Q.3 (a) Give an upper bound for the following integral

UC(ZZ +1) dz‘, C={z(t)=(+i)t, 0<t<1}

(7 marks)
Solution:
‘22 +]J £|z|2 +1=(x*+y?)+1<3=M
1 1
L=|z'@)|dt = [JL+i|dt =2
0 0
Thus,
UC (z° +1) dz‘ <ML =32
(b) Evaluate the following integral
it
| Y @ c=luy=—t_, o<t<2s
cz(z-1) 2012
(5 marks)

Solution:

dz =27i i =-27i
Z 0-1

A J‘ 1 dZ=J- %Z_l)

z2(z-1)
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\/




(c) Evaluate the following integral

Ioo (sinx)(x+1) dx

x?+1
| (5 marks)
Solution:
z+1
f(z)=
2) 2°+1
Res(f(2)e",i)=lim(z—i) f (z)e" = lim(z i) (Zfl)e
z—i z—i z°+1
:”m(z+1).e :e‘l'_+1
> 74 12
[ EED 6 im[ 271 Res( f (2)e", )] - lm[Zﬂiel iil} = Im[ze (i+2) ] ="
= x*+1 ' i2 e
(d) Evaluate the following integral
1 2
.[ ——— | dx
2| (x=2)" +4
(8 marks)

Solution: Let y=x-2.We have

. 1 2 . 1 2
Cloegres) -l

%j";[ ! }dx:;ri Res(f,i2)

X* +4

d 1
= 7i lim —(z—i2)?
AN iy
—rilim——
212 (2 4+12)
2

=7l—
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Q.4 (a) Find and plot the image of the lens-shaped region as shown in Fig. Q.4 (a)

. 7-1 .
under the transformation w= "¢ 3%

Z—i
boundaries B; and B,. Note that both circles have a unity radius.

. Clearly indicate the images of

(15 marks)

Fig. Q.4 (a)

Solution: From what we have learnt in the class, any linear fractional transformation is
mapping a circle in z-domain into a circle or a straight line in w-domain in this case. Noting
that

721 — w A 1e—i3n/4 _ 0 e i34 _
Z—1 0—i
7=i W:Z__:.l-e—i3n/4 :i;:.l-e—i3ﬂ:/4 -0
zZ—i i—i
Since both circles have a unity radius, the central point of B, is thus given by gn%
and the central point of B, is given by [1—%} i {1—%} . We have
z =£+i£ = W:Z—_%e‘m‘/4 =1
2 2 zZ—i

z :(l—%JH(l—ﬁJ = W:Z—__le’”"/4 =i

2 Z—1




(c) Calculate the electric potential everywhere on the region D if boundaries B; and B,
are kept at potentials of ®, =-10V and ®, =10V, respectively.

(10 marks)

Solution: It clear that the problem belongs to Example 3 of the simple geometries, and thus
the solution can be expressed as

with

Thus,

F(w)=-iAlnw+B

O(x/2)-0(0) 10-(-10) 40
- /2 - om2

A , B=®(0)=-10

F(w) = —ﬂln w-10= [@arg(w)—lo}—ﬂlnM
T T T

d(x,y) = R({F (W=Z—_:_Le_i3“/4ﬂ =4—Oarg(z—_:_Le_i3“/4j—10
A T zZ—i



