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What is a flight dynamics model? 

A flight dynamics model is a set of equations that explains  

1. How aerodynamic forces are generated on the aircraft body? 

2. How actuators and external factors affect these forces? 

3. How these forces affect the aircraft’s motion? 

UAV Flight Dynamics Modeling 
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Why do we need a flight dynamics model? 

1.  Design and tuning of autonomous flight control law  

Modern control techniques are mostly model based. An accurate flight dynamics 
model can assist flight control law design efficiently in terms of parameter tuning 
and performance evaluation.  

 

2.  Design and modification of aircraft structure 

Aerodynamic stability, physical limits and characteristics can be analyzed based on 
the obtained model. Mechanical modification or re-structuring can be applied if 
there is inherent deficiencies in the original structure.  

 

UAV Flight Dynamics Modeling 
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How do we obtain a flight dynamics model? 

1) System Identification Approach 

• Build mathematical model by fitting measurement data 

• Simplified, linear, black-box 

• Flight test experiments 

2) First-principles Modeling Approach 

• Build mathematical model by manipulating equations of physics  

• Complex, nonlinear, rigorous with physical meanings 

• Test-bench experiments 

3) Combination of the above two approaches 

UAV Flight Dynamics Modeling 
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Despite the modeling approach adopted, we always need to first 

1. Understand the basic working principles  
2. Define coordinate frames 
3. Define input and output variables (or state variables) 

System Identification Approach 
 Single-rotor helicopter 
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System Identification Approach is suitable for obtaining linear dynamics model, 
and can be conducted in both time-domain and frequency-domain.  

Data collection and 
preprocessing 

Model structure 
determination 

Unknown parameter 
identification Model validation 

System Identification Approach 
 Single-rotor helicopter 
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Toolkits: 
Time-domain: IDENT 

(IDENTification 

toolkit) 

Frequency-domain: CIFER 

(Comprehensive Identification from 

FrEquency Responses) 

IDENT CIFER 

System Identification Approach 
 Single-rotor helicopter 

7 



Step 1: Data collection and preprocessing: 

Frequency sweep input signal 

Data preprocessing 

Input signal selection 

Data collection 
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System Identification Approach 
 Single-rotor helicopter 

Presenter
Presentation Notes
Ok, lets start the second section: modeling the helicopter. 
The first step of modeling the helicopter is to perform flight test so that enough high quality flight data could be collected.
One thing need to note is the signal we use as the main input signal is chirp-like signal. 
Its main character of this type of signal is that the frequency changes continuously over a certain band. One example is shown like this,
The minimum level is about 0.1 Hz, and the maximum one is about 5 Hz. This band is just the one we are interested in.
The complete flight test procedure could be divided into three main steps:
During the first step, chirp like signal will be issued in only one of the four joystick input channels in turn. By doing so, on-axis dynamics will be obtained.
One example is displayed as this, the first row is the chirp signal issued in longitudinal joystick channel. The following four are corresponding responses of helicopter states.
In the second step, chirp like signal will be issued in multichannels to obtain the cross-coupling dynamics.
Lastly step-like and random signals will be issued for obtaining data to validate the identified model.



Step 1: Data collection and preprocessing: 

Data preprocessing 

Data collection 

Output responses 

Input signal selection 
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System Identification Approach 
 Single-rotor helicopter 



Data preprocessing 

Time-domain Frequency-domain 

Range selection 

Detrending 

Filtering 

FRESPID 

MISOSA 

Verification 

COMPOSITE 
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System Identification Approach 
 Single-rotor helicopter 
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Step 2: Model structure determination: 
 

System Identification Approach 
 Single-rotor helicopter 



 

      1). Angular rate dynamics;   2). Horizontal velocity dynamics; 

      3). Yaw dynamics;                4). Heave dynamics; 

  
   
 

Step 3: Unknown parameter identification: 

a. Time-domain: Hover model of a single-rotor helicopter 
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System Identification Approach 
 Single-rotor helicopter 

Presenter
Presentation Notes
Based on the above mentioned model structure, we performed the following identification procedure to obtain the unknown parameters.
Firstly angular rate dynamics augmented with servo dynamics is identified, since it is known stable, the solution converged to a constant one.
Secondly horizontal velocity dynamics is identified. This step is very challenging because the inherent instability. Large amount of Low frequency data with shorten time period is selected to obtained the displayed result. 
Using the similar measure, we obtained the parameters of heave dynamics and yaw dynamics.
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b. Frequency-domain: Hovering model of a single-rotor helicopter 
Extra metrics for parameter accuracy evaluation:  

1). Cramer-Rao bound (CR% < 20%);   2). Insensitivity (I% < 10%) 

+ : Eliminated in model structure determination 
!  : Fixed empirically 
* : Tied to other parameters 

System Identification Approach 
 Single-rotor helicopter 
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Frequency-domain: Hovering model of a single-rotor helicopter 
Frequency responses matching 

System Identification Approach 
 Single-rotor helicopter 
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Step 4: Model validation 

System Identification Approach 
 Single-rotor helicopter 
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Rigid-body dynamics 

First-principles Modeling Approach 
 Single-rotor helicopter 

 G. Cai, B. M. Chen, and T. H. Lee, Unmanned Rotorcraft Systems, New York: Springer, 2011. 



Initial values: 

     Main rotor forces and moments 

First-principles Modeling Approach 
 Single-rotor helicopter 
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     Tail rotor forces and moments 

Initial values: 

First-principles Modeling Approach 
 Single-rotor helicopter 
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      Fuselage forces 

First-principles Modeling Approach 
 Single-rotor helicopter 
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Horizontal fin forces and moments Vertical fin forces and moments 

First-principles Modeling Approach 
 Single-rotor helicopter 



Direct measurement  Ground Tests 

CG  
Location 

Airfoil  
deflection 

Inertia 

Collective  
Pitch 
curve 

First-principles Modeling Approach 
 Single-rotor helicopter 



Wind Tunnel Data  Actual Flight Tests 

First-principles Modeling Approach 
 Single-rotor helicopter 
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First-principles Modeling Approach 
 Coaxial & quadrotor helicopters 



 

 

 

 

 

 
 

 Symmetric structure 

 All types of motion controlled by adjusting motor speeds 

 All thrust forces in the UAV body frame z-axis direction 

 Open-loop dynamics fast and unstable 
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First-principles Modeling Approach 
 Quadrotor working principles 
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First-principles Modeling Approach 
 Quadrotor force & torque decomposition 
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 Dual main rotors spin in opposite directions 

 Rotational speed can be controlled 

• Sum  Heave motion 

• Difference  Yaw motion 

 Bottom rotor attached to swashplate 

• Servo 1  Roll motion 

• Servo 2  Pitch motion 

 Top rotor attached to stabilizer bar 

• Roll & Pitch motion damped 

26 

First-principles Modeling Approach 
 Coaxial helicopter working principles 



 

 

 

 

 

 

 

 
 Roll and pitch dynamics slowed down 

 Stability increased (inherently stable) 

 Maneuverability decreased 
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A restoring torque 

First-principles Modeling Approach 
 Coaxial helicopter working principles (stabilizer bar) 
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First-principles Modeling Approach 
 Coaxial helicopter force & torque decomposition  
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6-DOF 
Rigid-body 
Dynamics 

Kinematics 

Rotor 1 
Force & Torque 

Rotor 4 
Force & Torque 

+ Mixer 

Motor 
Dynamics 

Motor 
Dynamics 
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First-principles Modeling Approach 
 Quadrotor model structure 
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6-DOF 
Rigid-body 
Dynamics 

Kinematics 

Upper Rotor 
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Lower Rotor 
Force & Torque 

+ 
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Flapping Dynamics 

Lower Rotor 
Flapping Dynamics 

Mixer 
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Motor 
Dynamics 
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First-principles Modeling Approach 
 Coaxial helicopter model structure 
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First-principles Modeling Approach 
 Kinematics 
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First-principles Modeling Approach 
 Rigid-body dynamics 
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First-principles Modeling Approach 
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First-principles Modeling Approach 
 Rotor thrust and torque generation 
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First-principles Modeling Approach 
 Motor dynamics 
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First-principles Modeling Approach 
 Mixer & headlock gyro dynamics 
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First-principles Modeling Approach 
 Tip-path-plane dynamics 



38 

First-principles Modeling Approach 
 Tip-path-plane dynamics 
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First-principles Modeling Approach 
 Tip-path-plane dynamics 

Aileron input frequency sweep 
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Elevator input frequency sweep 

First-principles Modeling Approach 
 Tip-path-plane dynamics 



41 

Parameter identification via aileron frequency sweep 

First-principles Modeling Approach 
 Tip-path-plane dynamics 
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Parameter identification via elevator frequency sweep 

First-principles Modeling Approach 
 Tip-path-plane dynamics 
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First-principles Modeling Approach 
 Identified parameters of coaxial helicopter 

1. Direct measurement 

2. Test-bench experiment 

3. Flight test data 



Controller   System to be controlled 

Desired 
Performance 

REFERENCE 

INPUT  
to the 

system 

Information 
about the 
system:  

OUTPUT 

+ 
– 

Difference 
ERROR 

Objective:  To make the system OUTPUT and the desired REFERENCE  as close as possible, 

i.e., to make the ERROR as small as possible. 

Key Issues:  (1) How to describe the system to be controlled? (Modeling) 

 (2) How to design the controller? (Control) 

aircraft, missiles, 
economic systems, 

cars, etc  

UAV Control System Design 
 What is a control system? 
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There are many other factors of life have to be carefully considered when 

designing a control system for real-life problems. These factors include: 

+ – 

disturbances noises 
uncertainties 

nonlinearities 

System Controller 
Reference Error 

Input Output 

These real-life factors, i.e., disturbances, uncertainties, nonlinearities, give 

birth of many modern control techniques… 

UAV Control System Design 
 Factors to be considered for real control problems 
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The following is my personal view on the clarification of control techniques: 

♦ Classical control: PID control, developed in 1940s and utilized heavily for in 
 industrial processes. Examples: everywhere in life… 

♦ Optimal control: Linear quadratic regulator (LQR), H2 optimal control, Kalman 
 filter, developed in 1960s to achieve certain optimal performance and 
 boomed by NASA Apollo Project. 

♦ Robust control: H∞ control, developed in 1980s and 90s to handle systems with 
 uncertainties and disturbances and with high performances. 

♦ Nonlinear control: Still on-going research topics, developed to handle nonlinear 
 systems with high performances. 

♦ Intelligent control: Knowledge-based control, adaptive control, neural and fuzzy 
 control, etc., researched heavily in 1990s, developed to handle systems 
 with unknown models. Examples: economic systems, social systems... 

UAV Control System Design 
 A brief view on control system design techniques 
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Inner-loop 
Control 

Outer-loop 
Control 

Flight 
Schedule 

• Inner loop control is to guarantee the stability of the aircraft attitude 

• Outer loop control is to control the aircraft position 

• Flight schedule is to generate references for flight missions 

 A 3 layer automatic flight control structure 

UAV Control System Design 
       Flight control system structure 
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UAV Control System Design 
       Detailed structure of inner- and outer-loop control  
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Inner-loop control is to stabilize the overall aircraft and to control its attitude  

We adopt the design specifications set by the USA military organization for military 
rotorcraft, which place strict requirements on: 

•  closed-loop stability 
•  bandwidth of pitch and roll attitude response 
•  coupling effect between roll and pitch channels 
•  coupling effect from heave control to yaw response 
•  disturbance rejection 
•  quickness of pitch, roll and yaw responses 
•  attitude hold for spike disturbance input 

We aim to achieve Level 1 performance in all specifications in accordance with the 
military standards set by U.S. Army Aviation (ADS-33E-PRF). 

ADS-33E-PRF 

UAV Control System Design 
       Inner-loop control 
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For the inner loop, we treat wind gusts as disturbance entering the system and then 

formulate the overall problem as an H∞ control problem, which is to design a control 

law such that when it is applied to the given system, the resulting closed-loop system 

is stable and the effect of the disturbance to the output to be controlled (the position 

of the aircraft in our case) is minimized in H∞ sense: 

 

 

 

 

H∞ optimization is closely and commonly related to robust control… 

H∞-norm 

ω 

magnitude of closed loop system 

UAV Control System Design 
       Control technique adopted for the inner loop 
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Presenter
Presentation Notes
The small-scale UAVs possess more agility and maneuverability but are more vulnerable to environmental disturbances such as wind gusts.

As such, the H infinite control method, a technique developed to attenuate external disturbances while maintaining the close-loop stability, is a natural choice for the inner control loop to realize both internal stabilization and disturbance rejection. 

http://uav.ece.nus.edu.sg/~bmchen/robustbook.html


Consider a stabilizable and detectable linear time-invariant system Σ with a proper 

controller Σc  

∑

cΣ

u 

w z 

y 
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1 1
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UAV Control System Design 
       Introduction to H∞ control  
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The problem of H∞ control is to design a control law Σc such that when it is applied to 

the given plant with disturbance, i.e., Σ, we have 

• The resulting closed loop system is internally stable (this is necessary for any 

control system design). 

• The H∞-norm of the resulting closed-loop transfer function from the disturbance 

to the controlled output is as small as possible, i.e., the effect of the disturbance 

on the controlled output is minimized. 

Note: A transfer function is a function of frequencies ranging from 0 to ∞. It is hard to 

tell if it is large or small. The common practice is to measure its norms instead. H2-

norm and H∞-norm are two commonly used norms in measuring the sizes of a transfer 

function. 

UAV Control System Design 
       Introduction to H∞ control  
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Given a stable and proper transfer function Tzw(s), its H∞-norm is defined as  

where σmax [Tzw(jω)] denotes the maximum singular value of Tzw(jω). For a SISO transfer 

function Tzw(s), it is equivalent to the magnitude of Tzw(jω). Graphically, 

Note: The H∞-norm is the worst case gain in Tzw(s). Thus, minimization of the H∞-norm 

of Tzw(s) is equivalent to the minimization of the worst case (gain) situation on the effect 

from the disturbance w to the controlled output z. 

H∞-norm 

ω 

[ ]max
0
sup ( )zw zwT T j
ω

σ ω
∞

≤ <∞
=

zwT

UAV Control System Design 
       Interpretation of H∞ norm  
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Most results in H∞ control deal with a so-called a regular problem or regular case 

because it is simple. An H∞ control problem is said to be regular if the following 

conditions are satisfied, 

1. D2 is of maximal column rank, i.e., D2 is a tall and full rank matrix 

2. The subsystem ( A,B,C2,D2 ) has no invariant zeros on the imaginary axis; 

3. D1 is of maximal row rank, i.e., D1 is a fat and full rank matrix 

4. The subsystem ( A,E,C1,D1 ) has no invariant zeros on the imaginary axis. 

An H∞ control problem is said to be singular if it is not regular, i.e., at least one of the 

above 4 conditions is not satisfied. 

UAV Control System Design 
       H∞ control: regular vs. singular cases 
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Given γ > γ∞* (see the note below), solve the following algebraic Riccati equation 

for a unique positive semi-definite solution P ≥ 0. The H∞ state feedback law is then 

given by 
( )1

2 2 2 2( )u F x D D D C B P x−= = − +T T T

( ) 12
2 2 2 2 2 2 2 2/ ( ) ( ) 0A P PA C C PEE P PB C D D D D C B Pγ

−
+ + + − + + =T T T T T T T

The resulting closed-loop system Tzw(s) has the following property: 

Note: The computation of the best achievable H∞ attenuation level, 

γ∞*, is very complicated. For certain cases, γ∞* can be computed 

exactly. Generally, γ∞* can only be obtained using some iterative 

algorithms. One method is to keep solving the Riccati equation for 

different values of γ until it hits γ∞* for which and any γ < γ∞*, the 

Riccati equation does not have a solution. See Chen (2000) for details.  

.γ<∞zwT

UAV Control System Design 
       Solution to regular H∞ state feedback problem 

http://uav.ece.nus.edu.sg/~bmchen/robustbook.html


Step 1: Given a γ > γ∞*, choose ε = 1. 

Step 2: Define the corresponding  

Step 3: Solve the following Riccati equation for  

 

Step 4: If            , go to Step 5. Otherwise, reduce the value of ε and go to Step 2. 

Step 5: Compute the required state feedback control law 

 

The resulting closed-loop system Tzw(s) has: 

More general results for the singular case can be found in  

Chen (2000).  
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UAV Control System Design 
       Solution to singular H∞ state feedback problem 

http://uav.ece.nus.edu.sg/~bmchen/robustbook.html


No gain scheduling is 

required in our flight 

control system! 

UAV Control System Design 
       Inner-loop control system design setup 
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UAV Control System Design 
       Inner-loop linearized model at hover 
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The above state feedback control law is to be implemented together with 

a properly designed reduced-order observer for the state variables that 

cannot be measured… 

H∞ state feedback control law… 

1 1
out[ ( ) ]G C A BF B− −= −
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Evaluation results with the standard set by U.S. Army Aviation… 
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The inner-loop command generator is given as 

r

r b,r

r

0.0001 0.0019 0.0478
0.0022 0.1031 0.0048
0.1022 0 0.0002

δ
φ
θ

−   
   = − −   
      

a
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The outer-loop control is to control the position of the aircraft and at the same 

time to generate necessary commands for the inner-loop control system… 

A Virtual 

Actuator 

UAV Control System Design 
       Outer-loop control system design setup 
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X Channel 

Y Channel 

Z Channel 

Unstable Zeros! 

From practical point of view, it is safe 

to ignore them so long as the outer-

loop bandwidth is within 1 rad/sec… 

Frequency response of the virtual actuator… 
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It can also be verified that coupling among each channel of the outer loop dynamics is 
very weak and thus can be ignored. As a result, all the x, y and z channels of the 
rotorcraft dynamics can be treated as decoupled and each channel can be characterized 
by 

 
 
 

where p* is the position, v* is the velocity and a* is the acceleration, which is treated a 
control input in our formulation.  

For such a simple system, it can be controlled by almost all the control techniques 
available in the literature, which include the most popular and the simplest one such as 
PID control… 

* *
*

* *

0 1 0
0 0 1

p p
a

v v
      

= +      
      




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The outer-loop control system is designed using the so-called robust 
and perfect tracking (RPT) control technique developed by Chen and 
his co-workers. It is to design a controller such that the resulting 
closed-loop system is stable and the controlled output almost 
perfectly tracks a given reference signal in the presence of any initial 
conditions and external disturbances.  

One of the most interesting features in the RPT control method is its 
capability of utilizing all possible information available in its 
controller structure. Such a feature is highly desirable for flight 
missions involving complicated maneuvers, in which not only the 
position reference is useful, but also its velocity and even acceleration 
information are important or even necessary to be used in order to 
achieve a good overall performance. 

The RPT control renders flight formation of multiple UAVs a trivial task. 
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http://uav.ece.nus.edu.sg/~bmchen/robustbook.html
http://uav.ece.nus.edu.sg/~bmchen/linsysbook.html


Robust to 
disturbance 

Perfect in 
Tracking 

RPT Control 
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The necessary and sufficient condition for the solvability of the 

general RTP control problem can be found in Chen (200). For 

the case when D1 = 0, the conditions are relatively simple and 

are given as 

 

 

 

 

where Ker(X) represents the null space of a constant matrix X. 

We note that the last condition is automatically satisfied if the control output h of the 

given system is part of its measurement output y. 
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Step 1. For a sufficiently small scalar ε0, we define 

Step 2. Then, solve for positive-definite solution for the following Riccati equation   

Step 3. The required state feedback control law that solves the RPT problem is   

where                                                                                                                          . 
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X Channel 
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Y Channel 
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Z Channel 
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Single-rotor 
Helicopter 

Coaxial 
Helicopter Quadrotor 
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The END! 

 

Questions & Answers … 
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