Time-Scale and Eigenstructure
Assignment
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10.2 Continuous-time Systems

In this section, we describe the technique of the asymptotic time-scale and eigen-
structure assignment (ATEA) design for continuous-time systems together with
its applications in solving H2 and H , control as well as disturbance decoupling
problems. Consider a continuous-time linear system X characterized by
r=Axr+ B u.
{ y=Cz+ D u,
where = € R", u € R™ and y € RP are the state, input and output of X. Without

(1213

loss of generality, we assume that (A, B) is stabilizable, and both B and (' are of
full rank. As indicated earlier, we assume that X does not have any invariant zeros

on the imaginary axis.

The key idea behind the ATEA design is to decompose the given system into
various subsystems using the special coordinate basis (SCB) technique and
then tackle the subsystems one by one in accordance with their structural

properties through the selection of appropriate control gains...
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STEP ATEA-C.1.
Transform X into the structural decomposition or the special coordinate ba-

sis form as given by Theorem 5.4.1, that is, compute nonsingular state, input
and output transformations 'y, I'; and I, that transform the given system ¥
into the special coordinate basis form of Theorem 5.4.1, which can also be

put in the following compact form:

L,4Ca |

B.Ef LaCs
| B4E5, BiE} BaEay

110.2.9)

fast subsystems

(10.2.3)

(10.2.4)

(19.2.5)

BEN M. CHEN, NUS ECE
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STEP ATEA-C.2.

Let £ be chosen such that
A(AL) = A (Ass — BsFs) c C, (10.2.9)

and partition Fj in conformity with (10.2.7) and (10.2.8) as

Fy  Za FbO]
Bl — _ | 7a | 10.2.10
[Fsl] [F"i Fyy : )

a

It follows from the property of the special coordinate basis that the pair
(Ass, Bs) is controllable provided that the pair (A, B) is stabilizable. Then,
we further partition Fs; = [F; Fp1]as

F By Fap T
f 7g F
By=[EE Byuj=|""" =% (10.2.11)
—F::—l'nld Fblmd_

where Faj'iz- and F},1; are of dimensions 1 x n and 1 x ny,, respectively.
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STEP ATEA-C.3.

Let F.. be any arbitrary m,. x n. matrix subject to the constraint that
Al = A, — B F, (10.2.12)

is a stable matrix. Note that the existence of such an F, is guaranteed by
the property that (A... B.) is controllable.
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‘ fast subsystems

STEP ATEA-C.4.

This step makes use of the fast subsystems, 7 = 1,2,...,mq, represented
by (5.4.11). Let

A@' = {Aﬂ. )\i2 ..... /\iQi}‘ R B mq.

be the sets of ¢; elements, all in C™, which are closed under complex con-
jugation, where ¢; and mgq are as defined in Theorem 5.4.1. Then, we let
Ag:=AUAU---UA,,,. Fori=1,2,..., mq, we define
qi
])z(ﬁ) = H(‘s o /\z_)) =¥ i +Fi1.,‘i‘qi_1 s Bl Fiqi—l'S+Fiqi s (10213)
j=1
and a sub-gain matrix parameterized by tuning parameter, £,

. 1
Fi(e) := f[qui. - vory sqi‘lFﬂ]. (10.2.14)

‘ high gains 1
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STEP ATEA-C.5.

In this step. various gains calculated in STEPS ATEA-C.2 to ATEA-C.4 are
put together to form a composite state feedback gain for the given system

Y. Let N .
Fauqul/§

_ F+ F
Flie) = o ?"’/‘ , (10.2.15)

" i
g lmdFmded /%

a

FouFug, /@

. FiioFs.. A
Fostdh = b12 ?%%

, (10.2.16)

FblmdFmded /%
and

Fa(e)=[Fle) Fu(e)]- (10.2.17)

>_ The Overall
State Feedback Gain
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<2/ of singapore

Theorem 10.2.1. Consider the given system X of (10.2.1). Then, the ATEA state
feedback law uw = F'(=)x with F'(¢) being given as in (10.2.18) has the following

properties:

I. There exists a scalar £* > 0 such that for every < (0, £*], the closed-loop
system comprising the given system X and the ATEA state feedback law is
asymptotically stable. Moreover, as ¢ — (), the closed-loop eigenvalues are

.. +0(), & +0(1). (10.2.22)

There are a total number of ng closed-loop eigenvalues, which have infinite

given by

negative real parts as ¢ — (.

2. Let

0 0 Fe 0
Co=To|0 0], Di=To| 0 In,]|. (10.2.23)
0 G 0 0

Then, we have

H(s,€) := [C+DF(¢)][sI-A-BF(s)]™! — [0 0 0]r;t,
(10.2.24)
pointwise in s as £ — (), where
(10.2.25)
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H, Control, H Control, Disturbance
Decoupling Problems

N

STEMS & CONTROL

~ PAGE 139
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10.2.2 H5 Control, H .., Control and Disturbance Decoupling

In a typical control system design, the given specifications are usually transformed
into a performance index, and then control laws which would minimize a certain
norm, say Hs or H ., norm, of the performance index are sought. In what follows,
we will demonstrate that by properly choosing the sub-feedback gain matrix Fi
in STEP ATEA-C.2, the ATEA design can be trivially adopted to solve the well-
known Hs and H . control as well as disturbance decoupling problems.

To be specific, we consider a generalized continuous-time system X with a
state-space description:

¥ Yy T, (10.2.61)
h=Cz+ Du,

where € R" is the state, u € R™ is the control input, w € R? is the external
disturbance input, y = x is the measurement output, and /» € R? is the controlled
output of ¥. We assume that (A, B) is stabilizable and (A, B, C., D) has no in-
variant zeros on the imaginary axis. Then, the standard optimization problem is

such that when it is applied to the given system (10.2.61), the resulting closed-
loop system is internally stable. i.e., A(A+ BF') € C™, and a certain norm of
the resulting closed-loop transfer function from the disturbance input w to the

to find a control law

controlled output /, i.e.,

(10.2.63)

is minimized.
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We will consider in this section the problems of Hs optimal control
and H .. control. In particular, Hs optimal control is to minimize the Ho-norm of
H}p,.(s) over all the possible internally stabilizing state feedback control laws (see
Definition 2.4.5 of Chapter 2 for the definition of the H-norm of continuous-time
systems). For future use, we define

nternally stabilizes 2 (10.2.64)

Similarly, the standard H . control is to minimize the H..-norm of Hp,(s) over
all the possible internally stabilizing state feedback control laws (see Definition
2.4.5 of Chapter 2 for the definition of the H ,.-norm of continuous-time systems).
For future use, we define

(10.2.65)

We note that the determination of this «7_ 1s rather tedious. For a fairly large

class of systems, 7%, can be exactly computed using some numerically stable

algorithms. In general, an iterative scheme is required to determine 75, . We

refer interested readers to the work of Chen [22] for a detailed treatment of this

particular issue. For simplicity, we assume throughout this section that 75, has
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We summarize in the following the solutions to the H2 and H o, control as well
as disturbance decoupling problems. We assume that ['g, I'; and [, are the nonsin-
gular state, input and output transformations that transform the matrix quadruple
(A, B, C, D) into the special coordinate basis as in (10.2.2)—(10.2.5). Let

- -

a

and (10.2.66)

E.
Eq |

The disturbance w can be attenuated from the controlled output if and only
if
E -0 = ImlElc S{ABC D) spanolX B X & x

This condition is automatically satisfied if the given system (4, B, C, D) is of

minimum phase and right invertible.
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Theorem 10.2.2. Consider the generalized continuous-time system X character-
ized by (10.2.61). The ATEA design can be easily adapted to solve the Ho and
H ., control as well as disturbance decoupling problems for X. More specifically,

we have

1. If the sub-feedback gain matrix F in STEP ATEA-C.2 is chosen to be
%(D;Ds)—l(B;;Ps —iﬁ (10.2.67)

where P > 0 is a solution of the algebraic Riccati equation

then the resulting closed-loop transter function from w to h under the cor-
responding ATEA state feedback law has the following property:

(10.2.69)

as ¢ — 0, i.e., the corresponding ATEA state feedback law solves the Ho

suboptimal control problem for ¥. Furthermore
(10.2.70)
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2. Given a scalar v > v > 0, if F§ in STEP ATEA-C.2 is chosen to be

(10.2.71)

where P > 0 is a solution of the algebraic Riccati equation

mcs + PsEsEs S/ |
L B AR RR DG 0, (10272

then the resulting closed-loop transfer function from w to h under the cor-
responding ATEA state feedback law has the following property:

(10.2.13)

for sufficiently small =, i.e., the corresponding ATEA state feedback law
solves the H . vy-suboptimal control problem for ..

3. It E; = 0. which has been shown in [22] to be the necessary and sufficient
condition for the solvability of the disturbance decoupling problem for ¥, rejection
then the ATEA state feedback law with any arbitrarily chosen Fy (subject

to the constraint on the stability of AS,) has a resulting closed-loop transfer

function Hp. (s, €) with

(10.2.74)
1.e., any ATEA state feedback control law solves the disturbance decoupling

problem for X..
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Example 10.2.1. Consider a given system (10.2.61) with

0 0 0
0 0 0
1 B=1@ 0 B = (10.2.78)
1 0 0O
i 1 | | 0 E% | | |
and
(10.2.79)

The quadruple (A, B, C, D) is already in the form of the special coordinate basis
presented in Chapter 5. It is invertible and hence its associated A}, and A are

nonexistent. It has [0 URSIABIE IAVAHAAEZEF0S BOMAESISIT and two infinite

s ¥

zeros of orders I and 2. respectively. Moreover, we have

and
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Since Eg # 0, the disturbance decoupling problem for the given system is not
solvable. We will thus focus on solving the Hs and H ., suboptimal control prob-
lems for the system. Following the construction procedures of the ATEA algo-

rithm in the previous section, we obtain a state feedback

o 1 1
F(e) = - 2/2+1 2/e+1]"
(10.2.80)
where
(10.2.81)

is to be selected to solve either the Hy or H ., control problem. The closed-loop
eigenvalues of A + BF are asymptotically placed at A\(Ass — BsFs), —1/< and

—1/e & j/e, respectively.
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|. Ha Control. Solving the Ha algebraic Riccati equation of (10.2.68), we get

4 -2
P = [_9 o]'

- -

which gives a sub-feedback gain,

and 75 = +/trace (E!P.E,) = /6. Thus, it follows from (10.2.80) and
(10.2.81) that the H suboptimal control law is given by u = F'(¢)x, with

1/e+1 1 1
/e2+1 2/=+1]"

[y
(SN

Figure 10.2.1 shows the values of the Ha-norm of the resulting closed-loop
system versus 1/=. Clearly, it shows that the Ha-norm of the resulting
closed-loop system tends to 73 = /6 = 2.4495as 1/ — .

‘ H, Control
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2.7

2.65

26

255

H2-norm of the dosed-loop system

25

245+
10

Figure 10.2.1:
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2. H Control. For the case when the quadruple, (A, B, C, D), is right invert-
ible, it was shown in Chen [22] that the H ., algebraic Riccati equation of
(10.2.72) can be explicitly obtained by solving the two Lyapunov equations

AsSs + SsAl. = B,B. and AT, +T,A. = E.E'.

Solving the above Lyapunov equations, we obtain

I{1 1 2 1
Sa [ ] and T, = [1 1] :
[t then follows from Chen [22] that

&1 2
Yoo = A/ Amax(TeSs 1) = 1.618034,

b | =

and for any v > 42, the solution to (10.2.72) can be expressed as

Ps — Ss - Ts 2 ! = ,}l o / M

and the sub-feedback gain Fy is given by

H_ Control

LINEAR SYSTEMS & CONTROL ~ PAGE 150 BEN M. CHEN, NUS ECE



vy National University
</ of singapore

Hence, given a v > ~7_. it follows from (10.2.80) and (10.2.81) that the

control law u = F'(, £)x, with

2
241

is an H, y-suboptimal controller for sufficiently small .

25

T . .
An explicitly
parameterized
> gain matrix
in terms of
and ¢
_ !

hY
\
\

-\

gamma = 2, epsilon = 0.01\‘\
\

b e e _ gamma = 2.5, epsilon = 0.01

1.618034

Maximum singular values of the closed-loop system

gamma = 1.62, epsilon =\0.0001

~ N
~
) = Il

10°
Frequency in rad/sec

optimal value y*

H_ Control

Figure 10.2.2: The maximum singular values of the closed-loop system.
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Measurement feedback cases...

Consider a stabilizable and detectable linear time-invariant system X with a proper

controller X

=
5 . V=A.V+B.Yy
" lu=C.v+D.y

x e R" < state variable

sy €R’ < measurement

[z € R" < controlled output
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(x=AX+ Bu+ E w
2. 3y=C, x+ 0u+ D, w

We will only focus on the
case when D,, either is 0 or
can be made to 0.

e : /"

ueR" < control input
weR < disturbance

veR" < controller state
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H, control with measurement feedback...

1. Find a state feedback gain matrix F for the quadruple (4, B, C,, D,) using
the ATEA method for H, control (or other appropriate methods);

2. Find an observer gain matrix K for the quadruple (4’, C’;, E’, D’;) using the

ATEA method for H, control (or other appropriate methods);

3. The H, control output feedback law is then given by

s .1V (A+BF+KC,)v-K y
“lu= F v

H, Control
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7.3. Full Order Output Feedback

This section deals with H ., suboptimal and optimal design using full order measure-
ment output feedback laws. i.e.. the dynamical order of these control laws will be
exactly the same as that of the given system. To be more specific. we consider the
following measurement feedback system

r=Ax+ Bu+ E w,
2 n o= Y + Dy w, {73.1)
h=Cyz+ Dy u+ Doy w,

where z € R" is the state. u € R™ is the control input. w € R? is the external
disturbance input, y € R is the measurement output, and 2 R’ is the controlled
output of ¥. Again, we let ¥; be the subsystem characterized by the matrix quadru-
ple (A, B,Cy, D) and X, be the subsystem characterized by the matrix quadruple
(A, E,Cy, D). The following assumptions are made first:

Assumption 7M.3: Im (E) C V™ (%) + S (%)

Assumption 7.M.6: Ker (C2) D V™ (Eg) NS (Xg): and
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The procedure for obtaining the closed-form of the H ., suboptimal output feedback
laws for any v > ~* proceeds as follows.

Step 7.M.1: Define an auxiliary full state feedback system

r=Azrz+ Bu+ FE w,
g = z
h=CQI+D-2‘u+D22’lU,

and proceed to perform Steps 7.F.1 to 7.F.5 of Section 7.2 to obtain the gain
matrix F' (v, €, Age, Acp). Also. define

(S:L‘P — “‘r’_2TIp)_l 0

; : It (7.

Ply) =LY

L8
(B
"

Step 7.M.2: Define another auxiliary full state feedback system as follows.

=A'z+ C{u+ C;, w,
y= =z (7.3.3)
h=E’$+D,1 u+D{22ws
and proceed to perform Steps 7.F.1 to 7.F.5 of Section 7.2 but for this auxiliary

system to obtain a gain matrix F'(v, £, Adq, Aco). Define K(7, e, Adg, Arg) :=
F(7v,e,Ado, Acg)’. Also. define

S.o —N2T0)1 0
(Sze =7 Ta) rol. (7.3.4)

Q(Y) == T5) . o| T
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Step 7.M.3: Construct the following full order observer based controller.

v=A v+ B L
Yemp : { emp ¥+ Seap ¥ (1.3.5)
Uu=Cempv+ 0

where

Acmp = A+~ 2EE'P(y) + BF (7,6, Ats, Ap)
+[1=772QMPM)] T { K&, Ades Acd) [C1 + 772Dy E'P(3)]
+772Q(Y) [A'P(y) + P(7)A + C3C2 + v 2P(7)EE' P(v)]

+772Q() [P(B + C5D2] F(1,¢, Ades Acs) |, (7.3.6)
Bemp = —[I =7 2Q(Y)P(Y)] 'K (1, ¢, Adg, Aco), (7.3.7)
Cemp = F(7,€, Adp, Acp). (7.3.8)

It is to be shown that X, is indeed a y-suboptimal controller. Clearly. it has a
dynamical order of n. i.e.. it 1s a full order output feedback controller. E)

H_ Control
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If (4, E, C;, D,) is left invertible and of minimum phase, then it can be proved that

Q = 0 and H,, control law can be much simplified...

Step 7.M.3: Construct the following full order observer based controller.

V= Acm 5 B ch Y, -
E(:mp . { : b (7.3.5)
u=Cempv+ 0 uy,
where
Acmp = A+ BF
: 3 K C
chp = K (737)
S A (7.3.8)

It is to be shown that X, is indeed a y-suboptimal controller. Clearly. it has a

dynamical order of n. 1.e.. 1t 1s a full order output feedback controller. &
H_, Control
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H_ disturbance decoupling with measurement feedback...

More specifically. we consider the general H.,-ADDPMS and the general H .-
ADDPS. for the following general continuous-time linear system,

r=Ar+ B u+ FE w,
% L4 g=4 8 + D, w, (8.1.1)
h=Csx+ Dy u+ Dy w,

where = € R™ is the state, u € R™ is the control input. y € R’ is the measurement,
w & R 1s the disturbance and 2  RP 1s the output to be controlled. As usual. for
convenient reference in future development. throughout this chapter. we define ¥; to
be the subsystem characterized by the matrix quadruple (A, B, Cs, D) and X, to be
the subsystem characterized by the matrix quadruple (A, E, Cy, D,). The following
dynamic feedback control laws are investigated:

Z ) { i.' — Acn]p v + Bcn]p y-. (8 1 ?)
e U = C'cmp v+ Dcmp Y. o

The controller ., of (8.1.2) 1s said to be internally stabilizing when applied to the
system X, if the following matrix is asymptotically stable:

A T BDcmpCI Bccmp (8 1 -;)

A=
: [ Bc: mp Cl Ac mp

disturbance
rejection
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H_ disturbance decoupling problem...

Definition 8.1.1. The H ., almost disturbance decoupling problem with measurement
feedback and with internal stability (the H . -ADDPMS) for the continuous time sys-
tem (8.1.1) is said to be solvable if. for any given positive scalar > 0. there exists at
least one controller of the form (8.1.2) such that.

1. in the absence of disturbance. the closed-loop system comprising the system
(8.1.1) and the controller (8.1.2) is asymptotically stable. 1.e.. the matrix A, as
given by (8.1.3) 1s asymptotically stable: and

1

the closed-loop system has an L,-gain. from the disturbance w to the controlled
output %, that 1s less than or equal to 7. 1.e..

|h||2 < 9||lwl|l2, Yw € Ls and for (z(0), v(0)) = (0, 0). (8.1.4)

Equivalently, the H ..-norm of the closed-loop transfer matrix from w to h. Th.,.
1s less than or equal to 7. 1.€.. || Thy|lae < 7.

In the case that C'; = I and D, = 0. the general H,,-ADDPMS as defined above
becomes the general H . -ADDPS, where only a static state feedback. instead the dy-
namic output feedback (8.1.2) is necessary.

disturbance
rejection
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H_ disturbance decoupling solvability conditions...

Theorem 8.2.1. Consider the general measurement feedback system (8.1.1). Then the
general H ., almost disturbance decoupling problem for (8.1.1) with internal stability
(H ..~ADDPMS) 1s solvable, if and only if the following conditions are satisfied:

2. (A, Cy) is detectable:

Dy + D>SD; = 0. where S = —(D4,D,) Dy Doy D (Dy DY)

,»JJ

4. Im(E+ BSD,) C ST(Z) N 1 aet

N

Ker (Cy + D3 SCy) D V+(Zg) U {u}‘é c° VA(EQ)}: and

6. VT (E,) C ST(%;). coupling term

W. M. Wonham Jan C. Willems Carsten Scherer

LINEAR SYSTEMS & CONTROL ~ PAGE 160

common
assumptions

it is entire space
if no jo axis zero

it Is empty space
if no jo axis zero

&=

Bugs Bunny
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A special but very useful case...

Remalk 8 2.1. Note that if ¥, 1s right invertible and of minimum phase and X, 1s

automatically satisfied. Hence. the solvability conditions of the H.,-ADDPMS for
such a case reduce to:

1. (A, B) 1s stabilizable:

(S

. (A, C) 1s detectable: and
Doy + D3SD; = 0, where S = —(D% D)t Dy, Day D'y (D, D))T. 3]

(8}

If D,, = 0, then condition 3 is automatically satisfied...

disturbance
rejection
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Exercise 10.1. Consider the H ., control for the system given in (10.2.61). Assume that

LINEAR SYSTEMS & CONTROL ~ PAGE 162

(A, B,C, D) is right invertible. It follows from (10.2.23) that C'y = 0 and
thus, the corresponding H ..-ARE (10.2.72) can be rewritten as

PAss + ALPs + P.ESE.P./v* — P:By(D,Ds) ' BLP, = 0.
Show that the above ARE has a positive definite solution if and only if
72 > (A!;c, )2 - /\max('Ts*Ss_l)-

where S; > 0 and T > 0 are respectively the solutions of the Lyapunov
equations

AgsSs + S; AL, = B{(D.D,) B! and AT, + T, A, =EE..

Also, show that, for v > ~%_, the positive definite solution to the H,, ARE
is given by

P, =(S.— T./¥?)".

In fact, 7% is the infimum for the given H o, control problem.
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Exercise 10.2. Consider a continuous-time system characterized by (10.2.61) with
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1 0 1 0 0 1
St
1 & 1 13 1 4

and
C-'=[O 0 1 ()}. =18

It is simple to see that (A, B, ', D) is already in the form of the special

coordinate basis with two invariant zeros at 1 and 2, and a relative degree
of 2.

(a) Solve the corresponding H5-ARE (10.2.68) for P > 0, and compute
the infimum <3 and an Hs suboptimal state feedback gain matrix
F'(¢), explicitly parameterized in ¢.

Voos
ing H..-ARE (10.2.72) for Ps > 0. Also, calculate an H,, subopti-

mal state feedback gain matrix F'(7, ), explicitly parameterized in
and .

(b) Determine the infimum ~%_. Given a 7 ., solve the correspond-
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Exercise 10.3. Consider a general singular Ha or H, control problem for

t=Az+ B u + F w,
Ritag= &
h=Cz 4+ Du

The problem can also be solved by a so-called perturbation approach (see,
e.g., [160]), in which we define a new auxiliary controlled output,

h C D
hauxe = | €z | =Cez+Deu= el |z+ | 0 | w.
£ 0 el

Then, the Ho suboptimal control law for the system can be computed by
solving the following e-perturbed H2-ARE,

AP+ PAYCO.—(P-B+ODYDLDY DG+ B' P =0,
for P. > 0. The Hs suboptimal state feedback gain matrix is given by

F(e) = —(D:D:)~'(D:Ce¢ + B'P.).
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Similarly, given a v > 72, the H suboptimal control law for the system
can be computed by solving the following e-perturbed H ..-ARE,

A'Pe + P:A+ C{Ce + P:EE'P [
—~ (B B+CLD NP (DO 5 BBy =0,

for P > 0. The H. suboptimal state feedback gain matrix is given by
Fly,e) = —(DLD.y 1 DLC: + B'E.).
Let us now consider the system given in Exercise 10.2.

(a) Verify that the solution to the s-perturbed H2-ARE satisfies

P, 0 o
PE'_"[O (]]. as «'.','_'«'().

where P is the solution obtained in Part (a) of Exercise 10.2.

(b) Givena~y > ~%, verify that the solution to the s-perturbed H..-ARE

P, 0
PE—'[() (]]' as ¢ — 0,

satisfies

where P is the solution obtained in Part (b) of Exercise 10.2.
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Consider
t=Az+ Bu+ E w, z(0)=x,
b HE. y=0C1 + D; w, (9.1.1)
h=Csx+ Dyu-+ Do w, >- the system

where = € R" is the state, u € R™ is the control input, w € R® is the external distur-
bance. y € RP is the measurement output, and & € R’ is the output to be controlled.
We also assume that the pair (A, B) 1s stabilizable and (A, C'1) 1s detectable. For fu-
ture references, we define ¥, and X, to be the subsystems characterized by the matrix

J\

quadruples (A, B, C2, D) and (A, E, C'1, D1), respectively. Given the external dis- >. the assumptions
turbance w € Ly, p € [1,00), and any reference signal vector, r € R® with r, 7, - - -,
r(5=1) ;i > 1. being available. and 7(*) being either a vector of delta functions or in

Ly, the robust and perfect tracking (RPT) problem for the system (9.1.1) 1s to find a
parameterized dynamic measurement control law of the following form

)\

= Acnp(€)v + Bemp(E)y + Col@)r + -+ + Cea (),
(9.1.2) >_ h 1l
= CYCIDP(E)'U : DClllp(E)y + Ho(e)r +---+ Hn_l(f)'r(n_l)_ the controller

\

such that when (9.1.2) 1s applied (9.1.1), we have

x

1. There exists an £© > 0 such that the resulting closed-loop system with » = 0
and w = 0 1s asymptotically stable for all £ € (0, £%]: and

J

2. Let h(t, <) be the closed-loop controlled output response and let e(t, =) be the >-
resulting tracking error, 1e., e(f,) = h(t,c) — r(t). Then, for any mitial

the problem

condition of the state, xo € R",

Jp(xo, w,7,€):=|le|lp = 0 as € = 0. (9.1.3) —

LINEAR SYSTEMS & CONTROL ~ PAGE 167 BEN M. CHEN, NUS ECE



The solvability conditions for RPT control problem...

Theorem 9.2.1. Consider the given system (9.1.1) with 1ts external disturbance w €
Lp. p € [1,00). and its initial condition x(0) = x¢. Then, for any reference signal
r(t), which has all its z-th order derivatives, z = 0, 1,---, Kk — 1. K > 1, being available
and (") () being either a vector of delta functions or in L,,. the proposed robust and
perfect tracking (RPT) problem is solvable by the control law of (9.1.2) 1f and only 1f

the following conditions are satisfied:
1. (A, B) 1s stabilizable and (A, (') 1s detectable:
2. Doog + DoSDy =0, where S = —(DéDQ)TD’QDQQDII(DlDi)TZ
3. X, 1e., (A, B, Cs, Ds), 1s right imnvertible and of minimum phase;

4. Ker (Cy + D2SC1) D C7HIm (Dy)}.

Condition 1 is necessary for all control problem. Condition 2 is automatically
satisfied when D,, = 0.

We note that for the case when DD; = 0, then the direct feedthrough term Dso must
be a zero matrix as well. and the last condition. 1.e.. Item 4. of Theorem 9.2.1 reduces

to Ker (C'9) D Ker (C).
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Corollary 9.2.1. Consider the given system (9.1.1) with 1ts external disturbance w €
L. p € [1,00). its mutial condition 2(0) = xo. Assume that all 1ts states are measured
for feedback, 1.e.. C1 = I and D; = 0. Then, for any reference signal r(#). which
has all 1ts z-th order derivatives, ¢ = 1,2,---.x — 1. Kk > 1, being available and
r(F)(t) being either a vector of delta functions or in L. the proposed robust and perfect
tracking (RPT) problem 1s solvable by the control law of (9.1.2) 1f and only if the
following conditions are satisfied:

1. (A, B) 1s stabilizable:

Q]

: DQQ =i )

(8]

. Y 1e., (A, B,Cy, D2), 1s right invertible and of minimum phase.

”,
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Rewrite the given reference signal in a state space form as
0 Ig 0 T 0

d I [ : : -l : [ : 1
e

1 IS ) PR | I B
r(%—1) 0 0 --- 0 p(s=1) i

Combining (9.2.27) with the given system, we obtain the following augmented system,

(K, (9.2.27)

r= A x4+ B u+ Fw
Y Y= T (9.2.28)
e =Coax+ Dsu

where
p
w :
w = (-;-("‘))" x:=| p(-2) |, (9.2.29)
r(n—l)
T
0 I, 0 07 [ (0 g 07
A=|g o I, ol B=|o|, E=|0 o, (9230
0 0 0 0 0 0 I
0 0 0 A E:4 & 0]
and
CQZ[—Ig O 0 --- 0 C-'Q], DQ=DQ. (9.2.31)
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Design an appropriate state feedback gain using the ATEA technique and then

Step 9.S.5. Finally, we partition

F(e) = [Ho(s) --- He_1(s) F(e)], (9.2.42)
where H;(c) € R"™** and F(2) € R™*". This ends the algorithm.

The RPT control law is given by

u—Flelx tHolelr +- -+ He 1)
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Remark 9.2.1. Note that the required gain matrices for the state feedback RPT prob-
lem might be computed by solving the following Riccati equation,

- - - - i o —1 el 2 /
PA+A’P+C;CQ-(PB+C’2D2)(D;D2) (PB+C;D2) —0, (9.2.43)

for a positive definite solution P > 0, where

Cs Ds
C2 — E Kl4+n . D2 — 0 R (9244)
0 ‘?Iﬂl
[l g s BT
A 0] TER
= = —clyx - : 2.45
A [0 A]. Aq a0 (9.2.45)
Lo 0 - 0

and where B, Cy and D5 are as defined n (9.2.30) and (9.2.31). The required gain
matrix 1s then given by

- - . -1 ol o /
F(e) = (DyDs) (PB+CyDs) =[Hoe) -+ Hua(e) F(9)],
(9.2.46)
where H;(c) € R™** and F (<) € R™*™. Finally. we note that solutions to the Riccati
equation (9.2.43) might have severe numerical problems for small «. &]
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Example 9.3.1. Consider a linear system given in the form of (9.1.1) with

0O 1 0 1 0 1 1 1
A= |11 O 1 B=10 0|, E=10 1 zo=101], (9.3.12)
0O 1 0 0 1 1 0 1
and
1 1 0 1 0
[t 10 oL 0] bame e

For easy verification, we assume that the external disturbance w 1s given by

(9.3.14)

Let the reference mput be given as,

(9.3.15)
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A. State Feedback Case. We first consider the case when all the state variables of the
given system are measurable, 1.e., 1 = [ and D = 0. It 1s simple to verify that the
subsystem Xp 1s mvertible and of mimimum phase with one mvariant zero at s = —1
and two infinite zeros of orders 0 and 2, respectively. Hence, the general robust and
perfect problem for the system with the given reference 1s solvable. Following the
constructive algorithm for the state feedback case, we obtain a parameterized control

law.

.

(9.3.16)

The poles of the closed-loop system comprising the given plant and the above control
law are located at —1. —1/c + j/c. Hence, the closed-loop system 1s stable for any
positive £. Figure 9.3.1 shows the responses of the error signal es(f) = ha(t) — ro(t).

tracking 1s achieved.
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Figure 9.3.1: Tracking error eo under state feedback.
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9.2.2. Solutions to Measurement Feedback Case

Step 9.F.1. For the given reference r(¢) and the given system (9.1.1). we first assume
that all the state variables of (9.1.1) are measurable and follow the procedures of
the previous subsection to define an auxiliary system.

r=Ax+ B u+ Fw
Yy = T (9.2.48)
e=Cyrx+ D> u

Then. we follow Steps 9.S.1 t0 9.S.5 of the algorithm of the previous subsection
to construct a state feedback gain matrix

F(e) = [Ho(s) --- Hep_1(s) F(o)]. (9.2.49)
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Step 9.F.2. Let £, be characterized by a matrix quadruple
(Aga; Eoas Coas D) := (A, [E I.],C1,[D1 0]). (9.2.50)

This step 1s to transform this ¥g, mto the special coordinate basis of Theo-
rem 2.4.1. Because of the special structure of the matrix Eg,. it is simple to
show that X4, 1s always right invertible and is free of invariant zeros. Utilize the
results of Theorem 2.4.1 to find nonsingular state. input and output transforma-
tion ['gq. I'iq and I' g such that

_ A Lcd By
Al = Q| [Cosq 0], 9.2.51
sQ Q [Ech AddQ] + lBodJ [Cocq O] ( )
B 0 I, O
-1 e s 0cQ n—k 2 S—)
I’y Eoal'so [BOdQ L 0 0] : (9.2.52)
and
—1 _ C'OcQ 0 o | - Ip_k 0O 0 0
FOQCIFSQ_ |: 0 Ik ’ POQ [Dl O]F‘IQ_ 0 0 0 0 )
(9.2.53)
where k = p — rank(D, ). It can be verified that the pair (A, C) is detectable if
and only if the pair
COCQ 9
(ACCQ& [EdCQ]) (9...54)

1s detectable.
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Step 9.F.3. Let K., be an appropriate dimensional constant matrix such that the
eigenvalues of the matrix

Step 9.F.4. Finally, we obtain the following full order measurement feedback control
law,

V= Aemp(€)v — K(e)y+ BHo(e)r + - - -+ BH,_1(¢) r(*—D
p(€) (€) o(¢) | 1(¢) (0.2.57)
u=F(e)v+Ho(e)T+---+ He_1(e) r(v~1),

where Acmp(e) = A+ BF(¢) + K(¢)Cy. This completes the construction of
the full order measurement feedback controller. E]
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(2000) 1247-1248

marize that this book is an exce
ce for insights and proofs pertaining

metric approach in H _ -control. The careful and
exposition illustrates the far-reaching potentials of these

techniques for a variety of other control problems be-
yond H_ -theory.

We therefore believe that
this book closes a gap in literature by providing a thor-
ough basis for entering the rich field of applying geomet-
ric techniques in H , -control.
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