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Introduction & Background Materials
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Text and References

O G. F Franklin, J. D. Powell and A. Emami-Naeini, Feedback Control of

Dynamic Systems, Pearson Prentice Hall

O R. C. DorfandR. H. Bishop, Modern Control Systems, Pearson Prentice Hall
Consultation

O No fixed time for consultation

O Appointment through email is recommended
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Motivation

The design of feedback control systems in industry is probably accomplished
using frequency-response methods more often than any other. This approach
provides good designs in the face of uncertainty in the plant model. The so-
called frequency response of a system lies at the core of these methods.

An introduction to frequency response is covered in this unit.

Learning Objectives

O Ability to find the gain and the phase of a system when the sinusoidal
waveforms at its input and output are given

O Ability to compute the gain and the phase of a transfer function at a given

frequency

O Ability to find the steady-state output of a transfer function for a given

sinusoidal input

O Ability to compute the crossover frequencies
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Final Grades for Part 2

4 N

Final Grade = 80% x Final exam marks for Part 2 (max =50) + ...

20% x Part 2 Test marks (max = 50)

\_ /

There will be a in class (10-11:30am in LT4) test for Part 2 on Tuesday,
24 October 2017.
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What is a control system?

— : — Information
INPUT aircraft, missiles, b h
| i about the
Desired — to the economic systems, -
Performance '
: system cars, etc
REFERENCE RROR Ourput /

Objective: To make the system OuUTPUT and the desired REFERENCE as close

as possible, i.e., to make the ERROR as small as possible.

Key Issues: (1) How to describe the system to be controlled? (Modeling)

(2) How to design the controller? (Control)
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Some Control Systems Examples

REFERENCE INPUT

E=a

Desired Government

Performance Policies Economic System
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A Control System Design Example — Unmanned Helicopter

Bare Helicopter
Mission Motion Flight Control ; € Positioning/
Management Planning System R SLAM

Model Aircraft

Drone

Y
Autonomous UAS
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Modeling — Data Collection

Data Collection Procedure: T M_AMWWWMWWW 7
1). Chirp-like signal issued | “‘—JMMMMA/WW’WMMWMW |

in single channel,; e o R R =

2). Chirp-like signal issued “T i
D- —
. . i | | 1 1 I | | 1
in multi-channels; How W % W om w ®m W ® W
5 T T T T T T T | T
3). Step-like and random T W’\/\MMMWF\NVMVMWWW 1
I T e T - —
signals issued for validation. e s Accorion 1 () !D

P T
|
{ I DI |

Body-frame X-axis Velocity U (ms)

Chirp-like signal and corresponding responses
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Modeling — Test Flights

Flight testing for modeling purpose
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Frequency Domain Responses
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Unmanned Helicopter Control System
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A Hybrid UAV Control System

Aerial view

Onboard vision

Visual guidance landing
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International Micro Air Vehicle Competition, Toulouse, France |

NUS Team Instinct Cougar

' %ﬁ'd

—_

Mission Flight Control Positioning/

Management Planning

\ 4
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Linear Systems

(t) (t)
- System Al

A 4

Let y,(t) be the output produced by an input signal u,(t) and y,(t) be the output

produced by another input signal u,(t). Then, the system is said to be linear if
a) the input is « u,(t), the output is a y,(t), where «is a scalar; and
b) the input is u,(t) + u,(t), the output is y,(t) + y,(t).

Or equivalently, the inputis o u,(t) + S u,(t), the outputis o y,(t) + fy,(t). Such a

property is called superposition. For the circuit example on the previous page,

YO = —2[au, )+ fU,0)] = a— 2 ) + f—12

u,(t) = t)+ t
R1+R2 R1+R2 R1+R2 2() ayl() IBy2()

It is a linear system! We will mainly focus on linear systems in this course.
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Summary of Laplace transform properties

Property f () F (s)

Linearity a1f1(t) +aaf2(t)  |a1F1(s) + axF>(s)
Scaling f(at) LF(%)

Time shift f(t —a)u(t —a) e W5 F(s)
Frequency shift e 2 f(t) F(s+a)

Time derivative dnd{ff) $F(s)—s" 107 )—s"2F (07 ). . .—s0 f(n=1)(0)
Time integration i f(&)de %F(s)

Time periodicity | f(t) = f(t +nT) ESS)T

Initial value f(07) Jim [sF(s)]

Final value £(c0) lim [s(s)]
Convolution f1(t) ® fo(t) F1(s)F5(s)
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Some commonly used Laplace transform pairs

f) <
o) <
Ity <

t &

t" o
e o
e <

F(s)
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(1)

sin ot

cos wt

sin(wt + 0)

cos(awt + 0)

e ' sin ot

e coswt

N

F(s)
o
$° + W’

S
s° +°

Ssin@ + wcosd

s? +w°

Scosl — wsin @

$° +°

@

(s+a) + o’

s+a
(s+a) + o’
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Operations of complex numbers

Coordinates: Cartesian Coordinate and Polar Coordinate

l / T
12 4 j5 = 13 e = 122 + 5 e\
_— a N
real part imaginary part magnitude argument
Euler’s Formula: el? — cos@ + jsjn9

Additions: It is easy to do additions (subtractions) in Cartesian coordinate.

(a+ jo)+(v+ jw)=(a+Vv)+ j(b+w)

Multiplication's: It is easy to do multiplication's (divisions) in Polar coordinate.

. . . io
re’ . ue' = (ru)e!“” ©__ Leiv-o
ue’” u
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Freqguency Responses

EE3331C PART 2 ~ PAGE 19 BEN M. CHEN, NUS ECE



Frequency Response

The frequency response of a system is defined as the steady-state response
of the system to a sinusoidal input signal.

Ref: Modern Control Systems, Richard C. Dorf & Robert H. Bishop

u(t) = Asin(a t) |:> sysl;i::laé(s) > Y() = Yy (D) + Y (D)

the output and all intermediate
signals are sinusoidal of
When a stable linear system is frequency @, rad/s in the steady
subject to sinusoidal input of state

frequency @ rad/s the output and the intermediate

signals differ from the input in
amplitude and phase.

Y.o(t) = Bsin(@t + §)
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Frequency Response Example

=RNUS
()
National University
of Singapore

Example: Response of a 15t-order system to sinusoidal input

1 10
G(s)=—— u(t)=sin(10t U(s)=
(&) =5y W=l = Ve =570
Solution: vy (s)= 1 10
(s+1) (s* +100) 0.25
A Bs+C
= +— 0.2
(s+1) (s”+100) y L
0.15 !
10 = A(s* +100) + Bs(s+1)+ C(s+1) g Y
=(A+B)s’+(B+C)s+(100A+C) 0.1 ﬁ -------- tT —nn n H n n H n n
0.05 '\' \ '[
A+B=0, B+C=0, 100A+C =10 . gs!
Al d0 g 10 10 \ |
101 101 101 ~0.05 "
~0 ! U U U U__J__U.J_H_ |
Y(S):10/101_10 s 110 T a s e o s e 1o
(s+1) 101(s>+10%) 101(s*+10%) Time (sec)
10 . 10 1.
ty=—o¢f" - 10t) + —sin(10t
T R T R AT TR VLS
Y101
y(t) =L ety L inqrot—g4°) Yo = <o sin(10t 849
101 V101
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Frequency Response

u(t) = Asin(a t) =) Syst:‘;aé(s) > Y1) = Y, (D) + Y (D

Y..(t) = Bsin(@t + §)

Gain of the system: M = [amplitude scaling]

Phase of the system: ¢ [shift in time]

Gain & phase vary with the frequency of the input sinusoid

M(w) and ¢ () define the frequency response of the linear
system
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Frequency Response

u(t) = Asin(ay t) L= sys:::aé(s) > Y1) =y, (D) + Y (D

Y.o(t) = Bsin(@t + §)

Measurement of frequency response:

a) Apply asinusoidal input to the system under test

b) Allow sufficient time for transient to decay

c) Measure amplitudes of the input and the output; ratio of amplitudes
is the gain

d) Measure time-shift of the output with reference to the input and
determine the phase

e) Repeat steps (a) to (d) for different frequencies w,,., < @, < @,,,

Gain M, M, My M, My M, M, M
Phase ¢, ¢, &5 ¢4 ¢5 ¢ ¢ ¢

In modern equipment, the measurement steps are automated
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Frequency Response (cont.)

G (s):  Transfer function of a linear system
M (@,): Gain of the system at frequency o, rad/s

¢ (w)): Phase of the system at frequency ; rad/s
Then,

M (@) =|G(j@)

, dw)=26(]w)

10
s*+3s+9

Example: Find the gain and the phase at ® =4 rad/s for G(s) =

. 10 10 10
G 4 = = . =
(J4) (j4° +3(jH+9 -7+ j12 72“224%_1(12)
7

=0.72£-120.25°
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Example:

Let us a series RL circuit with the following transfer function:

Z—tan"' @

0.2
1+ *

G(jo)|- £G(jw) =

0.2
Jo+1

G(jw)

=

02
S+1

G(s)

Thus, it is straightforward, but very tedious, to compute its amplitude and phase.

10
Frequency (rad/sec)

10°

10"

1000 = [G(jw)|=0.0002, £G(jw)=-89.94" /

m,w. 9
o
apnuube >Awmmam3 aseyd
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The red-line curves are more accurate plots using MATLAB.
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For large frequencies, the magnitude
response is small and thus signals with

BEN M. CHEN, NUS ECE

large frequencies is attenuated or
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Time (second)
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Time Delay

u(t)

Delay(ty) y(t) =u(t-t,)

Element causing
delay of t; seconds

un = U()

ut-t) = e U(s)

Gdelay(s) =

Y(s) _eMUE .

U(s)

Gdelay( J a)) = e_jwtd

U(s)

M = ‘e“'“’td =1
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¢ =—ot,

u(t)
t
y(D)
td
t
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Time Delay
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- T g No difference between
g amplitudes of two signals
X M-

\y ~ g The phase of the delay
u(t)—" y(t) _ unit is ¢ rad

= Asin(at) = Asin(ot + 9)

y(t) = Asin(@.t + ¢) = Asin(w. (t + ﬂ])
0,

t, o b=-wt, =2rft, =—

180°

Phase of delay unitis —wt, rad = —a),td( j degree

27t
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Exercise 1-1

A sine wave of unity amplitude and frequency 5 Hz is applied to a linear system
described by the transfer function

G(s) = (s+10)
(s+1)(s+50)
What is the steady-state output?
Solution:
Gs)=— Y ) =sin@r f1) =sin(102t) = U(s)= . 107 2
(s+1)(s+50) S"+100x
Y(s)=G(s)U(s) = s+10 — 107 - A N B N 2Cs+D2
(s+1)(s+50) s°+1007~ s+1 s+50 s +100x
A:SHO. : 107 2 _9 10z _ ~0.00584059
$+50 s”+10077°| _, 49 1+1007
B=S+10- : 107 : _—40 107 _—0.00735473
s+1 s +1007°| ., —49 2500+1007
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s+10 . 107z 0.00584059 N 0.00735473 N Cs+D
(s+1)(s+50) s*+100x" s+1 S+50 s’ +1007°

Y(s)=G(s)U(s) =

©0.00584059(s +50)(s” +1007°) +0.00735473 (s +1)(s* +100 7%) + (s +1)(s + 50)(Cs + D)
(s+1)(s+50)(s> +1007°)

~ (0.00584059+0.00735473+C)s> +---+(0.00584059 x 5000 7* + 0.00735473x100 7> + 50D)
(s+1)(s+50)(s> +100z°)

= 0.00584059+0.00735473+C=0 = C=-0.01319532
= 0.00584059x50007° +0.00735473x1007z° +50D =100r = D =0.37357712

0.00584059 N 0.00735473 0.01319532s  0.37357712

Y(S)= +
) S+1 S+50 s*+1007°  s*+10077

y(t) =0.00584059% " +0.00735473e > —0.01319532 cos(102t) + 0.01189133sin(107t)
=0.0058405% " +0.00735473e " + 0.01776289 sin(102t — 48°)
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(gp) apmiuben (Bap) aseyd
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Gain-crossover frequency

For any system, there may exist one or more frequencies at which the gain of
the system is unity (1). Such a frequency is called the gain-crossover frequency.
We'll use the symbol @, to represent it i.e.,

G(jm,)|=1
Example: Find the gain-crossover frequency @,_, of G(S) = 10
ple: 8 . Y Peq s> +3s+9
Solution:
. 10 10 10
Glioy)|= (jo. )V +3jo. +9| [9—a? + j3a.| ) =1
cg cg cg cg \/ (9—a)cg)2 +(30)Cg)2

— \/(9—a)jg)2+(3a)cg)2=10 = (9-a2 ) +Bam, ) =100

= (@) -9 -19=0 = , =10.765 = @, =3.281rad

cg
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Key Concepts Learnt

O

Frequency response is defined for linear systems only

If input to a stable linear system is sinusoidal of frequency @, then its
output in the steady-state is also sinusoidal of frequency
" |nput an output may differ in amplitude and phase

Gain of the linear system is the ratio between the output (steady-state)
amplitude and the input amplitude
= Gain varies with frequency

Phase defines the delay between the input sinusoid and the output
sinusoid
=  Phase varies with frequency

If a system’s transfer function is G(S), then its gain and phase at @, are
M(@)=|G(ja), #m)=-G(jm)

For a transfer function G(S), the crossover frequencies are defined as

G(jay)|=1, £G(jm,)=+180°
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Bode plot

The plots of the magnitude and phase responses of a transfer function are called the Bode
plot. The easiest way to draw Bode plot is to use MATLAB (i.e., bode function). However, there
are some tricks that can help us to sketch Bode plots (approximation) without computing
detailed values. To do this, we need to introduce a scale called dB (decibel). Given a positive

scalar g, its decibel is defined as 20 -log,, (a). For example,

a=1 = 20-log,(a)=0 = a=0dB
a=10 = 20-lbg,,(a)=20 = a=20dB
a=100 = 20-log,(a)=40 = a=40dB

a=a-f = 20-log,(a-f)=20-log,(x)+20-log,(f) = a=amdB+FindB

a:% = 20-10g10(%):20-10g10(a)—20-10g10(ﬂ) — a=aindB-BindB

In the dB scale, the product of two scalars becomes an addition and the division of two

scalars becomes a subtraction.

EE3331C PART 2 ~ PAGE 38 BEN M. CHEN, NUS ECE



Bode plot — an integrator

We start with finding the Bode plot asymptotes for a simple system characterized by

G(s):l = G(ja)):L \G(ja))\ze(ja))ziz—%"

S jo - ‘a)‘

Examining the amplitude in dB scale, i.e.,

: 1
20- loglo‘G( ja))‘ =20-log,, m =-20- loglo‘a)‘ dB

it is simple to see that

w=1 = 20-log,|G(j1)|=-20-log,1=0dB
w=10 = 20-log,|G(j10)]=-20-log,,10 =-20dB

w=0,=100, = 20-log,|G(jw,)|=-20-log,, @, =-20-log,, 100,
= -20-log,,10-20-log,, », = -20 —20-log,, o, dB

Thus, the above expressions clearly indicate that the magnitude is reduced by — 20 dB
when the frequency is increased by 10 times. It is equivalent to say that the magnitude is

rolling off 20 dB per decade.
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The phase response of an integrator is — 90 degrees, a constant. The Bode plot of an
integrator is given by

Bode Diagram

20 ””” o r1T T rTITnro T o [ R B e T S N R R B .
| | | | \\\\i | 3 | | \\\\i | | 3 3 33333 : : rolllng Off 20
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Bode plot — an differentiator

The Bode plot of G(s) = s can be done similarly...

Bode Diagram

g rolling up 20
) I~
E ;== dBper
c
g
= decade
i | - |
90.5 |- - Ao hopil i N S S O A SO .
5 R | : : constant
3 i i 1 RERE
g : | } ~ | phase
® I | I I
£ R R R
89.5 S S S S B SR A response
g9l BRI N R NI R RN R R R R I
-1 0 1 2 3
10 10 10 10 10

Frequency (rad/sec)
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Bode plot — a general first order system

The Bode plot of a first order system characterized by a simple pole, i.e.,

@,

)= S+ o, N 1+1%)1 = G- 1+ j(lwa)lj ) \/1+(1wa)1j2 A_tan_l(%lj

Let us examine the following situations.

1

()

w<<w = G(jo)= ! zé—tan_l(%ljzléy
(%)
1
! z—tan-l(y jzﬁ4—90°
\/”(7 )
a)l

These give us the approximation (asymptotes) of the Bode curves...

w=0, = G(jo)=

/- tan_l(% j =0.707 £ —45° (0.707 = -3 dB)
1

o>0 = G6(jw)=
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Bode plot —a general first order unstable system

The Bode plot of a first order system characterized by a simple pole, i.e.,

® -1 . -1 1 o
G(s)=———= = G(jw)= _ = =/ —180°+ tan (%J

Let us examine the following situations.

1

()

w=0, = G(jo)=

_/ tan_l(% ) =0.707£ 135" (0.707 = -3 dB)
1

w<<o, = G(jo)= : 24—1800+tan‘1(%ljz14—180°
(%)
1
- 1 -1 a)l o
w>0 = G6(jo)= Z—180°+tan | @ ~—/-90
1 2 @, 0]

(2%,

These give us the approximation (asymptotes) of the Bode curves...
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Bode plot — a simple zero factor

The Bode plot of G(s)=1+ %) can be done similarly...
1
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Bode plot — putting all together

Assume a given system has only simple poles and zeros, i.e.,

b,s" +b, " +--+bs+b, b (s+z)(s+2,)

G(s) = —
(8)= s"+a, s" Ly. -+a,S+a, (S+p,)--(s+p,)
or S S
GS—bm(s"'zl)"'(s"'zm)_k(1+ﬁl) (1+Am1)

&= s o)+, _sqa+%l)---<l+% )

In the dB scale, we have

jo
1+ A

G(jw)|dB = |k|indB+ indB+---+ in dB —|e|in dB xq - indB—---— in dB

1]7
7/

14 1o
+An1

jo
1+ %m]

Similarly,

/G(jow) = 4k+4(1+1/j+ +4(1+J/j 90" xq— 4(“]/) (HJ pnlj

Thus, the Bode plot of a complex system can be broken down to the additions and

subtractions of some simple systems...
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National University

of Singapore

The actual Bode plot

Bode Diagram
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Bode plot of a typical 2nd order system with complex poles

So far, we haven’t touched the case when the system has complex poles. Consider

@’ @’ 1

sz+2§a;ns+co§:(5+§w“)2+nw”2(1_§2):Hzg(y )+(7 jz
@, @,

When C < 1, it has two complex conjugated poles at

G(s)=

+ Im(s)
6= sin" !¢
C is called the damping ratio of the system
o, is called the natural frequency
wﬂ

| ¥ % . .

| \/ Re(s) This 2nd order prototype is the

I . :

oc=Co, k—o— 0y =@, +/1— gz most important system for classical

|

| control.

e ]
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Examining

. 1 1
G(jow)= : = .
w02, Jo (12, ) (9] | 2e(2%,)
we have
_ 1 0 dB in magnitude and
O<<w, = G(ja))—{ 3 —>1=1£0" 4= 0 degree phase at low
1_(7 j }r jzg(% ) frequencies
a)n a)n

w>>0 = G(jo)= 1 “)w = / Z—180°
TN

_ 1 1 1 per decade at
r G(jw)= ) high

— J {1_(% )2}‘ 125(% ): 26 ) 244_90 frequencies
O = o, : )

~ |G (ja))‘ in dB =201log,, (ij =20log,, (%) +201log,, (%] =—6 dB-20log,, ¢
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Bode plot of the 2nd order prototype

40 |:|-1|||‘ T T TTTT] T T TTTTT T TTTT

If £ <0.707, then the

30} | ]
| £ =005 —— peak (resonant)

20| | . Y / frequency is given by
10— N /

-
= , —0.3 _ . 2
3 o | o ) ®, =w,\1-24
[y I
1o L2007 - The peak magnitude is
20— H - 1
-~ 30} — M, = 2
\ 284\1-C
— 40 Lol 13111 I P ENEY | 11 I L1111
0.01 0.1 1.0 10 00

rolling off 40

3 !
& ] dB per
decade
L L LI R e
0.01 0.1 1.0 10 100
= wlw
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30

Magnitude (dB)

-40

W, M M

r n

lrad’s 20dB 20dB

0.99rad/s 14.1dB 14dB

0.96rad/s 83dB 8dB

091rad/s 53dB 4.5dB

0.82rad/s 3.6dB 2.0dB

0.71rad/s 3dB 0.02dB

10
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Resonant frequency o, is
considerably lower than natural

frequency o, when £ > 0.2.
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Modeling and System Identification
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Modeling from the Bode Plot

Motivation

Frequency response data can be generated by performing experiments. It
is @ common practice to find a transfer function model of the dynamic
system from the experimentally obtained frequency response. In this unit,

we learn how to estimate a transfer function model from the Bode plot.

Learning Objectives

Ability to estimate the transfer function model of a system from its Bode plot
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Features of Bode (Magnitude) Plot

a)

Low frequency gradient: (gradient),,, ., = Nx(-20) dB/decade

N: Number of integrators in G(s)
negative value of N implies differentiator

O By measuring the low-frequency gradient of Bode (magnitude) plot, we
can determine the value of N

20

hagnitude (dE)

10 F---

16 Lo____v__r__ _:_l T

1 1 L I T I I Iy | 1 1 [ N |
i D e A D e B B B T~ TT-ra"rrrj
1 [ I I R O I | 1 I T B B |

Fhase [deg)
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b) High frequency gradient: (gradient),, ., =nx(-20)+mx(+20) dB/decade
= (n—m)x(—20) dB/decade

n: Number of poles in G(s)
m: Number of zeros in G(s)

By measuring the high frequency gradient of Bode (magnitude) plot, we can
determine the value of (n-m) = Pole Excess

(n-m) =7 (n-m) =7

//

1 1 LI N T I B | 1 1 [ N
e T~ -~ TT-ra~rrrj
1 [ I N I N B | 1 [ I R B I B 40

Sy s\

[ 1\

Maenitude (dED
=
|

Magnitude (dB)

T l'

]|
-135 A — \..-"'f 4

102 100 10t 10 10°
Frequency (Hz)

Phase (deg)
L
o

Fhazse (deg)

paws 5Y
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c) At the corner frequency of a zero, the slope is changed by +20 dB/decade

d) At the corner frequency of a pole, the slope is changed by -20 dB/decade

O Change in the gradient is an indicator of the presence of corner
frequency or natural frequency

O Bending upward indicates presence of zero

O Bending downward means pole

20 ; 60
1 HH
g of T G Rttt N B ESs it M- Bl B Sy Smms\|
= \ a = H“--...__ N =" B
a 1 [} 20 ™ g =]
=l R AR B R R R R LR EEEEE E e Ry i ﬁ | T
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Phase of System with RHS Pole/ Zero

Two 1t-order factors shown below have identical magnitude plots but
different phase plots

s=jw W
a

(s+a) = (jo+a) = +a’+o’ZLtan™

2

s=jw
(s-a) = (jo-a) = \/a2+w24(1800—tan_1a

A transfer function with RHS zeros is called non-minimum phase system

O Two transfer functions can

Py i rida (0

have identical magnitude plots

__ ' ' (s—1) though their phase plots are
different

e s (s
—_
w
+
—_
NI

EE3331C PART 2 ~ PAGE 60 BEN M. CHEN, NUS ECE



Phase of System with Delay

Two functions may have identical magnitude plots but different phase
plots if transmission delays are different

S=jw

(s+a) = (jo+a) = a’ + o /tan' L
a

S=jw

s+ae™ — (jo+ae’™ = Ja'+o’ L[tan

o) 180°J
——ot, x
d T

Magnitude plot alone is not enough for identification of model
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Exercise 2-2: Find the transfer function model from the Bode plot given

50

Rolling off 40 dB

per decade

LN
.....
LN

Rolling off 20 dB

O I ..'h..\..\ | :::
SH . g o R per decade
5O 20 dB | ,
TR ‘ 10
100 80rad/s I il TN G(S) = ?
150 SR N R R R R 1
1 0 1 2 3 4 —_
10 10 10 10 10 10 S
1+
80
-50 i : e Sl
-100 = - 1
AR ‘ | —owt,; =-10000t,
D150 bbb ST 3
N | —300°+180°
2200 - beebeb b - R = Vs
o i 3 180
—250 77777777777777777777777777 : : \\\\\\\\\\\\\\\\\\ :‘1"‘?7777777'? T FTTTTE T T T T =~ T“FT
-300 | — | t, =0.00021 s
107 10° 10"
=0.21 ms
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Steady State Responses

EE3331C PART 2 ~ PAGE 64 BEN M. CHEN, NUS ECE



Understanding Design Specifications (Steady-State Error)

Motivation

Putting a controller in cascade with the plant effectively modifies the properties
of the loop transfer function and hence its frequency response. What
modification is desirable and what is not? It is important to know the properties

of the loop transfer function that would give the desired performance.

Learning Objectives

1) Ability to determine the target properties of the loop transfer function,

given the desired specifications on steady-state error

2) Ability to design the feedback loop so that it meets the steady-state error

specifications (only)
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Design of feedback: start with the simplest feedback loop possible

A 4

dl n|,
) +
+@ e " u (t) +:@—> G,(5) -+ ey

O Only one parameter (K) to choose
O Needs
O Minimum number of components (in analog implementation) or

O Minimum computational delay (in digital implementation)
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=N US

National University
of Singapore

A simple control system: Toilet water tank...

LEVEL

FLOW RATE
TO RAISE ADJUSTMENT
e
LEVEL
\+ ov$ngtéow ROD
TO LOWER X
WATER ///

— TRIP
i LEVER

OVERFLOW ﬂ
TUBE :

WATER
CONTROL
ASSEMBLY

WATER LINE
LEVEL

WATER INLETY

ASSEMBLY

FLUSH VALVE

andvman
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Can we meet the design requirements with the simplest solution?

How do we specify the design requirements?

1. Tracking Performance: How closely does the output follow the reference?

If the desired speed of a motor is 100 RPM, does it spin at 100 RPM or

99.5 RPM?

During transient, the output is still changing towards the final steady-state

value. Tracking performance is defined by the difference between output and

reference in the steady-state.

ess =r- Yes

Reference is a step function A r(t)

/-—.-\

Steady State Error

N\
N—
/ y(t)

S
)

lime(t) =lim[r(t) - y(t)
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How do we specify the design requirements?
2. Transient Performance:
How fast does the output reaches the steady-state?

What is the nature of the transient response? Does the response reach

steady-state exponentially? Does it oscillate?

A
Mlm _____________ T
Overshoot €5,
1.0+ & L l
] Srr——— — e ——— g ———— —
0.9 F———7 / =~ : v |
¥(0) 1.0-'6 /i ! |
1 I I
1 | I
11 1 I
I 1 I
11 | I
I | I
1 1 I
I | I
0.1 —— I | I
0 ! L1 . _1_ » Time
L _J TP T,
Tr. Peak Settling
time time
l— T

Rise time

In this unit, we consider only the tracking performance. We’ll also consider
stability issue. Transient specifications are discussed later.
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The output signal may or may not follow the reference in a feedback control
system. If the output is not following the reference, there is an error.

How do we find the steady-state error?

A 4

d
r 1+ ! N
e t
) K U0 G G0 |52 )— v

e(t) =r(t) - y(t)

According to the Final Value Theorem, for any signal X(t), x(t), ., = lingX(S)
S
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Final Value Theorem (lllustrations)

X(t)
A X(Dy 500
X(s)= é
S
_ t
X()
A x(t)=All—e ™)
X(Dss00 A A
X(5)= -
s+a
1
t
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limsX(s) = hmsé

s—0 s—>0 g
=A
= X(t)t—>oo

X(t),,, =All—e )

11mSX (s)= hmsé — hmsi

s—0 S s—0 S+a
=A
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How do we find the steady-state error?

‘|, 0l
T () ok MY )Y 6,00 (3 )y

L(s) = KG,(s) is called open loop transfer function

= E=R-Y
=R-G,D-GU-N
=R-G,D-G,KE-N

U=KE
Y =G,(D+U)+N

= (1+H,KE=R-G,D-N
— E(s)=— R(s)- G5(8) D(s)— N(s) .
1+KG,(s) 1+KG,(s) 1+KG,(s) e(D)..,,, = limsE(s)
R~ p)-—L_Ns)

1+ L(S) 1+ L(S) 1+ L(S)
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How do we find the steady-state error?

dl n
:\2-/ » K +:@—> Gp(S) —| —— y

It is easily concluded from the previous slide that, the steady-state error depends on

a) the Open Loop Transfer Function L(s) and b) the type of reference signal

e(t), ., =lims- -
O =S 1 L(s)

R(S)

If r(t) is a step function, r(t)=At’, = R(s) :é
S

e(t),, =lim A = ‘,;--A _________________ » limL(s)=k,
=0 [+ L(S) lf.lmol L(S):--m 0

i"
.
.
---------

(Position Error Constant)
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e(t =1ims- -R(s
(O = lims- 7 =-R(O)
. . | A
If r(t) is a ramp function, r(t)=At, = R(s)=—
S
. 1 A
e(t),,. =lims —
s=>0 14 L(S) S = hn(’)lSL(S) _ kv
. A =
B %l_I)I()lS+8L(S) (Velocity Error Constant)
A
[imsL(8)
820
. . . ) 2A
If r(t) is a parabolic function, r(t)=At", = R(s)= =
S
. 1 2A
e(t),, ., =lims 3
s=0 ]+ L(S) S v lln(}Sz L(S) _ ka
=lim 2A :
50 5% 1 52 L(s) (Acceleration Error Constant)
__2A
'lm(")lszL(.S')

"
. o
......

-------------
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Exercise 3-1: Find the steady-state error for ramp-input in the following system

d
l+ "+
r ¢ u (o L -
+
ﬁ@ 10 '@_' sQ2s+ )| Y

10
H®)= S(2s+1)

limsL(s) =1ims 10
s—0 50 3(23_|_1)

e(t),,, =—=—=0.1
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y

n +
r . e < u(t) 10 +
. C i | s2+3s+10 T

10K
L(S) =
®) $*+3s5+10
. . 10K
kpZISE?L(S)leglgser%HO:K
e(t)t%:1 lk <01 = K:kp>1;(}1:9
+ .

P
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Exercise 3-3: Find the closed loop poles of the simple proportional control
feedback system from the previous slide.

O What is the damping coefficient?

O Sketch the step response of this feedback system?
O Is this a good design?

E(s)= 1 R(S)=R(s)-Y(s) = Y(s)=|1- 1 R(s) = RG,() R(s)
1+KG,(s) 1+KG,(s) 1+KG,(s)
90
Yo KG(G) 2435410 - 90 90
R(s) 1+KG,(s) ;, 90 $*+3s+100 S +2x0.15x10s+10°

s +3s5+10

Step Response
15 T T T

The closed loop poles

of the control

feedback system are =015 @« =10

Amplitude

s, =—1.5% j9.9 |

L L L L
0 0.5 1 2.5 3 35
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Steady-state error for different input signals:

Steady-state A A A A 2A 2A
error 1+limL(s) 1+k

s—0

, limsi(s) K, lims?L(s) Tk

If zero-error is desired for step-input, kID must be infinity which requires the

loop transfer function L(s) to have at least one integrator
L(S) =iN P(s), N2>1 P(s) has no integrator in it
S

Number of integrators present in the loop transfer function is called System

Type. A Type 0 has no integrator, Type 1 has one integrator, and so on

To achieve zero steady-state error,

O Step input: the loop transfer function L(s) must be Type 1 or higher
O Ramp input: L(s) must be Type 2 or higher
O Parabolic input: L(s) must be Type 3 or higher
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Going back to the slide where we said, “start with the simplest feedback loop
possible”, such design may not satisfy many other design specifications. We

may even end up with an unstable system.

A 4

d 1+ n .
,
+I\Z‘> e K u(t) +:@_' G,(5) _ Y

So, we need to answer two more questions:

O How to test stability of the closed loop system?
O How to predict the transient response of the closed loop?
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Stability Margins
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A given system is stable if the system does not have poles on the right-half plane (RHP). It is

unstable if it has at least one pole on the RHP. In particular,

marginally

4 Im(s)

stable

stable

REE unstable

Re(s)

The above diagram also shows the relationship the locations of poles and natural responses.
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Motivation

O

O O

While designing a feedback system, we start with a known model of plant
and then add a controller such that target specifications (for example,
steady-state error specification) are met.
We didn’t consider the stability issue in earlier.
How to test stability?
= We can derive the closed loop transfer function and find its poles to
test stability.
= But it is more convenient if we can assess closed loop stability from
the open loop transfer function.
We also need to determine the range of stable operation as model
parameters are not accurate for any practical system.

Learning Objectives

O

O
O

Ability to assess the closed loop stability from the knowledge of the open
loop transfer function L(s)

Ability to find the gain margin and phase margin of a given L(s)

Ability to explain the significance of the stability margins
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Recap:

O Gain-crossover frequency (@,,) — frequency at which gain is 1 or unity (0 dB)
O Phase-crossover frequency (a,,) — frequency at which phase is +180°

0 If w,and o, are the same frequency for a loop transfer function L(s) then
the resulting closed loop has poles on the imaginary axis

=  Closed loop will be marginally stable if no closed loop pole lies in the

right hand side of the complex s-plane

Recall the transfer function of the closed-loop system is given by

Y() . KG(5) _ L(s)
R(S) 1+KG,(s) 1+L(s)

The closed-loop poles can be found by solving
1+L(s)=0 = L(5)=—1=12L+18(°
If we have an o such that such that L(jw) =1 £ £180°, which implies jo is a pole.
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Exercise 4-1: Find the crossover frequencies of the system of Exercise 3-2

A 4
\ 4

) u(t) 10 +
+(x € _ >
NS K=10 s +3s+10 )1
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Bode plot of L(s) for different values of K

o

10K ®n What is the effect of
varying K on o_,”?

L(s)=

s? +35+10

)
)
=
D T T T T T '!
L s I e T P O A B IS SR SO R |
T e ? A O R ]
L mB0 e N t@ Wha‘[..l.s._thg.r.elatlon...._
D o) b e e L T " 1,i bétween"K'and"(o'é"‘?'""
= ; ; Y
2 N0 laraesserrram e RS T A LS s T R B |
© —~120 ....................................
L s e e R R |
ENE larasassorrram e as] R e e e
-180 - —
101 10° 10! 102
w
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M (dB)

¢ (deg)

40
20

-20 _”_””“_”nnu_””“_“”éu_é””_uénu_ e e
—40 ___”””“””“__”_”_uq___é””
B0 b NN
~100
10

=50

A Ls)= 15

S(s” +65+5)

For this case:

a%g ¢:a%p

10°

=100

-150

=200

=250

-300

10

The resulting
closed loop will
not have poles on
the jw-axis.

-1

10°

101! 102

w

In this example, gain can be increased before @, and w,, become equal

Gain Margin (GM): Variation in gain that can be allowed before the condition

for marginal stability is met
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15

L(s) =
(s> + 65 +5)
40 ! !
20 : : :
0
m —20 GM :O_MdB(a)cp)
= -40 =-20log|L(je,,)

-60
—-80

-100
10°

Next slide shows numerical example of computing gain margin
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M (dB)

¢ (deg)

40
20

-20 _”_””“_”nnu_””“_“”éu_é””_uénu_ e e

—40 ___”””“””“__”_”_uq___;””

B0 b NN

~100
10

=50

10°

=100

-150

=200

=250

-300

101

10°

101!

w

102

L(s) =

15

S(s* + 65 +5)

In this example, @, & @, can become equal due to delay (negative phase).

Phase Margin (PM): Variation in phase that can be allowed before the condition

for marginal stability is met
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15

L(s) =

(s> +65+5)

o) ki ]
s : |
GM expressed in dB
~100 i

10 100 101 102

PM = ZL(jw,)—(~180°)

|
MJ
L]
o
T

|
MJ
un
o
T
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frequency
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The stability margins (GM and PM) can be used as indicators of closed loop
stability

For most practical systems (second order or higher), increasing loop gain makes

the system more oscillatory and eventually may lead to instability.

We use this assumption to find a relation between GM/PM and closed loop
stability.

KG(jo), _ _
A For L(jo)=K G(jw)

a)cg = a)cp

Closed loop will have poles on the

jm-axis
A Based on the assumption made
o= : P 0}
| above,
-gpo

1800 b KiG(jw)  Unstable CL
2700 KZG( ja)) Stable CL
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PM = /L(ja,,)—(~180°)

ry
A
0OdB ! -0 0 dB P13
A -
4 : 0° — > o
0o =
: -90°

-90° B
: SO rrmmmremrmeam s ———— :
BT 1 S

210 PM >0 s

-270°

PM >0 PM <0
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K
(s> +65+5)

L(s)

Closed-loop Poles

K=10

—0.29+/1.33

’

—5.42;

30
—6;0+/2.24

K=100
—7.22;0.61%)3.67

Unstable!

Bode Diagram

(gp) spnuuben

(6ap) sseud

Frequency (rad/sec)
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GM =0-|L(jo,)|  =-20logL(jm,)

dB dB

0dB »- G 0dB

Qe P 00

0o > o
H H _900

e [y
CBOE Frereresersssasna st '

B T 1 o R '
-270°

-270°

GM >0 GM<0
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Nyquist Plot

Instead of separating into magnitude and phase diagrams as in Bode plots, Nyquist plot

maps the open-loop transfer function L(s) directly onto a complex plane, e.g.,

LS

Irmag Axis

Harry Nyquist
1889-1976

15
D5 /] 0.5
Resl fds
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Gain and phase margins

The gain margin and phase margin can also be found from the Nyquist plot by zooming in

the region in the neighbourhood of the origin.

I Remark: Gain margin is the maximum
ST additional gain you can apply to the closed-
+$* loop system such that it will still remain
N stable. Similarly, phase margin is the

maximum phase you can tolerate to the

closed-loop system such that it will still

- remain stable.
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Summary

K<K,_ K=K, K>K,
Deg= Ocp ®eg = Ocp Weg = D
GM > 0 GM =0 GM <0
(o) < 1 Lo =1 Lo > 1
PM > 0 PM =0 PM < 0
ZL(jo.) > ~180° ZL(jo.) = -180° ZL(jo.)| < -180°

O These conditions are based on the assumption that increasing gain

makes a marginally stable system unstable and decreasing gain makes
it stable

O This assumption holds for most practical systems

O However, there are cases when it is violated
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Motivation

If we know how the frequency domain properties of the open loop transfer
function L(s) are related to the transient response of the closed loop, we can
modify the loop by adding controller in a way to meet the transient

specifications.

Learning Objectives

Ability to determine the target properties of the loop transfer function, given

the desired specifications on transient response
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We have learnt how to modify the loop transfer function to meet specifications
on steady-state error with polynomial input signal.

Taking the process output from one level to another is not the only need.
How it reaches the final level is just as important.

Transient profile is used to define the trajectory of the output in transition.

Transient specifications are typically described in terms of step response.

ol

Initial slope = —
1.0 T

0.9

0.8 ¥ . .

07 / If the closed loop is dominant 15*-order,
0.6 63% of final value then its transient response is

0.5 at f = one time constant
o characterized by the time constant.

0.3
0.2
0.1

——— " —— g
T,
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If the closed loop transfer function is dominant 2"%-order, then its transient is
characterized by the rise time, the settling time and the overshoot.

In this note, closed loop represented by dominant 2"%-order transfer function (two
complex poles) is considered for quantifying the frequency-domain specifications.

Kar
GCL(S) = 2 2
S +24a,s +
y(1)
A
Mpr _____________ I
Overshoot Css
10+ 6 L o l Step
______________________________ i . [
(1)2 _____ I/ | v | response
(1) ' 1.0 -4 : i i i f
N | | OT a
I [ \
i i | i typical
I | \
[ | } 2nd order
0.1 - I I \
0 = Lt - ; = Time system
L— y —J chk Sclllsing
I time time
— T,
Rise time
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Unit step response for the 2nd order prototype

This is very important for the 2nd part of this course in designing a meaningful control system.

We consider the 2nd order prototype

2 2
H(S)=— ~n 2 = 20)n 2 2
S“+20ws+w;, (S+lw,) +w,(1-47)
+ Im(s)
6=sin"!¢ C is the damping ratio of the system
o, is the natural frequency
\w

1!

. It can be shown that its unit step response is

I A '
| \/ Re(s) given as

I yt)=1-e" [cos a)dt+£sin a)dtj

Wy
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Unit step response for the 2nd order prototype (cont.)

Graphically,

vy 1.0

s )
0.6 0.8

0.9
0.4 \ 1.0

£ =|0
0.1
0.2
0.3
0.4

(.5

U,_ﬁ

0

2
=

6

w,.[

It can be observed that the smaller damping ratio yields larger overshoot.
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Unit step response for the 2nd order prototype (cont.)

|
The typical step response can be depicted as . 100
i 90
L w
i 70
+10r2% | |
l | . 60
e e T | 5 50 |
—————————————————— | -
f i 40
i
i 30
i 2
i: : %.0 0.2 0.4 06 08 1.0
|
i
!

overshoot M )= e"f?/\/l‘42

/
risetime t = 1.8 D
a)n
o .
y(t)=1-e""| cosw,t + —sin w,t 0 S (240
d o, d < 1% settling time ‘o [ allin sec
4
2% settling time t, =——
ca,
- . T _J
peak time t, =
@ 1_52
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A loop transfer function with two poles gives a closed loop transfer function
of this type

2

a
G, (s)=K 4
() Sz+2§@5+wf
+ Y(S)
— K L(s) >
R(S) _
L(s)
G, (s)=K
(=K1, L(s)
2
L(s)=—h L(s)=—
s(s+24m,) (s+a)(s+b)
o 1
= n G S)= K
Cau(8) =K 2+ 2@ S+ @ a(5) s’ +(a+b)s+ab+1
Examples
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Let’s find the gain-crossover frequency and the phase margin of the loop

transfer function ,

L(s)=——1
S(s+24w,)
L w; L(jo)=—— 1 _ 1
0= oG+ 22a,) ’ Jw£1w+2é“wnj ,—ij%ng
a)n a)n n n
v="2 = L(jv) = !
"o 0 oo+ 22)

L(jo)|=——
VAU +4¢7

Gain-crossover frequency can be obtained by solving

: =1

L(iv) = _
L= e
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1
Ugq \/Uczg +4¢7

=1 = ucg\/ufg +4¢7 =1

= vy +4C70, —1=0 = vy =-207 4" +1

= ucg:\/—2g“2+1/4§4+1
ch:a)cg a)cg:a)n\/—2g”2+w/4§4+1

Conclusion:

Higher the gain-crossover frequency of the loop transfer function, higher is the

natural frequency (@,) of the dominant 2"-order CL poles = shorter rise time

This can be used as a design guideline
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L(jo) =~ 0= /L(jo)=-90°—tan" =
v I0) 24/

ZL(ju,,) =—90° — tan™ =2
2¢

PM =180°+ ZL(ju,,)

v
=90°—tan~' —
2

2¢

—tan | ==

ch

A 4

2
L PM =tan™ ¢

: e i

Conclusion:

PM is related to the damping factor of the dominant closed loop pole
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2 2
(0
L(s) = . |
(5) S(s+24w,) 1.0
~ 0.8 |
g
o0 |
PM = tan™ 26 E s
\/_ 5 gz N m A 0.2 [t .
() | i »

—

0% 10° 20° 30° 40° 50° 60° 70° 80°
Phase margin

The relation between PM and the damping factor of the closed loop poles can

be approximated by the following for PM < 60°

PM

- (This is commonly used as the design formula)
100

¢ =
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This example shows that if we try to meet the time-domain specifications, the”

9

L/ National Unives
Tob,

’}:"Z\ of Singapore

frequency domain parameters (®., and PM) are also fixed...

+1or 2%

overshoot M )= e‘”?/\/l‘?2

1.8

risetime t ~x—
a)n

~

r

2% settling time t,=——

peak time t, =
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\

Frequency-domain parameters

Time-
domain
specs

W, za)n\/—2§2 +4J4Ct +1

PM =tan™ 26

J-20 a1
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Lead and Lag Compensators
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Motivation

O Feedback design is usually carried out in stages starting with the attempt
to meet the steady-state error which can be done by adjusting DC-gain
(gain-adjustment phase). However, it doesn’t take into consideration the

transient response or stability.

O A compensator is a circuit/system that compensates for the discrepancy
remaining after the gain-adjustment stage.

Learning Objectives

1) Ability to explain the role of compensator in a feedback system

2) Ability to explain the effects of 1st-order compensator on the frequency

response of the loop transfer function

3) Ability to recognize the difference between two types of 1st-order

compensator
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Recap:

The steady state error with polynomial signals depends on different error

constants
For step input For ramp input For parabolic input
1 1 1
ess: > eSS:—, ess:_9
1+kp kv ka
_1: 12 12 2
k, = ££101L(s) k, = 131315L(5) k, = 151335 L(S)

O These error constants are limiting values of certain transfer function as
s—0

In frequency domain, they represent the DC gain of the corresponding
transfer function

k, =limL(s) =k, =limL(jo)
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Recap:

Parameters that characterize the transient response (for example, C and w,)
are related to the gain-crossover frequency (@) and phase-margin (PM) of
the loop transfer function.

Wy, :a)n\/—2§2 +4/4C +1

2
> cjgm PM<60°

J-207 4 a1 100°

Phase margin is an indicator of stability and stability margin.

PM = tan™

Design in stages:
O Gain adjustment to meet the steady-state error specifications

Effect in frequencies around @, are not considered at this stage

O Design compensator to modify the loop around crossover frequency

@y and PM can also be changed by adjusting the gain but such
adjustment affects the DC-gain as well and result of gain-adjustment

stage is therefore undone.
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Exercise 3-2 revisited:

r
() e K u®y 10

>

+ s +35+10

Ym

A 4
\

_>y

Desired steady-state error is less the 10% for step input:

ess,step <0.1
1
<01, = k,>9
1+k,
osition error constant: P o052 135 +10

k >9 = K>9, let K=10

p

100
s +3s+10

L(s)=
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Bode Plot of L(s) of this example:

20 e
S :

IL(jw)| (dB)

-~
=
go

o %

NS
:(Bn:

¢ (deg)
1,
o
o

~180 ' —

10 10° 101 102

¥ Can you find PM numerically?

f@ What kind of transient response will the closed loop give?
%~ What is the GM for this case?
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What can be done to achieve higher PM?

30
20
o3| DT PRNETTIRRTIONI SUVCI ) A . ... T N T ey
-10
=20
=30
-40
=50
-60

IL(jw)| (dB)

-20
-40
-60
N e e S S S

0 B 4 1 D e P D P e T P e P e e

IR, 7, ) e e s e DR
EO Lo vscs S
ERIO Lt S
—-180

o (deg)

o

7

EE3331C PART 2 ~ PAGE 117

10
0

PM~45°

:EKE%ZTHIHHHH

~iPM~20°

101

10°

10!

102

Use lower
value of K
so that @,
is shifted

to a lower
frequency

Change in
K has no

effect on

phase

f@% What will happen to steady-state error performance if lower value of K is used?
<
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|deally what we want?

30 —————— ————— —_——————
20 —————K=10 (meets steady-state specs)

10 - :
_lﬂ_”__m”_'ﬁequency\NNhout “énmnné__”..m”””““m”““”_

101 10° l@l 102
U 1 T T T T T T E :

IL(jw)| (dB)

- Increase the phase

t at this frequency

" without changing Soln#l
. the gain

¢ (deg)
1,
o
o

10 10° 101 102

w!
These solutions are not feasible by varying K.
Compensator gives a realizable approximation of these solutions by

modifying gain/phase in a selected range of frequency.
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Solution?

Add a compensator...

,
A @ [ G .
Cs)=—FL 120
als+1

O IfO<a<1,((s)is called alead compensator as it will add a positive phase

to the resulting open loop transfer function L(s).

0 Ifa>1,(C(s)is called a lag compensator as it will add a negative phase to

the resulting open loop transfer function L(s).
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=
o
i
=
5
]
g
5
E

of Singapore

Ions:

Sketch the Bode plot of the following two transfer funct

Compensators

S+1

(ap) spmiuben

S0.5+!
S+1

S+1

_2s+1

C,(8)

(gp) spnuube

| | | | | |

| | | | | | |

1 1 1 1 1 1 1
o Yo} o n o Tel o n

NI

(6ap) aseyd

(6ap) aseyd

Frequency (rad/sec)

Frequency (rad/sec)
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Transfer functions shown on the previous slide can be generalized in this form

Ts+1
als+1

C(s) = , 1>0, O<axl

Such a transfer function is a 1%t-order compensator.

O The value of T determines the corner frequency of the zero (let’s name it ®,)

O)Z :?
O The values of o and T determine the corner frequency of the pole (let’s
name it ®,) |
a)p :a—T

O The value of & determines whether ®,> ®, or ®,> ®,and also the separation

between these two frequencies

w, =aw,
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Two examples:

0 a<l 2s+1 2s+1
S+ S+
CI(S): =
s+1 0.5x2s+1
T =2, a)Z:%:O.S rad/s
. > o
1 P
a=05, o,= =1.0rad/s
0.5x2
o a>1
S+1 S+1
C S) = =
2(8) 5s+1 5xs+1
1
T =1, a)Z:I:I.O rad/s
w, > 0,

a=95 w6 = ! = 0.2 rad/s

5x1
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Compensator withO<a <1

Ts+1
als+1

C(s)= O<a<l

2
) dAD Sl

It adds positive phase (phase lead). Soit 4

m 1
is called Lead Compensator. .]/\ .

It can be used to improve phase margin by choosing @, of the compensator
at a frequency near gain-crossover frequency of the loop before
compensation. Positive phase of the lead compensator is the feature that
we want to use.

Soln#1 can be approximated by this!
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Soln#1: By a lead compensation...

30 ' o T T T ' o T T T

20 E
— ln_ . T L TR Primm B
o : B E’E- T
E _lﬂ i %2 PoREEREE b R pEAL i i
E =

-20 .”““””__”””““””__”;”““””_””“P

B0 N |
o _gg_”__””“““””_m””__”;”““””_,,”“_ i
© Sy . o Y RO |
_140_”__”””““””__”””““én__”””_.”Y,””_ i
C160 LS i

~180 ]
101 10°

Iliﬂl | - 102

Increase the phase at this frequency without changing much in the gain
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Compensator witha > 1

i C()p
0; .
Cs)=—L 4si
als+1
It adds negative phase (phase lag). So it is ”‘ P e

called Lag Compensator. ) \/

O Gain is negative dB and fairly constant for ® >> o,
O Phase is negligibly small for  >> o,.
O DCgainis O dB.

If we need to reduce the gain at some frequency o, without changing the
phase significantly and without affecting DC gain, we can use a lag

compensator such that o, << ,.

Soln#2 can be approximated by this!
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Soln#2: By a lag compensation...

20 e ]
_lﬂ :
=20} e
~30 _”““””__””“”Lﬁr“““Hffuuuw””““hpy_“75{”““””__“““““”.__””_

4?04 10° § 101 102
U L : L i i "é""l i i Toor T T
[ | SRS SHURIERRRIEVN SOOI SROSPRUR SR
YT ) IO .0

B0
—80L ..
~100bL. . .. S o e memas e mme s o smmee
—120bL ek NG HB ]
140 hﬁ“““ﬁw‘ \\\\\\\\ = T— DN - ié ....................................
B T 1 T O U S

~180 ]
101 10°

|
Magritide (dS)

IL(jw)| (dB)

3
| T T T T T T

| |
Hﬁé((bg)
b
B o
S !/
1

¢ (deg)

Iliﬂl | - 102

Reduce the gain at this frequency without changing DC gain
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Undesirable (but Unavoidable) Consequence:

Phase lead is the desirable effect. But the
| gain is also altered in frequencies greater
L , o, v than ,. Attention must be paid to this
when we design lead compensator.

1]

«, To achieve gain reduction without

ok r . -
| significant change in phase, @, must be
20 dB/decade | chosen much lower than the frequency at

@, which gain reduction is desired.

0f e - This affect low-frequency gain of the loop
& \/ though the DC-gain is unaffected.
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Issues to Consider while Designing a Lead Compensator

10—ttt gy gets shifted after
f T ¥ s 5 :::5;;: . R cqmpensation
5|:|_ ..... ..... ..... ..... .*

H B fdecade

Gain (dB)

50L ! ;ii;i;ii_ : i;ii;i;i_ A b O i E;i;;ii;i ;e Gain of lead
10 10 10 10 10 10 compensator

O ::5:555:5

e Tg e
Phase after
compensation

DO b s
140

FPhasze (deg)

-160

180+
10
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Issues to Consider while Designing a Lag Compensator

s Gain of lag
compensator

L
20 A8 fdecad]s
=

L RO T B T 5551 S O 05 5234

Bode plot of L(s)

o, shifted to lower
frequency after
compensation

L.

=

=
I

Sy

£ kD

(i S |
| ]

............................

AgBf i Desn.edPM

Phase after 180l ; ii;i;iii2 : .;;gi;;;i1 : ;.;;;;;|Ij ; ;;;;;;;i1 -
compensation 10 10 (i) 10 10 10

FPhase (deq)

d

i o

ng compensator

il

—_———gammEEEw
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How to design a lag compensator?

Example: Consider the 1st-order process

1

G.(s) =
o(8) 0.5s+1

Design a controller to meet the following specifications -

a) Zero steady-state error for step input
b) 5% error for ramp input

c) Phase margin of 45°

First use gain-adjustment so that specifications (a) and (b) are met.

A

()¢ as) —40 ) G >

+
<
A\ 4
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Loop transfer function that meets specs (a) and (b):

20
s(0.5s+1)

The subscript u is used to imply that the loop is uncompensated.

L(5)=+-6,(5) -

Does it meet the 3" specification of PM (related to transient response)?

20
jo (j0.5w+1)

L,(Jo)=

To find PM, we need to know the gain-crossover frequency. o =6.2rad/s

Phase at the gain-crossover frequency: 4L, (jo.)=-162°

Phase margin: —162°—(-180°)=18° Let’s use the symbol PM, for this.
PM, =18°
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Lag compensator can be used to reduce gain in a range of frequencies

60 : ——

40 F—— ~(2) Find how much gain reduction

isrequired at that frequency.

|L.(jw)] (dB)

101 10° ; 101 102

(1) Find the frequency where
~phase is -180°+target PM.

107! 10° 107 102

w

Caution: Lag compensator introduces a small phase lag. Choose target PM

slightly greater (5°) than the one given in the specifications. (50° and not 45°)
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Find the frequency at which phase of L is — 130°

: 20 o -1
L. (Jw)= (0501 D) @ =-90°—tan  (0.5w)
~90°—tan"'(0.50,) = —130°
ot of PPV sie tan”'(0.50,) = 40°
@, =1.7 rad/s
Find the uncompensated gain at this frequency |L, (jo,)|= 20
0,+/0.2507 +1

g s\lide 20

~9
1.74/0.25(1.7)* +1

rep2 o P L(i1.7)|=

We want to make the compensated gain at this frequency to be 1 (equivalent

to 0 dB).
P

. : : 1 1
CLDXL(jLT=1 = \c:(11.7)\:m=5

e?
\Where do\ 8% from M€t
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Ts+1 :
} C(s)=— Cjw)=
A dB jdecade
- a)z :_I_L . .
. ) C(j1.7)= -j1.7T +1
”\'i—/—‘ - J1.7aTl +1
| ' P
If we choose , of the compensator << 1.7 rad/s, @;ﬁ
1.7>> o, 1.7>>_|_l 1.7T >>1
Under this condition,
C(jl.7) = _11.7T+1 N J1.7T l 01
j1.7aT +1  jl.7aT o
Required reduction in gain at this frequency, l
: 1 1
C(j1.7)|= =— — > g=

LGL7| 9
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Ts+1 ~ C(jow)= JoT +1

C(s)=

als+1 joal +1
C(jl.7) = -j1.7T +1
J1.7aT +1
How to find the 2nd parameter T ?
1
1.7>> 0, =— 1.7T >>1
T
A factor of 10 is usually good enough,
17m=10 = T=216 = =2t _ 08+l
1.7 als+1  54s+1

Homework: Find gain and phase of C(s) at @ = 1.7 rad/s and verify if they satisfy the requirements,

i.e., gain equal to 1/9 and small negative phase.
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Procedure to design a lag compensator...

Vi.

Find the phase margin of the uncompensated system and compare it to the
design specs on phase margin (say, ¢,.,). To be safe, we usually choose a

value ¢,, > ¢,., to start with the design.

req

Find the frequency o, such that the uncompensated loop at which has a

phase response of —=180° + ¢,,..

Find the corresponding gain value (say, G,) of the uncompensated loop at o,.

1
Compute a=G,and T _10 :
O)X
. . Ts+1
The required lag compensator is given as C(s) = :
als+1

Verify your result. Repeat the above steps if necessary.
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How to design a lead compensator?

Example: Consider the same problem but repeat the design using lead

compensator
1

0.5s+1

G, (s)=

Specifications:
a) Zero steady-state error for step input
b) 5% error for ramp input

c) Phase margin of 45°

Gain-adjustment stage is same as in the previous example.

B 20
s(0.5s+1)

L(5)=--6,(5)

First two specifications are met but phase margin is only 18°. We now use a

lead compensator to improve phase margin to = 45°.
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Lead compensator can be used to increase phase lead
60 —— ————

40

20

0
—-20

|L.(jw)] (dB)

-1 I IIIII”ID 2
10 10 ¢h 10

-90 ; ———— | ———
—L100 f T ! e
—L10 S . ! : S

-120
—-130
-140
-150
-160
-170

~180 S - - E————
102 10° 102 102 \No“

¢ (deg)

o | o
=PM_,. —PM, =27 T

¢req,app spec

Try a compensator with o, = o, that gives ¢, = 27°. @\gx’\o(\'- ‘?’i
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parameters T and o?

Ts+1 joT +1
jaowTl +1

C(S)Zm = C(jo)=

. . : d
One way to find o, is to express ¢ as function of ® and solve d—¢ =0, where
()
¢ =tan"' @l —tan"' awl
Alternatively, ==
logw, +logw, 1 _ 1

—_ —_ — a)m
logw, = 5 =3 log(w,,) @, =, 0,0, TVa
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Find the relation between ¢ _, and compensator parameters

C(s) = Ts+1

als+1

EE3331C PART 2 ~ PAGE 142

¢ =tan"' ol —tan"' awl

¢ =tan”' @ T —tan™ aw T

(I-a)

) ——1 :>60T—L
" TVa " Ja
tan(A+ B) = tan A+tan B
1-tan Atan B
\‘tan(A—B): tan A—tan B
1+tan Atan B
sin¢m=_—a
1+«
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Let’s choose a compensator that gives ¢ =27° at ®,, = 6.2 rad/s

sin g, =i_—“ |
+CZ a)m =
TVa
sin27° = I—_a 6.2 = 1
ta T4/0.4
045-1"¢% o =04 T ~0.25
l+«
0.25s+1
C(s) = Lead Compensator
0.1s+1
20
L,(S)= Uncompensated open loop
s(0.5s+1)
L(s) = 20(0.255 +1) Compensated open loop

5(0.55+1)(0.1s + 1)
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Bode Diagram

Frequency (rad/sec): 6.22
Magnitude (dB): 3.91

- System: sys

Frequency (rad/sec): 6.22
Phase (deg): 25.4

System: sys

(gp) spnuuben

(B6ap) aseud

Frequency (rad/sec)
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= 38°

PM

ey = 8.3 rad/s

The new gain cross-
cg,

over frequency is

about
0)

Frequency (rad/sec): 8.32

Phase (deg): -142

Bode Diagram

(ap) spnuuben (Bap) aseyd
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60
40

20

© 0
-20
-40
~60

10

-90
—-100
-110
-120
-130
—-140
- -150

—-160

-170

—-180

o (deg)

10

'”“'?bQ%”¥5632féfVS'”uéénnnn"'“” o

o

Do we know

(s
"ﬂi | this?

10°

"'?gl

Phase of L
at Wgg new 1S
slightly more
negative
than phase

at @,

10°

101

We get the desired phase at the original ®,. However, the gain-crossover is

shifted to higher frequency as the lead compensator adds positive dB gain.
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Rule of Thumb: @, = eqapp T 0-1X Brean

=1. 1¢req,app

Grg = L.1(PM .. —PM )
=1.1x(45°—18°)
=~ 30°

We need a compensator that would add maximum phase

4, =30°
sin¢m=1_—a a=0.3
l+a

Then we choose @, in a way so that the compensated gain becomes 1 at

the frequency where compensator phase is maximum.

P Do we know any of

B ?
t‘.@ﬁ these two terms-

C(jo,)|x

Lu(Ja)m)‘ =1
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What is |C(jw,,)| of a compensator?

. joT +1 : Jo T +1
C = = C = m
(Jo) jawT +1 (Jo,) jao T +1
1 1 . I+l Ja+j
0, =— = ol=— C(jm,)=—"= =
T Ja PR R P
. Na+1 1
Clio,)|= —=
a+a” N«

As we have already chosen a, we know what |C(jw,)| is.

) 1 1
Chel=7== 73

. 1
Lu(ja)m)‘—m—\/ﬁ

C(jm, )|

L, (jo,)| =1

As the uncompensated transfer function L is known, we can find the frequency at

which this condition is met.
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L. (jo,)|=~03

Find o, by solving

. 20 . 20
L, (jo)=—— L, (jo) = .
jo(j0.50+1) oN0.250" +1
2
20 _J03 02 (02507 +1) =20 ~1333
0,1/0.2507 +1 0.3

o) +4w’ =5332
By solving this equation: > ~71 or -75

@ = V71 ~8.4radls

1
W =—— = T= ~0.217
" TVa 8.4x+/0.3
20 20(0.217s+1
C(s)=0'217s+1 L.(s)= L(s) = ( )
0.065s+1 s(0.5s+1) S(0.5s+1)(0.065s +1)
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Bode Diagram

0.217s+1
0.065s +1

C(s)

8L--—--
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6

(gp) spnyubepn
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Frequency (rad/s)
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Bode Diagram

A4 rad/s

over frequency is
about
=8

The new gain cross-
(ch,new

= 46°

PM

- ___
r- - - - - - - - - - - L
r- T [l il /2|
L 1
{ |
| |
- === =~ |
| |
- - - = = = — = — |
| |
| |
[ |
| |
| |
| |
| |
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—
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- - - 46
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! 3
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-

el e o

-50
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Frequency (rad/s)
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Procedure to design a lead compensator...

iv.

Vi.

Find the phase margin of the uncompensated system and compare it to the
design specs to obtain the necessary phase needed (say, d)req) to be added

to the loop. To be safe, we usually choose ¢, > ¢, to start with the design.

: 1- :
From sing_ = ~—%  wefind a.
1+«

We look for a frequency (»,,) that has an uncompensated gain of V/« .

1
Computer T = )
P p

Ts+1
als+1°

The required lead compensator is given as C(s) =

Verify your result. Repeat the above steps if necessary.
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Step Response of the Closed Loop
20

L.(S)= 05si 18 _ : : _ :
5(0.55+1) .5l Withoutcompensator = © ¢ |

Without compensator

20
0.58* +5+20

GCL (S) -

With lag compensator

6S+1 D : : : : : : 5 :

54S+1 |:|_,_1_-::: ...... ........ ........ ......... ........ ......... ........ .......
20(6s+1) 02 ..... ........ ........ ........ ........ ......... ....... _

275 +54.55% +1215 + 20 ) 740 S S S SN U VS S

Clag (5) =

GCL (S) -

With lead compensator
0.25+1 @3
0.06s+1

133(s+5)
s® +18.75% +166.4s + 665

Clead(s) -
Which one is with lead compensator?

Which one is with lag compensator?

GCL (s) =
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Example A.1: For the system given below

S
[\B
M

\ 4

u (t)

\ 4

C(s) G(s) >y

G(s) = K
 5(5+2)(s +1000)

1) Design a lead compensator C(s) and find K such that

PM > 45°
e, (ramp) <0.02

2) Obtain the step response of the uncompensated and compensated

systems.
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Solution: (1) Since the compensator we studied in this module has a unity
DC gain, i.e.,

limC(s) = lim—= " —

=1
s—0 s=0 IS +1

The velocity error constant is then given by

k_ =lims-C(s)-G(s)=1limC(s)-lim K K o K 2100000
550 550 >0 (S +2)(s+1000) 2000 0.02

. Find the phase margin of the uncompensated system and compare it to the

design specs to obtain the necessary phase needed (say, ¢..,) to be added

req)

to the loop. To be safe, we usually choose ¢, > ¢,., to start with the design.

req

From the Bode plot of the uncompensated open loop transfer function given on

the next page, we have

PM =180°—-169° =11° (at frequency around 10 rad/s)
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ii.  From sing,_ _172 wefind o
l+a

172 n39°20.63 = a=0227
l+ o

iii.  We look for a frequency (o,,) that has an uncompensated gain of ./ .

Ja =0227=-644dB = o_=14.6radls

: 1
iv. Computer T =
o o
T - L o
o Ja 1460227
iv. The required lead compensator is given as
Clsy= TS*L__ Oldds+l 01445+

CaTs+1 0227x0.144s+1 0.033s+1

iv. Verify your result. Repeat the above steps if necessary.
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Bode Diagram

0.144s+1
0.033s +1

C(s)

(ap) spnuuben (Hap) aseyd

Frequency (rad/s)

BEN M. CHEN, NUS ECE

~ PAGE 158

EE3331C PART 2



National University

of Singapore

Bode Diagram

14.3 rad/s

about

over frequency is

The new gain cross-
(ch,new

—_ 460

PM

| o
e e B el i S B e Eeeetiet el e H A
c_____1-_-_ -1 _-_-_--"“C-_----1--7/Z O (N
.- - - - - +r_- - - - -4 - _____c_____+r__/J /4 U_______l________\________l-_______ L
(j | I i
T T T 22 e Y R i
F—--=-= + === H4—-—-==-=-= H
(i I I I
F—-—=-= + === H4—-—-==-=-= H
(i I I I
(i I I I
0SS ] 1Y
F-----t-----d-ooooolcoooooE-oo /Aot oooood fooo-oo-dcoooooooltocooooooDoooooofF 7o
c_-_- - - _r-- - - - 1- - - - - J_-_____°c-_J_,_1T_____31 \[1-_-_____J________\________\Z-_____Z 0
e == - - = _———- - -, - —— - - H
- - == 4 - - - - - - H
- - — — — — i a4 - - - - = H
(i I I I
r-—-——>~~FYF~FT~~~"~>""™"~319~"~"~>"~""~™™>H\~~>"~""~>"~7r/,/ ~"~>"f"~T>"T®~"~“"*""™™>~°9¢/ -~ —f"——~—~"~""™"@™"~ " ~"~"“~"“~“"~“"~“"™"\~"~“"~“"~"“"“"~“"*~“"™™\«“"~"~""~"“~"‘+7 7/ ° ni
(i I I I
r- - - -~ T T T T = I m|
(i I I I
(i I I I
[ (O B O \\\\\\\\,\30
CCCC---T-----dC-C-CC-CoCC///-C-cC-CCC--TIZZZ--d QfCCCC-CCC-OCCCCCCIZDZCCCoC- oo -oCocC ]
- — - o~ 4 — - — = H
[ q- - - - -~ / m
[ 45 B [ — m
(e 12 4 - - - H
L T - L O B O S 1
0 ~ 3 | |
I e /S e S i
| =28 | |
, mm, | / I
(i I / I
E-- o W(m\ B e T - ------1 Q
7)) We i g
ro-. . 8T o0ICf/-DCCCCICrIfICITCIZIZ] ) . @38 0CCoC/CTfICCCCIIoICICIIC r
B82S BEERG S ]
-8 3¢c -fS i 8 3 S i
L-__ 0 mg LL\ \\\\\ L
| > o (o] ,\ |
L — SFM L\\f L
(i | I
(i I I
I | “ ,10
c-_-_-_--I--Z-Z-<Z - -\ Z”----”CC---_-Z-Z1-—-Z-Z-Z-7] - - -””””ZZIZZ”Z”ZZZZ-ZZ-ZZ”-TMh
e - lCo-co----t-----4 h--o-----ho----z o Zmo----o- g
L _ L1 ____ a0~ [___C_____1_____4 pb----___bh--_-- /-2 I~ _________ [l
(o N
I 9 \\\\\\\\\\\\\\\\\\\\\\\\\ i
. 2= S L T N ,T
I —_ |
- [ T e e i I e e e A o S Il i H
(i w I
(i I
IR N S s,m\ A — ... 1%
F—-—-=-==%=4===99d VW~ [m=--F=-==-==—%¥=-=-===H H===/fF=-=—=======4 Y 2Ng | —-—-=-===== H
\\\\\\\\ yy __-_------rfr---Z-Z”4 L |
e - - - +r_ )y __ 41 =070 - - -1 __ 4 v_-_ /L 0 " &= - _ L
- 2 m \\\\\\\\\\\\\\ H
- cE o I R
I L3 ] i) 0es !
| Qo ”
\\\\\\ e - _____ |
T 0 L T T I T
(i I I I I
(f I I I I I
I | | | | U 'o
o o o o Lo o <
o Lo o L0 N N~
— 1 — — N N
1 1 1 1

(gap) spnuuben

(6ap) aseud

Frequency (rad/s)

BEN M. CHEN, NUS ECE

~ PAGE 159

EE3331C PART 2



(2) Obtain the step response of the uncompensated and compensated systems.

Step Response

I
/v Bluee  Uncompensated i
‘Green:  Compensated
g \/
< R N e e R e B e . i |
| | | i | |
2 2.5 3 3.5 4 4.5 5

Time (sec)

Exercise A.1: Solve the problem in Example A.1 using a lag compensator.
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Example A.2: For the system given below

r m e C(s) u (t) R G(s) R

A 4

\

G(s) = K
 s(s+4)(s+5)

1) Design a lag compensator C(s) and find K such that

PM > 45°
K,<5

2) Obtain the step response of the uncompensated and compensated

systems.
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Solution: (1) The velocity error constant is then given by

k, =lims-C(s)-G(s) =limC(s)-lim A _K =5 = K=100
50 50 =0 (s+4)(s+5) 20

To be safe, we choose

0 = 45° + 5° = 50°

o, =1.63 rad/s
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G, =8.59 dB G, =27

a=2.7 and T=6.135

Ts+1  6.135s+1  6.135s+1
als+1 2.7x6.135s+1 16.56s+1

C(s)=
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Step Response

ffffffffffffff ~ Blue:  Uncompensated
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Exercise A.2: Solve the problem in Example A.2 using a lead compensator.
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That’s all, folks!
Thank You! .5

1940-
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