can be treated as decoupled and each channel can be characterized

B A )

where p- is the position, v. is the velocity and a. is the acceleration, which is treated a

control input in our formulation.

For such a simple system, it can be controlled by almost all the control techniques
available in the literature, which include the most popular and the simplest one such as
PID control...
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Control technique adopted for the outer loop of Singapore

The outer-loop control system is designed using the so-called robust
and perfect tracking (RPT) control technique developed by Chen and
his co-workers. It is to design a controller such that the resulting R
closed-loop system is stable and the controlled output almost

perfectly tracks a given reference signal in the presence of any initial

conditions and external disturbances.

One of the most interesting features in the RPT control method is its

The RPT control renders flight formation of multiple UAVs a trivial task. 65
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It is to design a controller such that the resulting closed-loop system is stable and the controlled output almost perfectly tracks a given reference signal in the presence of any initial conditions and external disturbances. 

One of the most interesting features in the RPT control method is its capability of utilizing all possible information available in its controller structure. 


http://uav.ece.nus.edu.sg/~bmchen/robustbook.html
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Introduction to RPT control

Consider the following continuous-time system:

xX=Ax+ B u+ E x(0) = xo,
iy =0C«x + D (8.1)
h=0Cx + D, u+ Dxn \
where x € R" is the state, u € R” is the control input, w € R" is the external distur- Robust to
bance, y € R" is the measurement output, and h € R is the output to be controlled. disturbance

Given the external disturbance w € Lp, p € [1, ), and any reference signal vector

reREwithr, #, - r(5 0 > 1, being available, and () being either a vector

of delta functions or in Lp, the RPT problem for the system in (8.1) is to find a
parameterized dynamic measurement control law of the following form:

v =Acmp(€)V+Bemp(e)y +Go(e)r+-- -+ Gy (e)rx—1)
-y &2 RPT Control
U= Ccmp(g)v ‘|’Dcmp(£))’ +Hy(e)r+---+H_; (e)r(“_ ) ontro
such that when the controller of (8.2) is applied to the system of (8.1), we have the
following ﬁ

I. There exists an €" > 0 such that the resulting closed-loop system with r = 0 and
w = 0 is asymptotically stable for all € € (0.&"].

2. Let h(z, €) be the closed-loop controlled output response and let e(z, €) be the re- Perfect in
sulting tracking error, i.e., e(t, €) := h(t, &) — r(t). Then, for any initial condition Tracking
of the state, x, € R”,

ellp= (fom\e(r)\pdt)l/passﬁo. (8.3) %
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RPT control solvability conditions

The necessary and sufficient condition for the solvability of the

general RTP control problem can be found in Chen (200). For
Robust and H.. Control

the case when D, = 0, the conditions are relatively simple and

are given as

/l. (A, B) is stabilizable and (A, Cy) is detectable. R
2. D»n =0.
3. (A,B,C3,Dy) is right invertible and of minimum phase.

\4. Ker (C,) D Ker (C)). y

where Ker(X) represents the null space of a constant matrix X.

We note that the last condition is automatically satisfied if the control output h of the

given system is part of its measurement output y.
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Solution to state feedback RPT control problem

Step 1. For a sufficiently small scalar g, we define

C D>

C:I Elycpip .Dzz 0

0 Elm
0 Iy 07
- Ao 0] : ;
A= . Ag = —&olir + ' '
[0 A 0 0 I
0 0 0

Step 2. Then, solve for positive-definite solution for the following Riccati equation
PA+A'P+C,C;— (PB+CYD, )(D3D:) '(PB+C3D;) 0
Step 3. The required state feedback control law that solves the RPT problem is
u=F(e)x+Ho(e)r+- +Hc (e)rc Y

where F(¢)

|

|
—
!
[
]

&)

) '(PB+ELDy) = [Ho(e) - Haoa(e) Fle)]
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Outer-loop control law for the UAV

G=1, &=1, {=1.1
Onx =054, @,y =0.62, ©,, =0.78
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Outer-loop control system gain and phase margins

Gain margin = ==, Phase margin = 76.3 deg (at 0.042 Hz)
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Outer-loop control system gain and phase margins

Gain margin = e, Phase margin = 76.3 deg (at 0.048 Hz)
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Outer-loop control system gain and phase margins

Gain margin = oo, Phase margin = 78.6 deg (at 0.056 Hz)
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Control performance of Singapore

Single-rotor Coaxial

Helicopter Helicopter Quadrotor
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The END!

Questions & Answers ...
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